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Abstract

Previously, extra-resource analysis has been used to argue that certain on-line algorithms are
good choices for solving specific problems because these algorithms perform well with respect
to the optimal off-line algorithm when given extra resources. We now introduce a new applica-
tion for extra-resource analysis: deriving a qualitative divergence between off-line and on-line
algorithms. We do this for the load balancing problem, the problem of assigning a list of jobs
on m identical machines to minimize the makespan, the maximum load on any machine. We
analyze the worst-case performance of on-line and off-line approximation algorithms relative to
the performance of the optimal off-line algorithm when the approximation algorithms have k
extra machines. Our main results are the following: The Longest-Processing-Time (LPT )
algorithm will produce a schedule with makespan no larger than that of the optimal off-line
algorithm if LPT has at least (4m− 1)/3 machines while the optimal off-line algorithm has m
machines. In contrast, no on-line algorithm can guarantee the same with any number of extra
machines.

Keywords: load balancing, extra-resource analysis, longest-processing-time algorithm, on-line
algorithm, approximation algorithm
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1 Introduction

In the past few years, the extra-resource analysis technique popularized by Kalyanasundaram and
Pruhs [19] has been used for analyzing the performance of on-line algorithms for problems where
traditional competitive analysis yields non-constant competitive ratios. In many cases, the tra-
ditional competitive analysis does not differentiate between good and bad algorithms. For these
problems, extra-resource analysis has been used to argue that certain on-line algorithms are good
choices for solving specific problems because they perform well with respect to the optimal off-line
algorithm when given extra resources [18, 25, 5, 20, 22, 24, 2, 11].

In this paper, we use extra-resource analysis to provide us with more insight into the behavior
of specific load balancing algorithms. This leads us to a qualitative divergence between on-line
and off-line algorithms for the load balancing problem. This result also reemphasizes the value of
sorting by job size before performing list scheduling.

1.1 Problem Definitions

In the load balancing problem, we are given m identical machines and a job list I of n jobs. All
jobs arrive at time 0. For j = 1, ..., n, job j has a processing time pj . Let pmin = min1≤j≤n pj .
An assignment algorithm chooses a machine i for each job j, and that job runs on that machine
until completion. Let sAj (m, I) and CA

j (m, I) denote the starting time and the completion time,
respectively, of job j in the schedule produced by algorithm A for job list I on m machines. Note
that CA

j (m, I) = sAj (m, I) + pj . Let CA
max(m, I) denote the makespan, the maximum load on any

machine, of the schedule produced by algorithm A for job list I on m machines, which is defined
as CA

max(m, I) = maxj CA
j (m, I). We will drop the arguments m and/or I if there is no ambiguity.

The goal of the load balancing problem is to minimize the makespan.
An algorithm is on-line if it must permanently assign the current job to a machine before it

is aware of the next job in the list. An algorithm is off-line if it is aware of the entire job list in
advance. We say that an algorithm A is an (m, k)-machine ρ-approximation algorithm if

sup
I

CA
max(m + k, I)
COPT

max (m, I)
≤ ρ

where OPT denotes the optimal off-line algorithm. We say that an algorithm A is ρ-approximation
if A is an (m, 0)-machine ρ-approximation for all m ≥ 1. We say that an algorithm A is (m, k)-
optimal if A is an (m, k)-machine 1-approximation algorithm.

We study two algorithms in particular. The List-Scheduling algorithm (LS) runs the next
job in the list on the machine with the smallest load. The Longest-Processing-Time algorithm
(LPT ) runs the longest unscheduled job on the machine with the smallest load. LPT is an off-line
algorithm while LS is an on-line algorithm.

1.2 Related Results

The load balancing problem is NP-hard [12]. Graham showed that LS is an (2− 1
m)-approximation

algorithm [14] and LPT is an (4
3 − 1

3m)-approximation algorithm [15] for any m ≥ 1. Hochbaum
and Shmoys devised a polynomial time approximation scheme (PTAS) for this problem [16]. For
the on-line setting, Albers introduced a deterministic on-line 1.923-approximation algorithm, and
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she proved a deterministic on-line lower bound of 1.852 [1]. Recently, the lower bound was improved
to 1.85358 by Gormley, Reingold, Torng, and Westbrook [13].

Kalyanasundaram and Pruhs were the first to explicitly use extra-resource analysis of on-line
algorithms [19] with the goal of identifying good on-line algorithms in settings where traditional
competitive analysis fails to do so. The extra-resource analysis technique is a relaxed notion of
competitive analysis in which the on-line algorithm has more resources than the optimal off-line
algorithm to which it is compared. Following this paper, several more studies have used the extra-
resource analysis technique in a wide variety of settings [18, 25, 5, 20, 22, 24, 11, 2].

Azar, Epstein, and van Stee have independently and in parallel considered the problem of load
balancing with extra resources [4]. In contrast to our work, they only consider on-line algorithms.
Their main result is an on-line load balancing algorithm with an approximation ratio which decays
exponentially in (m + k)/m as well as a nearly matching lower bound. They also considered other
problem features such as allowing a job to be scheduled on multiple machines, temporary tasks,
and related and unrelated processors. We only consider identical machines and permanent tasks
which must be scheduled on only a single machine.

Another approach for identifying good on-line algorithms when competitive analysis fails to yield
useful results is to restrict the set of legal input instances in some form. This has been proposed
and used in a variety of settings [6, 23, 7, 8]. In contrast, extra-resource analysis compares the
performance of on-line/off-line approximation algorithms to that of the optimal off-line algorithm
on all possible input instances; however, the approximation algorithms are given more resources
than the optimal off-line algorithm.

Our problem is also related to the well studied and NP-hard bin packing problem [9, 12]. In the
bin packing problem, we have to pack items into a minimum number of bins of known size. An item
can be placed into a bin only if it fits in the available space. Johnson et al. prove that two simple
on-line bin packing algorithms, First-Fit and Best-Fit, are (17

10m + 2)-approximation algorithms
[17]. Richey introduced an on-line algorithm Harmonic+1 which has an asymptotic worst case
ratio smaller than 1.5888 [26]. Karp and Karmarkar devised an asymptotic fully polynomial-time
approximation scheme (asymptotic FPTAS) for off-line bin packing [21].

Dell’Olmo et al. studied off-line bin packing with extendable bins [10]. In this problem, we
have to pack items into a fixed number of bins of known size. However, the size of each bin can
be extended if needed. The “final” size of a bin is the maximum between the original bin size and
the total size of items in that bin. The goal is to minimize the sum of the final size of all bins. In
contrast, the goal of load balancing is to minimize the maximum load on any machine. Speranza
and Tuza studied the on-line version of the bin-packing problem with extendable bins [27].

Azar and Regev studied the on-line bin-stretching problem [3]. In this problem, the number of
bins is fixed, and we wish to pack all the items into the bins while we stretch the size of the bins
as little as possible. The on-line algorithm is presented with one item at a time, and it has to pack
the item before the next item is presented to it. This problem is equivalent to the load balancing
problem except that the optimal makespan (maximum load) is known in advance. In contrast,
we study the load balancing problem where approximation algorithms do not know the optimal
makespan. Furthermore, in our study, approximation algorithms have more machines (bins) than
the optimal off-line algorithm. In a way similar to the work by Azar and Regev, we compare the
makespan (bin stretch) of the schedules produced by approximation algorithms and the optimal
off-line algorithm.

The property of an algorithm being (m, k)-optimal for the load balancing problem with extra
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machines is similar to being an m+k
m -approximation algorithm for the bin packing problem. Both

types of algorithms can pack items into m + k bins when the optimal off-line algorithm needs m
bins. Load balancing algorithms know the number of bins used, but they do not know the optimal
makespan. In contrast, bin packing algorithms know the bin size but do not know the number
of bins used by the optimal algorithm. Thus, an (m, k)-optimal load balancing algorithm can be
thought of as an algorithm for solving a bin packing problem with unknown bin size but with a
specified number of bins.

1.3 Summary of Results

The extra-resource analysis technique has been used to derive insight into the behavior of on-
line and off-line algorithms. Previously, these insights have been used to identify good on-line
algorithms in settings where traditional competitive analysis fails to do so. In this work, we show
that these insights can also be used to derive a qualitative divergence between off-line and on-line
load balancing algorithms.

In Section 2, we give on-line results. We begin by extending Graham’s results [14] on the
performance of LS for the load balancing problem to the case when LS has m + k machines while
OPT has m machines. We show that LS is a (m, k)-machine (1 + m−1

m+k )-approximation algorithm.
We give a lower bound instance to show that this result is tight. The lower bound for LS can be
generalized to apply to all on-line algorithms. In particular, we prove that no on-line algorithm is
(m, k)-optimal for any k. It should be noted that although no on-line algorithm is (m, k)-optimal for
any k, the makespan of the on-line schedule could be asymptotically close to the optimal makespan
as can be seen from the performance guarantee of LS.

In Section 3, we give off-line upper bound results. By extending Graham’s result [15] on LPT ,
we show that LPT is an (m, k)-machine (max{4m+k−1

3m+3k , 1})-approximation algorithm. This implies
that LPT is (m, k)-optimal when k ≥ m−1

2 ; that is, if LPT has at least 3m−1
2 machines and OPT

has m machines, then LPT will produce a schedule with a makespan no larger than that of OPT .
Next, we refine this result to show that LPT is (m, k)-optimal when k ≥ m−1

3 . The proof is
based on a seemingly trivial but important fact that the sum of the processing times of jobs on
each machine in the optimal schedule is no larger than the optimal makespan. To exploit this fact,
new ideas are required which we now briefly summarize. The main idea is to not classify jobs by
their absolute sizes, but to classify each job in a schedule by (1) the number of jobs on the same
machine and (2) the order of its size among jobs on the same machine. The classification allows us
to establish some crucial relationships between the optimal schedule and the LPT schedule. These
relationships enable us to identify a most heavily loaded machine y in the LPT schedule and some
machine z in the optimal schedule such that the ith largest job on machine y is no larger than the
ith largest job on machine z. Therefore, the makespan of the LPT schedule is no larger than the
makespan of the optimal schedule.

Results in Sections 2 and 3 imply a divergence between off-line and on-line algorithms because
simple off-line algorithms such as LPT guarantees (m, k)-optimality with only a few extra machines
whereas no on-line algorithm can guarantee (m, k)-optimality with any number of extra machines.
This result also underscores the value of sorting before performing list scheduling. Namely, if the
list is sorted in non-increasing order (LPT ), then we can achieve (m, k)-optimality with k = m−1

3 .
If, however, the list is not sorted in non-increasing order, (m, k)-optimality through list scheduling
cannot be guaranteed for any value of k.
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Results in Section 2 also imply a difference between load balancing and bin packing. Consider an
(m, k)-optimal load balancing algorithm and an m+k

m -approximation bin packing algorithm. Both
algorithms can pack all items into m + k bins without overpacking any bin whereas the optimal
algorithm needs m bins. However, each of them knows different pieces of information. A load
balancing algorithm knows how many bins is needed by the optimal algorithm, but it does not
know the optimal makespan (bin size). A bin packing algorithm knows the bin size but it does not
know how many bins is needed by the optimal algorithm. The performance achievable by on-line
algorithms in each of the problems are quite different. No on-line load balancing algorithm can
guarantee not to overpack the bins. In contrast, simple on-line bin packing algorithms such as
First-Fit and Best-Fit need only 17

10m + 2 bins to pack all items [17]. This result indicates that
the optimal makespan (bin size) is a more important piece of information than the optimal number
of bins.

In Section 4, we describe a procedure to compute a good, though not necessarily optimal, lower
bound of the performance of LPT for any m and k.

2 On-line Results

We begin this section by proving the following lemma which is an extension of Graham’s analysis
for LS [14] and LPT [15] to the case when list scheduling algorithms have k extra machines. Note
that the lemma applies to any list scheduling algorithm.

Lemma 2.1. For any instance I and any k ≥ 0, if job l is the last job to finish in the LS schedule,

then CLS
max(m + k, I) ≤

(
m

m + k

)
COPT

max (m, I) +
(

m + k − 1
m + k

)
pl.

Proof. All machines must be busy up to time sLSl when job l is scheduled, otherwise job l could
have been started earlier. The starting time sLSl of job l is upper bounded by the average load
on m + k machines just before job l is scheduled. Thus, sLSl (m + k) ≤ 1

m+k ((
∑n

j=1 pi) − pl) =
1

m+k

∑n
j=1 pi− 1

m+kpl. The optimal makespan on m machines is lower bounded by the average load
on m machines after all jobs are scheduled. Therefore, COPT

max (m) ≥ 1
m(

∑n
j=1 pi).

CLS
max(m + k, I) = sLSl + pl

≤ 1
m + k

n∑

j=1

pi − 1
m + k

pl + pl

≤
(

m

m + k

)
COPT

max (m, I) +
(

m + k − 1
m + k

)
pl.

Theorem 2.1. For m ≥ 1, k ≥ 0, and any job list I,

CLS
max(m + k, I) ≤

(
1 +

m− 1
m + k

)
COPT

max (m, I),

and this is tight.
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Proof. Suppose job l is the last job to finish in the LS schedule. By Lemma 2.1 and the fact that
no job has a processing time larger than COPT

max ,

CLS
max(m + k, I) ≤

(
m

m + k

)
COPT

max (m, I) +
(

m + k − 1
m + k

)
COPT

max (m, I)

=
(

1 +
m− 1
m + k

)
COPT

max (m, I).

The tightness of this result can be seen by considering an instance that begins with (m−1)(m+k)
jobs of size 1 and ends with a job of size m + k. LS would schedule m − 1 jobs of size 1 on each
of the m + k machines and schedule the job of size m + k on one of the machines. Thus, its
makespan would be 2m+k−1. The optimal schedule would schedule m+k jobs of size 1 on m−1
machines and schedule the job of size m + k on the remaining machine. Thus, its makespan would
be m + k.

The lower bound for LS can be generalized to apply to all on-line algorithms.

Theorem 2.2. No on-line algorithm is (m, k)-optimal for m ≥ 2 and k ≥ 0.

Proof. The idea of the proof is that the adversary will keep generating new jobs until the on-line
algorithm schedules a new job on a non-empty machine. Fix m ≥ 2, k ≥ 0, and an on-line algorithm
A. The size of jobs generated by the adversary can be described as follows. The first job has size
4. The size of each subsequent job is equal to the size of all the previous jobs combined. Therefore,
p1 = 4 and pj = 2j for j ≥ 2. If the adversary has generated l jobs, then the optimal schedule
for these l jobs is to schedule job l by itself and to schedule the other jobs arbitrarily on the other
machines. In fact, the adversary can schedule jobs 1 through l − 1 on the same machine. The
optimal makespan for these l jobs is 2l which is the size of the latest job generated by the adversary
and is also equal to the sum of the size of jobs 1 through l − 1.

Suppose job l is the first job that the on-line algorithm schedules on a non-empty machine.
Since the on-line algorithm has only m + k machines, then l ≤ m + k + 1. The adversary would
generate no more jobs after job l. From the argument above, the optimal makespan is 2l, the size
of job l. Since the on-line algorithm schedules job l on a non-empty machine, then the on-line
makespan is strictly greater than 2l. Thus, the result follows.

3 Off-Line Upper Bounds

We begin this section by extending Graham’s analysis for LPT [15] to the case when LPT has k
extra machines.

Theorem 3.1. For m ≥ 1, k ≥ 0, and any job list I,

CLPT
max (m + k, I)
COPT

max (m, I)
≤

{
4m+k−1
3m+3k , 0 ≤ k ≤ m−1

2

1, k ≥ m−1
2 .

Proof. The proof is very similar to the case where both LPT and OPT have m machines [15].
Suppose job l is the last job to finish in the LPT schedule. Thus, CLPT

max = sLPTl + pl. We can
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assume that job l is the last job to start in the LPT schedule. If this is false, we can remove all jobs
i such that sLPTi ≥ sLPTl . This does not change the makespan of the LPT schedule because these
jobs must have run on machines other than the one job l does. Moreover, this cannot increase the
optimal makespan. Since LPT schedules job l last, then job l is the smallest job, i.e., pl = pmin.
There are two cases.

Case 1: pmin ≤ 1
3COPT

max .
Since l is the last job to finish in the LPT schedule, then by Lemma 2.1,

CLPT
max ≤

(
m

m + k

)
COPT

max +
(

m + k − 1
m + k

)
1
3

COPT
max =

(
4m + k − 1
3m + 3k

)
COPT

max .

Case 2: pmin > 1
3COPT

max .
Thus, pi > 1

3COPT
max for all i. Therefore, in the optimal schedule, there are at most 2 jobs on each

machine. If n ≤ m, then the optimal algorithm schedules one job per machine. If m+1 ≤ n ≤ 2m,
we claim that for j = 1, ..., m, the optimal algorithm schedules job j on the same machine as job
2m + 1 − j if 2m + 1 − j ≤ n, and schedules job j by itself otherwise. The optimality can be
proven by an interchange argument. Furthermore, LPT would produce a similar schedule on m+k
machines. If n ≤ m + k, then LPT schedules one job per machine. If m + k + 1 ≤ n ≤ 2(m + k),
then for j = 1, ..., m + k, LPT schedules job j on the same machine as job 2(m + k) + 1 − j if
2(m + k) + 1− j ≤ n, and schedules job j by itself otherwise. Thus, CLPT

max ≤ COPT
max .

From Cases 1 and 2, CLPT
max ≤ max{ 4m + k − 1

3m + 3k
, 1 }COPT

max

and
4m + k − 1
3m + 3k

> 1 ⇐⇒ k <
m− 1

2

Corollary 3.1. LPT is (m, k)-optimal if k ≥ m−1
2 .

Proof. Immediate from Theorem 3.1.

We can refine the above result and get the following theorem.

Theorem 3.2. LPT is (m, k)-optimal if k ≥ m−1
3 .

Proof. Assume that the theorem is not true. Then there must be some values of k and m for which
the theorem statement does not hold. Let us fix a value of k for which the theorem statement does
not hold, and let us fix m to be the minimum possible m such that the theorem does not hold for m
and k. Note that m ≤ 3k +1 because otherwise the theorem is true. Finally, given k and m, define
I to be a smallest counterexample; that is, an input instance with the minimum possible number of
jobs such that CLPT

max (m + k, I) > COPT
max (m, I). We will now show that this counterexample cannot

exist, and thus the theorem follows.
Suppose that jobs in I are labeled according to the order that they are scheduled by LPT . Thus,

p1 ≥ p2 ≥ ... ≥ pn. We first observe that job n is the only job in LPT ’s schedule that finishes later
than the last job in OPT ’s schedule; that is, CLPT

max (m + k, I) = CLPT
n (m + k, I) > COPT

max (m, I)
and CLPT

i (m + k, I) ≤ COPT
max (m, I) for i = 1, ..., n − 1. Otherwise, there exists a job i such that
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CLPT
i (m+k, I) > COPT

max (m, I) and 1 ≤ i ≤ n−1. Create an instance I ′ from I by removing jobs i+1
through n from I. This does not affect the completion time of job i in the LPT schedule because jobs
i + 1 through n are scheduled after job i is. Moreover, this cannot increase the optimal makespan.
Thus, CLPT

max (m + k, I ′) ≥ CLPT
i (m + k, I ′) = CLPT

i (m + k, I) > COPT
max (m, I) ≥ COPT

max (m, I ′), and
I ′ has fewer jobs than I. This contradicts our assumption that I is a smallest counterexample.

We next observe that OPT cannot produce a schedule where some machine has only one job
i. Suppose this is not the case. Create an instance I ′ from I by setting pi to COPT

max (m, I). This
only possibly increases pi. Clearly, COPT

max (m, I ′) = COPT
max (m, I). Furthermore, CLPT

max (m + k, I ′) ≥
CLPT

max (m + k, I) > COPT
max (m, I) = COPT

max (m, I ′). Thus, I ′ is also a smallest counterexample. We
can assume that, in the schedule created by LPT for instance I ′, job i is on a machine by itself.
Create an instance I ′′ from I ′ by removing job i. Clearly, COPT

max (m − 1, I ′′) ≤ COPT
max (m, I ′).

Furthermore, CLPT
max (m− 1 + k, I ′′) = CLPT

max (m + k, I ′) > COPT
max (m, I ′) ≥ COPT

max (m− 1, I ′′). Thus,
I ′′ is a counterexample to the theorem statement where there are m− 1 base machines and k extra
machines. This contradicts the minimality of m.

We now observe that the schedule produced by LPT just before job n arrives also cannot have
any machines with only one job i. Suppose this is not the case. Assign job n to the machine with
only job i. Since OPT has no machines with only one job, job i must be scheduled with some
other job j in the schedule produced by OPT . Since job n is the smallest job in the input instance,
pn ≤ pj . This implies that CLPT

max (m + k, I) = CLPT
n (m + k, I) ≤ pi + pn ≤ pi + pj ≤ COPT

max (m, I).
We now proceed with the remainder of the proof. There are 2 cases based on the size of pn. In

both cases, we show that CLPT
max (m+k, I) ≤ COPT

max (m, I) which is a contradiction to the assumption
that I is a counterexample.

Case 1: pn ≤ 1
4COPT

max .
Job n is the last to finish in the LPT schedule, and pn = pmin ≤ 1

4COPT
max . Thus, from Lemma 2.1,

CLPT
max ≤

(
m

m + k

)
COPT

max +
(

m + k − 1
m + k

)
1
4

COPT
max

=
(

4m + m + k − 1
4m + 4k

)
COPT

max

≤ COPT
max because m ≤ 3k + 1.

Case 2: pn > 1
4COPT

max .
Before we continue, we provide some definitions.

• Let φ be an optimal schedule on m machines for instance I.
• Let σ be the schedule produced by LPT on m + k machines for instance I.
• Let π be the partial schedule produced by LPT on m + k machines for instance I when exactly

the first n− 1 jobs are scheduled.
• Let H and K be the set of machines in schedule φ with exactly 2 and 3 jobs, respectively.
• Let E and F be the set of machines in schedule π with exactly 2 and 3 jobs, respectively.

Since for i = 1, ..., n, pi ≥ pmin > 1
4Cφ

max, and Cφ
i ≤ Cφ

max, then there are at most 3 jobs per
machine in schedule φ. Similarly, there are at most 3 jobs per machine in schedule π because
Cπ

i ≤ Cφ
max for i = 1, ..., n − 1. From earlier observations, there are at least two jobs per machine

in both schedule φ and schedule π.
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For the remainder of this proof, we introduce the following notation. When describing a ma-
chine, we will use a distinct letter such as u or v. When describing jobs, we will use two different
notations. First, we will still call the last job scheduled by LPT job n, and we will still refer to
its length as pn. However, we will also refer to jobs by how they are scheduled by the optimal
algorithm. Specifically, if u is one of the m machines for the optimal schedule, ui is the i’th largest
job scheduled on machine u with ties broken arbitrarily. Also, we will use p(ui) to denote the
processing time of job ui.

We now classify jobs according to
(1) the number of jobs on the machine on which they are scheduled in φ and
(2) the order of their size among jobs on the same machine in φ.

• Let Hi = { ui | u ∈ H } for i = 1, 2.
• Let H12 = H1 ∪H2.
• Definitions of K with subscripts are analogous to the two definitions above.

We also classify jobs in a second manner with respect to the schedule π produced by LPT .

• Let Ei = { uj | job uj is the ith job on some machine v in schedule π and v ∈ E} for i = 1, 2.
• Let E12 = E1 ∪ E2.
• Definitions of F with subscripts are analogous to the two definitions above.

Figure 1 illustrates the two job classification schemes described. To further clarify these defini-
tions, consider the following statements which are implied by ui ∈ K23.
(1) Either ui = u2 or ui = u3.
(2) Job ui is on machine u in schedule φ.
(3) u ∈ K.
(4) There are 3 jobs on machine u in schedule φ, namely u1, u2, and u3.
(5) u1 ∈ K1, u2 ∈ K2, u3 ∈ K3.
(6) p(u1) ≥ p(u2) ≥ p(u3).
(7) p(u1) + p(u2) + p(u3) ≤ Cφ

max.

time time

unscheduled job

optimal schedule φ partial LPT schedule π

{
n

F1 F2 F3F

{
K3K2K1

H1 H2 E1 E2
E





H

K









m + k
machines





m
machines

Figure 1: This figure illustrates the two job classification schemes used in the proof. Note, jobs in
the same class may have different sizes.
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From earlier arguments, there are either 2 or 3 jobs per machine in schedule φ and in schedule
π. Therefore, we have the following equalities.

n = 2|E|+ 3|F |+ 1 (1)
n = 2|H|+ 3|K| (2)
m = |H|+ |K| (3)

m + k = |E|+ |F | (4)

2|E|+ 3|F |+ 1 = 2|H|+ 3|K| from (1) and (2) (5)
4(|H|+ |K|) ≤ 3(|E|+ |F |) + 1 from (3),(4), and m ≤ 3k + 1 (6)

We show that there exists a machine y in π and a machine z in φ such that if job n is scheduled
on y, there is a pairing of jobs from the two machines such that the jobs from y are no larger than
the jobs from z. We consider two cases.

Case 2.1: E1 ∩K23 6= ∅.
This case is shown pictorially in Figure 2. Relation E1 ∩ K23 6= ∅ means that there exists a

job vi such that vi ∈ E1 and vi ∈ K23. Let job uj be the job in E2 on the same machine as vi in
schedule π. By definition of E1 and E2, we have that p(uj) ≤ p(vi). In the optimal schedule, job
vi is scheduled on the same machine with exactly two other jobs, and job vi is not the largest job
on the machine. Thus, p(uj) ≤ p(vi) ≤ p(v2) ≤ p(v1). Finally, since job n is the smallest job, then
pn ≤ p(v3). Combining these facts, it follows that job n can be scheduled on the same machine as
vi and uj in the LPT schedule so that the total load on the machine is no larger than the optimal
makespan.

Algebraically, since p(uj) ≤ p(vi) ≤ p(v2) ≤ p(v1) and pn ≤ p(v3), then Cσ
max = Cσ

n ≤ p(vi) +
p(uj) + pn ≤ p(v1) + p(v2) + p(v3) ≤ COPT

max .

n
vi uj

φ π

F1 F2 F3

H2H1

K1 K2 K3

v1 v3v2

E1 E2

Figure 2: Case 2.1 of Theorem 3.2: E1 ∩K23 6= ∅.

Case 2.2: E1 ∩K23 = ∅.
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First, we establish some relations between schedule φ and schedule π.

E1 ⊆ Kc
23 = H12 ∪K1 because E1 ∩K23 = ∅ (7)

2|H|+ |K| ≥ |E| from (7) (8)
2|H|+ |K| ≤ |E| from (5)+(6) (9)

E1 = H12 ∪K1 from (7), (8) and (9) (10)
E2 ∪ F123 ∪ {n} = Ec

1 = (H12 ∪K1)c = K23 from (10) (11)

Equalities (10) and (11) are the critical equalities we need and are shown graphically in Figure 3.

vi uj

u1 u3u2

n

φ π

H1 H2

F1 F2 F3

u1

K1 K2 K3

E1 E2

Figure 3: Case 2.2 of Theorem 3.2: K23 = E2 ∪ F123 ∪ {n} and H12 ∪K1 = E1.

Set E2 is not empty because from equalities (10) and (3), |E2| = |E| = 2|H| + |K| ≥ m ≥ 1.
Let uj be the first job in E2 to be scheduled by LPT . Suppose vi is the job in E1 which is on
the same machine as uj in schedule π. From relation (11), uj ∈ K23. Thus, there are 3 jobs
on machine u in φ. If we can show that pn ≤ p(u3), p(uj) ≤ p(u2), and p(vi) ≤ p(u1), then
Cσ

max = Cσ
n ≤ p(vi) + p(uj) + pn ≤ p(u1) + p(u2) + p(u3) ≤ COPT

max . Obviously, pn ≤ p(u3) because
job n is the smallest job. Since uj ∈ K23, then job uj is either u2 or u3. In any case, p(uj) ≤ p(u2).

We now prove p(vi) ≤ p(u1). By definition, job u1 is in K1 and u1 is on the same machine as
uj in schedule φ. From relation (10), u1 ∈ E1. Since uj is the first job to be scheduled in E2, and
LPT always schedules the next job on the least loaded machine, then the fact that uj is scheduled
on the same machine as vi implies that vi is a smallest job in E1. In particular, p(vi) ≤ p(u1), and
this completes case 2.2.

Since this is the last possibility to consider, we have proven that there are no counterexamples
to the theorem and thus the theorem is true.

The result of the previous theorem is tight in 2 aspects. First, with m−1
3 extra machines,

LPT does not always produce a schedule with makespan strictly smaller than that of the optimal
algorithm. In fact, no algorithm can guarantee this due to the fact that an input instance can
contain a job whose length is equal to the optimal makespan. Second, as will be shown in the next
theorem, if LPT has fewer than m−1

3 extra machines, there exist instances such that LPT will
produce a schedule with the makespan strictly larger than that of the optimal algorithm.

Theorem 3.3. For any pair of non-negative integers m and k such that k = m−2
3 , there exist

instances such that CLPT
max (m + k) ≥ 8k+7

8k+6COPT
max (m) > COPT

max (m).
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Proof. For k ≥ 0, the instance Ik with 8k + 5 jobs is defined as follow:

2k + 2 jobs of size 4k + 3
2 jobs of size 2k + 2 + i for i = 2k, ..., 1 (a total of 4k jobs)

2k + 3 jobs of size 2k + 2

Figure 4 illustrates a lower bound instance, its optimal schedule on m machines, and its LPT
schedule on m + k machines. The optimal schedule on m = 3k + 2 machines can be described as
follows:

k + 1 machines with jobs of sizes 4k + 3 4k + 3
2 machines with jobs of sizes 4k + 2 2k + 2 2k + 2
2 machines with jobs of sizes 4k + 2− i 2k + 2 + i 2k + 2 for i = 1, ..., k − 1

(a total of 2k − 2 machines)
1 machine with jobs of sizes 3k + 2 3k + 2 2k + 2

All machines in the optimal schedule have load 8k + 6. The schedule produced by LPT on
m + k = 4k + 2 machines can be described as follows:

1 machine with jobs of sizes 4k + 3 2k + 2 2k + 2
2k + 1 machines with jobs of sizes 4k + 3 2k + 2

2 machines with jobs of sizes 4k + 3− i 2k + 2 + i for i = 1, ..., k
(a total of 2k machines)

The machine with 3 jobs in the LPT schedule have load 8k + 7. All other machines have load
6k + 5. Note that LPT could schedule the last job (of size 2k + 2) on any machine.

8 8 6
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11 11

11

1111

9 8

9 8

10

10 7

7

11 6 6

9

9 7

7 6

6

11

11

11

11

11 6

6

6

6

610

10 6

6

6

6

optimal schedule

m + k
machine

LPT schedule

m
machine









Figure 4: A lower bound instance when k = 2 and m = 3k+2 = 8. Each job is labeled with its size.
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4 Lower Bounds on LPT
In this section, we describe a procedure to compute a good, though not necessarily optimal, lower
bound of the performance of LPT for any m and k. Given m and k, we use a linear program that
assumes that the optimal schedule and the LPT schedule have the specific structures shown in
Figure 5 where jobs are ordered by non-increasing size. The variables of the linear program are the
job sizes and the starting time of the last job in the LPT schedule. This procedure considers only
a very restricted set of possible instances. The best lower bound instance from this restricted set
can be obtained by optimizing the linear program.

We describe our assumptions in detail next. We assume that in the LPT schedule, there are 2
jobs on all machines except for one machine on which there are 3 jobs. Suppose p1 ≤ p2 ≤ ... ≤ pn.
We assume that in the LPT schedule, job i is paired with job n − i, and job n is the last job to
finish. We assume that the optimal makespan is no larger than 1. Finally, we assume that there
are either 2 or 3 jobs on each machine in the optimal schedule, and the optimal schedule has a
structure as illustrated in Figure 5.

The linear program can be described algebraically as follows. Let m2 and m3 be the number of
machines in the optimal schedule with 2 and 3 jobs respectively. From the above assumptions,

n = 2(m + k) + 1,

n = 2m2 + 3m3, and
m = m2 + m3.

Thus, m2 = m− 2k − 1 and
m3 = 2k + 1.

We denote the starting time of job n in the LPT schedule by s. Given m ≥ 1 and 0 ≤ k ≤
(m− 1)/2, we construct the linear program LB(m, k) as follows.

maximize s + pn subject to
pi ≥ pi+1, i = 1, ..., n− 1
s ≤ pi + pn−i, i = 1, ..., (n− 1)/2

pi + pj ≤ 1, ∀(i, j) ∈ H

pi + pj + pl ≤ 1, ∀(i, j, l) ∈ K

where

H = { (i, 2m2 + 1− i) | i = 1, ..., m2 }
K = { (2m2 + i, 2m2 + 2m3 + 2− i, 2m2 + 2m3 + 1 + i) | i = 1, ...,m3 − 1 } ∪

{ (2m2 + m3, 2m2 + m3 + 1, 2m2 + m3 + 2) }

Notice the difference between the layout of jobs in the optimal schedules in Figures 4 and 5. In
Theorem 3.3, we chose to use the layout in Figure 4 rather than the layout in Figure 5 because it
is easier to describe. Table 1 shows the computed lower bounds for m = 1, ..., 50 and k = 0, ..., 12.
Figure 6 shows the plot of this table.

Figure 7 shows the plot of LB(m, k) when m = 100. Points in Figure 7 are the lower bounds
obtained from our linear program when m = 100. The upper curve is the performance guarantee
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of LPT from Theorem 3.1. It is important to note that the lower bounds found when m ≥ 1 and
k = 0 or k ≥ m−1

3 match the upper bounds given by Graham [15] and Theorem 3.2, respectively.
The lower curve is the performance guarantee of LPT when it is given m machines with speed
m+k

m instead of m + k machines with unit speed. When an algorithm is given machines with speed
s, it can guarantee a makespan which is 1

s times the guaranteed makespan using machines with
unit speed. Intuitively, faster machines should be utilized more efficiently than extra machines. In
Figure 7, the lower bounds obtained from the linear program mostly lie well above the lower curve.
However, there is one point which lies below the lower curve. It is possible that this point is a
counterexample to our result, but more likely we have not found an optimal extra machine lower
bound for this particular combination of m and k.
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Figure 5: A lower bound instance when m = 8 and k = 2. Each job is labeled with its job id.

5 Future Work

Extra-resource analysis is a promising analysis technique which can be used to derive greater insight
into the behavior of both on-line and off-line algorithms. Previously, these insights have been used
to identify good on-line algorithms in settings where traditional competitive analysis fails to do so.
In this work, we show that these insights can also be used to derive a divergence between off-line
and on-line load balancing algorithms. We believe that future work should, in part, search for even
more applications of the extra-resource analysis technique.
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m\k 0 1 2 3 4 5 6 7 8 9 10 11 12
1 1 - - - - - - - - - - - -
2 7/6 - - - - - - - - - - - -
3 11/9 1 - - - - - - - - - - -
4 5/4 1 - - - - - - - - - - -
5 19/15 15/14 1 - - - - - - - - - -
6 23/18 10/9 1 - - - - - - - - - -
7 9/7 7/6 1 1 - - - - - - - - -
8 31/24 7/6 23/22 1 - - - - - - - - -
9 35/27 27/23 15/14 1 1 - - - - - - - -

10 13/10 25/21 11/10 1 1 - - - - - - - -
11 43/33 11/9 10/9 31/30 1 1 - - - - - - -
12 47/36 11/9 7/6 19/18 1 1 - - - - - - -
13 17/13 11/9 7/6 15/14 1 1 1 - - - - - -
14 55/42 70/57 7/6 11/10 39/38 1 1 - - - - - -
15 59/45 5/4 7/6 53/48 23/22 1 1 1 - - - - -
16 21/16 5/4 27/23 10/9 19/18 1 1 1 - - - - -
17 67/51 5/4 19/16 7/6 15/14 47/46 1 1 1 - - - -
18 71/54 5/4 25/21 7/6 11/10 31/30 1 1 1 - - - -
19 25/19 19/15 11/9 7/6 11/10 19/18 1 1 1 1 - - -
20 79/60 19/15 11/9 7/6 10/9 19/18 55/54 1 1 1 - - -
21 83/63 19/15 11/9 7/6 10/9 15/14 31/30 1 1 1 1 - -
22 29/22 19/15 11/9 7/6 7/6 11/10 23/22 1 1 1 1 - -
23 91/69 23/18 11/9 27/23 7/6 11/10 19/18 63/62 1 1 1 1 -
24 95/72 23/18 27/22 19/16 7/6 76/69 19/18 39/38 1 1 1 1 -
25 33/25 23/18 70/57 19/16 7/6 10/9 15/14 31/30 1 1 1 1 1
26 103/78 23/18 5/4 25/21 7/6 10/9 11/10 19/18 71/70 1 1 1 1
27 107/81 9/7 5/4 11/9 7/6 7/6 11/10 19/18 43/42 1 1 1 1
28 37/28 9/7 5/4 11/9 7/6 7/6 11/10 19/18 31/30 1 1 1 1
29 115/87 9/7 5/4 11/9 7/6 7/6 53/48 15/14 23/22 79/78 1 1 1
30 119/90 9/7 5/4 11/9 27/23 7/6 10/9 11/10 19/18 47/46 1 1 1
31 41/31 31/24 5/4 11/9 19/16 7/6 10/9 11/10 19/18 31/30 1 1 1
32 127/96 31/24 5/4 11/9 19/16 7/6 7/6 11/10 19/18 31/30 87/86 1 1
33 131/99 31/24 19/15 11/9 25/21 7/6 7/6 11/10 15/14 19/18 55/54 1 1
34 45/34 31/24 19/15 27/22 25/21 7/6 7/6 10/9 11/10 19/18 39/38 1 1
35 139/105 35/27 19/15 27/22 11/9 7/6 7/6 10/9 11/10 19/18 31/30 95/94 1
36 143/108 35/27 19/15 70/57 11/9 7/6 7/6 10/9 11/10 19/18 23/22 55/54 1
37 49/37 35/27 19/15 5/4 11/9 27/23 7/6 7/6 11/10 15/14 19/18 43/42 1
38 151/114 35/27 19/15 5/4 11/9 19/16 7/6 7/6 53/48 11/10 19/18 31/30 103/102
39 155/117 13/10 19/15 5/4 11/9 19/16 7/6 7/6 10/9 11/10 19/18 31/30 63/62
40 53/40 13/10 23/18 5/4 11/9 19/16 7/6 7/6 10/9 11/10 19/18 19/18 43/42
41 163/123 13/10 23/18 5/4 11/9 25/21 7/6 7/6 10/9 11/10 15/14 19/18 31/30
42 167/126 13/10 23/18 5/4 11/9 25/21 7/6 7/6 7/6 11/10 11/10 19/18 31/30
43 57/43 43/33 23/18 5/4 11/9 11/9 7/6 7/6 7/6 53/48 11/10 19/18 23/22
44 175/132 43/33 23/18 5/4 27/22 11/9 27/23 7/6 7/6 10/9 11/10 19/18 19/18
45 179/135 43/33 23/18 5/4 27/22 11/9 19/16 7/6 7/6 10/9 11/10 15/14 19/18
46 61/46 43/33 23/18 5/4 70/57 11/9 19/16 7/6 7/6 10/9 11/10 11/10 19/18
47 187/141 47/36 9/7 19/15 70/57 11/9 19/16 7/6 7/6 7/6 76/69 11/10 19/18
48 191/144 47/36 9/7 19/15 5/4 11/9 19/16 7/6 7/6 7/6 10/9 11/10 19/18
49 65/49 47/36 9/7 19/15 5/4 11/9 25/21 7/6 7/6 7/6 10/9 11/10 15/14
50 199/150 47/36 9/7 19/15 5/4 11/9 25/21 7/6 7/6 7/6 10/9 11/10 11/10

Table 1: The lower bounds computed by our linear program.
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figure are the lower bounds computed by our linear program. The upper curve is the performance
guarantee of LPT from Theorem 3.1. The upper curve is described by y = max{4m+k−1

3m+3k , 1}. The
lower curve is the performance guarantee of LPT when it is given m machines with speed m+k

m
instead of m+k machines with unit speed. The lower curve is described by y = 4m−1

3m
m

m+k = 4m−1
3m+3k .
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