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Abstract

It is well known that the Earliest-Deadline-First (EDF) and the Least-Laxity-First (LLF)
algorithms are optimal algorithms for the problem of preemptively scheduling jobs that arrive
over time on a single machine to minimize maximum lateness. It was not previously known
what other online algorithms are optimal for this problem. A complete characterization of all
optimal online algorithms for this problem is given.

1. Introduction

We consider the problem of preemptively scheduling jobs that arrive over time on a single
machine to minimize maximum lateness. This problem is denoted 1|7}, pmtn | Ly, accord-
ing to Graham et. al.'s notation [GLLR79]. It is well known that the Earliest-Deadline-First
(EDF) algorithm and the Least-Laxity-First (LLF) algorithm are optimal for this problem
[Der74, DM89]. EDF always runs an available job with the smallest deadline. LLF always
runs an available job with the smallest laxity where the laxity of a job at time ¢ is defined as
the difference between its deadline and the sum of ¢ and the remaining processing time of the
job at time #. The laxity of a job indicates, on a job-by-job basis, how much the job can be
delayed without being late. Both algorithms are online algorithms, which construct a sched-
ule over time without knowledge of the existence of jobs that have not arrived.

Evidently, there are other online algorithms which are optimal for this problem as well. How-
ever, an exact characterization of these algorithms was not previously known. This is in
sharp contrast with another fundamental problem, the problem of preemptively scheduling
jobs that arrive over time on a single machine to minimize the total completion time. This
problem is denoted 1 | r;, pmtn| ) ; C;according to Graham et. al.'s notation [GLLR79]. The
Smallest-Remaining-Processing-Time (SRPT) algorithm is optimal for this problem [Bak74].
SRPT always runs an available job with the smallest remaining processing time. For an
algorithm to be optimal for the total completion time problem, it must follow the SRPT rule
at any time. Any algorithm that deviates from it is not optimal. The rule is very rigid. There-
fore, in fact, there is only one algorithm that is optimal for the total completion time problem.



In contrast, there are at least two distinct optimal algorithms, namely EDF and LLF, and
believably many more, for the maximum lateness problem. Evidently, the governing rule that
promises optimality for the maximum lateness problem is more flexible than the total comple-
tion time problem, and EDF and LLF are merely manifestations of this underlying rule.

This rule has been discovered and is presented in this paper. It turns out that the general idea
behind LLF is right. However, to be absolutely right, the remaining processing time of other
jobs must be taken into account. This leads to the definition of the "compound laxity" of a
job. This, in turn, leads to the "compound laxity rule" (CL rule) for choosing a job to run at
any time. Interestingly, this rule has a flavor of EDF. The result is a complete characteriza-
tion of all optimal online algorithms for the maximum lateness problem; for an online algo-
rithm to be optimal, it must always follows the CL rule. To the best of the author's knowl-
edge, this is the first non-trivial result of the sort.

Beside a better understanding of a fundamental problem and the discovery of its underlying
optimal rule, this work also has potential leading up to future research. One direction is to
study problems of optimizing a second objective function subject to the constraint that the
maximum lateness is minimum. With all the optimal online algorithms for the maximum
lateness criterion identified, finding an algorithm to optimize the second objective will be
more approachable. An example of work along this line is [RSTUO02].

This work could be a basic building block for some other more complex problems. One
problem is the problem of preemptively scheduling jobs that arrive over time on identical
parallel machines so that all jobs finish by their deadlines. An online algorithm is
"admissable" if it can produce a feasible schedule whenever the optimal algorithm can. An
open question is whether there is an online admissable algorithm that uses a constant multiple
of m machines while the optimal algorithm uses only m machines. [PSTW97]

The rest of the paper is organized as follows. In section 2, the definitition of the problem and
other quantities are given. The compound laxity and the compound laxity rule are defined.
Section 3 furnishes the relationship between compound laxity and lateness. Main results are
in section 4.

2. Definitions

The problem of preemptively scheduling jobs that arrive over time on a single machine to
minimize maximum lateness is considered. This problem is denoted 1 | ;, pmtn | Ly, accord-
ing to Graham et. al.'s notation [GLLR79]. An input instance in this problem consists of n



jobs. Job j arrives at time r;, has a processing time p;, and a due date d;. An algorithm for
this problem must schedule the jobs preemptively on one machine. Let Cf denote the comple-

tion time of job j in schedule S. The lateness of job j in schedule S, denoted L3, is defined as
S

max»

LY=Cj—d;. The maximum lateness of schedule S, denoted L is defined as

Lf = max; Lf . The goal is to find a schedule with the smallest maximum lateness. For any
input instance /, let L} .. (/) denote the maximum lateness in an optimal schedule for /. An
algorithm is online if it is not aware of the existence of jobs that have not arrived. When a
job arrives, its processing time and due date become known to the online algorithm. An
algorithm is offline if it is aware of all jobs and their parameters in advance. Let A(/) denote

the schedule produced by algorithm A4 for input instance /.

For any input instance /, any schedule § for /, and any time ¢ where r; < ¢ < Cf , let pf (t) be
the remaining processing time of job j at time # in schedule S, and let qf- (t) be the amount of
work done on job j by time 7 in schedule S. Note that p_f ®+ q_f (1) = p,for any schedule S and
any time ¢ where r; <t < CJS . For any non-empty subset X of jobs in /, let #(X) = min;cx 7;,
p(X)= Y.ypi, and d(X)=maxiexd;. Also, let pA(X, 1) =Y.cy pl(H) and ¢*(X, 1)
=Yxqi(®). Let g°(s, 1) = ¢°(t) — ¢7(s). This is the amount of time the machine spends on
job i during the interval [s, £). Let ¢5(X, s, ) = Y;cx ¢°(s, t). This is the amount of time the
machine spends on jobs in set X during the interval [s, ¢).

Let B () be the set of jobs i such that r; < and d; < d;. Define the compound laxity of a job
j at time ¢ in schedule S, denoted (), as L(t) =d; —t— p°(B;(1), t). Note that d; =d,
implies that Bi(r) = B;(t) and [(t) = [3(r). Define the critical compound laxity at time ¢ in
schedule S, denoted 55, (1), as 5,
jobs that have arrived but have not completed in schedule S. Let /3. (¢) be the set of all jobs i

such that [7(t) = I5. (¢). Define the critical deadline at time ¢ in schedule S, denoted d5.,(1), as

ds.(t) = min;ss y d;. For any times s and ¢ such that s < ¢, let B(s, t) = B;(t) — B;(s). This

crit

in(?) = min; lf. () where the minimum is taken over the set of

is the set of jobs i such that s <7; <t and d; < d;. For any jobs j and k such that d; < dj, let
B i(t) = Br(t) — B;(t). This is the set of jobs i such that r; <¢ and d; < d; < d;. By conven-
tion, if job j runs continuously from time s to time ¢, we will say that j runs in the close-open
interval [s, ).

A job is available at time ¢ if it has arrived but not completed. An online algorithm 4 is a CL
algorithm if for any input instance / and at any time ¢, algorithm A runs an available job j such
that d; < dfrgf)(t). We also call this the CL rule. A schedule S for an input instance / is a CL

schedule if it can be produced using the CL rule.

At any time ¢, the Earliest-Deadline-First (EDF) algorithm runs an available job j such that



d; = min; d; where the minimum is taken over all available jobs [Der74]. At any time ¢, the
Least-Laxity-First (LLF) algorithm runs an available job j such that d;—¢— ptf(r) =
min; d; — t — p*-¥(¢) where the minimum is taken over all available jobs [DM89]. Both EDF
and LLF are optimal for this problem. In the following, we will drop the superscript S for
quantities defined in this section if it is clear from the context.

3. Basic Understanding of Compound Laxity

In this section, basic properties of compound laxity and lateness are given. Except for
Lemma 1, which applies only to optimal schedules, all results in this section apply to any
schedule. Lemma 2 establishes a relationship between the compound laxity of two different
jobs. Lemma 3 tells us how the compound laxity of a job changes over time. An implication
of Lemma 3 is that the compound laxity of a job never increases over time. This leads to
Corallary 4, which states that the compound laxity of a job is smallest when it completes.
Lemma 5 establishes a relationship between the compound laxity of a job and its lateness.
Lemma 6 states that the maximum lateness equals the negation of the minimum compound
laxity.

Lemma 1: For any input instance /, maxyc; 7(X) + p(X) —d(X) < L} ,,(I) where X is any
non-empty subset of jobs in /.

Proof: Consider any input instance /. Let S be an optimal schedule for /. Let X be any non-
empty subset of jobs in /. All jobs in X starts no earlier than (X). The total processing time
of jobs in X is p(X). Suppose job j is the last job in X to finish in schedule S. Thus, Cf >
r(X)+ p(X). The latest due date of jobs in X is d(X). In particular, d; <d(X). Thus,
rX)+ p(X)-dX)<C] —d;j=L <Ly =Lp().

max max

Lemma 2: For any input instance /, any schedule S for /, any jobs i and j in / such that
d; <d;, and any time ¢ such that r; <t < Cland r; <t < C7, it is the case that [5(2) — [ (t) =
dj—d; —p(B; (), 1).

Proof: 1) = 10) = [d; — t = p(B (1), 0] - [d; — t = p(BA1), D] = d; — d; ~[ p(B,(1), 1)
-pBi(t), )] =d;—d;— p(B; (1), 1) =

Lemma 3: For any input instance /, any schedule S for /, any job j in /, and any time s and ¢
such that r; < s < 1 < C7, it is the case that /() = I§(s) — p(B/(s, 1)) — (t = s — ¢°*(B/(1), s, 1)).
Proof:

Li(s) = 1;(t) = [dj — s — p(Bj(s), )] — [d; — t — p(B,(1), )]

= (t=5) = [p(Bj(s), ) = p(B;(1), 1]

=(t—5)—[p(B;(s), s) — p(B;(s), 1) — p(B,(s, 1), 1)] by definition of B(s, )



= (t=5)—q(B(s), s, t) + p(B/(s, 1), t) by definition of g(X, s, #)
=(t—5)—qB(s), s, 1) + p(B(s, 1)) —q(B(s, 1), 1) by definition of p(X, ¢) and q(X, ?)
=(t—s)—q(B;(®), s, t) + p(B(s, t)) because q(B(s, 1), 1) = q(Bj(s, 1), s, 1) W

Two factors control the change of the compound laxity of a job j over time: (1) arrival of new
jobs i with d; < d;and (2) the amount of time spent (or not spent) on available jobs with
d; <d;. Lemma 3 states that the compound laxity of a job at time ¢ will decrease from that at
time s by the amount that is equal to the sum of the total processing time of new jobs that
arrive during the interval [s, #) and the amount of time during [s, #) that is NOT spent on jobs
in B(?).

Corollary 4: For any input instance /, any schedule S for /, and any job j in /, it is the case
that min,g,, sy 15(0) = 5(C9).

Proof: Since the machine can spend at most 7 —s time units on jobs in B(f) during [s, ),
then ¢(B(?), s, ) <t —s. Thus, from Lemma 3, for times s and # such that 7; <5 <t < C;, it
is the case that [;(¢) = [;(s) — p(B(s, 1)) — (t —s — q(Bj(1), s, 1)) < [;(s). In other words, /;(.)
can never increase over time. Since C; is the latest time in the interval [r;, C;], the result
follows. ®

Lemma 5: Consider any input instance /, any schedule S for 7, and any jobj in 1.

(a) L = =B (C]) = p(BACY), CJ) = =1}(C)).

(b) L} = —I5(C?) if and only if job j is the last job in B;(C}) to complete.

(c) If L) < —15(C), then LT = —13(CY) + (d; — d\) = —I5(C}) where x is the last job in B;(CY)
to complete.

Proof: For part (a), L;=C;—d; =—-(d;—-C; - p(B;(C)), C))—pB,;(C)), C;) ==1;(C})
- p(B;(Cj), C;). Next we show part (b). Job j is the last job in B;(C;) to complete if and
only if p(B;(C)), C;) =0. This follows directly from definition of p(X,?). Thus,
L;=-1;(C;) if and only if job j is the last job in B;(C;) to complete. Finally, we show part
(c). If LY <—[5(C?), then job j is the not the last job in B;(C;) to complete. Then
p(B;(C)), C)) > 0. Let x be the last job in B;(C;) to complete. Thus,
C,=C;+ p(B;(C)), Cj). From definition of B;(C)), it is the case that d, <d;. Thus,
Ly=Cy—dizCj+pB;(C)),Cj)—d;+(d;—dy)=-1,(C)) +(d; —dy) = —lf(Cf) [

Lemma 6: For any input instance /I, any schedule S for 7, it is the case that
L3 . = —min; I5(CF). Further more, for any job £, it is the case that Lj = L5 if and only if
I(C?) = min; I5(C?) and k is the last job to finish in By(CY).

Proof: Let k& be any job such that Ly = Ly,,x. First, we will show that L; = —min; /,(C)).
Assume to the contrary that L; < —min; /,(C;). Let j be a job such that /;,(C;) = min; [i(C;).



Thus, L; < Liyax = Ly < —min; [(C;) = — [;(C;). Thus, from Lemma S.c, there exists a job x
such that L, = — [;(C;). Thus, Lyax < —1;(C;) < L,. A contradiction. From Lemma 5.a, it is
the case that L;<—-[(Cp). Thus, L;<-0L(Cy)<—-min; [;(C)) < L. Hence,
Liax = Ly = —[1(Cy) = —min; [;(C;). From Lemma 5.b, job £ is the last job in B;(Cy) to finish.

To prove the other direction, assume that k£ is the last job to finish in By(C;) and
L(Cy) =min; [;(C;). Assume to reach a contradiction that L, < L. Then Lj < Ly =
—min; [;(C;) = —[;(Cy). From Lemma 5.c, there exists a job x such that L, = —/;(Cy) > Lyax-
A contradiction. Thus, L; = L. ®

4. Results on Compound Laxity Algorithms

In this section, results on CL algorithms are given. Lemma 7 is the main lemma, which
establishes a relationship similar to that in Lemma 1. Lemma 1 and Lemma 7 implies Theo-
rem 8, which says that CL algorithms are optimal. In Lemma 9, EDF and LLF are shown to
be CL algorithms. This implies that EDF and LLF are optimal as stated in Corollary 10.
Corollary 11 states a basic property of EDF, which is used in Theorem 12 in showing that
non-CL algorithms are not optimal.

Lemma 7: For any input instance / and any CL algorithm 4, Lé(é’)z < maxyc; " X) +p(X)
—d(X) where X is any non-empty subset of jobs in /.

Proof: Fix a CL algorithm 4. Consider any input instance /. Suppose S is the schedule
produced by A4 for I. Let k be a job such that L; = L,x. On a tie, choose one with the largest
deadline. Note, if there are still more than one such jobs, at most one of them will have a non-
zero processing time, and all of them complete at the same time. Consider the job set B;(Cy).

It is the set of jobs i such that r; < Cj and d; < dj.

Let ¢ be the smallest time such that the machine continuously and exclusively runs jobs in
B (Cy) in the interval [¢, C;) in schedule S. Note that before time ¢, the machine is either idle
or is running a job not in By(Cy). Also, ¢ could possibly be 0 if the machine has been running
jobs in B;(Cy) since time 0. We will show that ¢ < C;. Job k completes at time C;. There
must exist some time #' such that ¢' < C; and the machine continuously proceses job & in the
interval [¢', Cy). Obviously, k € By(Cy). Thus, t <t' < Ck.

Let Y be the set of jobs i in B;(Cy) such that # < r;, thatis,i € Y if and only if ¢ <r; < C; and
d; = d;. Note that ¥ may not be equal to Bi(¢, Cy) as the latter does not include jobs released
exactly at time z.

We claim that during [#, C;) the machine continuosly and exclusively processes jobs in Y.



This implies that £ € Y. Thus, Y is non-empty. From the definition of Y, it follows that
r(Y)=t and d(Y) <d;. The former and the claim imply that p(Y)= C; —r(Y). Hence,
Linax =Ly = Cr—dr =r(Y)+ p(Y) —d(Y) < maxyc; r(X) + p(X)—d(X), which is the state-
ment of the lemma.

It remains to show that during [¢#, C;) the machine continuosly and exclusively processes jobs
in Y. In other words, if 4 runs a job i (for a non-zero amount of time) in the interval [z, Cy),
then ¢t <r; < C; and d; < d;. From the definition of ¢ and By (C}), it is the case that d; < d
and r; < Ci. In the rest of the proof, we will show that »; > .

Assume to reach a contradiction that there are jobs i in Bx(Cy) that run in the interval [¢, Cy)
and r; <t. Let u be a job with the largest deadline among such jobs. Consider time interval
[r4, ). Since algorithm 4, which is a CL algorithm, does not insert idle time unnecessarily,
then the machine is busy during [r,, #). Since u € By(Cy), then

d, < dy (1)

Let v and s be the job and the smallest time, respectively, such that algorithm A4 runs job v
continuously during [s, #) and no jobs arrive during (s, #). It must be the case that d; < d,.
Otherwise, this will contradict the choice of 7.

Let w be a job such that d,, = d.;jt(s). It is the case that d, < d,, because algorithm 4 follows
the CL rule. Thus, d, <d; <d, <d, . It must be the case that C; < C,, because job w is not
completed by time s and it never runs in the interval [s, Cy).

Next, we show that /,,(s) < [,(s) — (¢ —s). Assume to the contrary that /,(s) = /,(s) — A for
some A where 0 <A <t —s. Itis the case that /,(s + A) =1,(s) — A =1[,(s) =[,(s + A) where
the first and the last equalities follows from Lemma 3, that algorithm A runs job v continu-
ously in the interval [s, s + A), and that no jobs arrive during (s, ). With a similar argument,
for any job i such that d, < d,, it follows that /;(s + A) = l;(s) = [,,(s) = /,,(s + A). We can show
that d. (s +A) <d,. If d, <dui(s+A), then [nin(s +A)=1I(s+A) for some job i with
d, <d;. However, li(s+A)=1[,(s+A)=1,+A). Thus, [,(s + A) = [hin(s + A) which
contradicts that d, < d, < dqit(s + A). If deie(s + A) < d,,, then job v should not be chosen to
run at time s + A. A contradiction to that v runs continuously in the interval [s, ¢).

Therefore,

dy — du = p(Bu,w(S)a s) —(t—s) = p(Bu,w(S), 1) (2)



where the inequality follows from Lemma 2 (with i=u, j=w, and ft=ys) and that
Ly(s) — 1,(s) = —(t —5), and the equality follows from the fact that the machine continuously
processes job v during [s, #) and v € By, (s).

We claim that all jobs in B, (s) complete by time s, i.e. p(B,(s), s) =0. Assume to the
contrary that there is a job x with r, <5, d, <d, <d, and p,(s) > 0. Since Ly = L, then
from Lemma 6, L; = — [;(C}), and from Lemma 5.b, job £ is the last job in B;(C;) to com-
plete. This implies that job x must complete by time C;. Job x cannot run during [s, #)
because v is running in that interval. Thus, x must run for some time in the interval [z, Cy).
This contradicts the choice of u because d, < d,. Thus, x does not exist, and p(B,(s), s) =0
as claimed.

P(Buw($), )

= p(Bui(s), 1) + p(Brw(s), 1)

= p(Biw(s), 1) because 0 < p(B,x(s), 1) < p(By(s), s) =0

= p(Biw(s), Cx)  because jobsi withd; > dj donot run during [z, Cy)

< p(Br.w(Cy), Cr) becauses < Cy 3)

Thus, from iequalities (1), (2), and (3), it follows that d,, —di <d,, —d, < p(B,(s), 1) <
PBiw(Cr), Cr) . Thus, from Lemma 2 (with i=4k, j=w and t=Cj), it follows that
1, (Cy) < ,(Cy). Then —-1,,(C,) = —1,,(Cy) = —=1[;(Cy) = —min; [;(C;) = — [,,(C,,) where the first
inequality follows from Corollary 4, and the equality follows from Lemma 6. Thus, all of
these quantities are equal. However, d; < d,,, which contradicts the choice of k. Thus, the
earlier assumption that u exists is false, and this completes the proof. ®

Theorem 8: For any input instance / and any CL algorithm 4, it is the case that LAY) =
maxyc; "(X) + p(X) —d(X) = L, ,«(I). In other words, any online algorithm 4 which is a CL

algorithm is optimal for the problem 1 | 7;, pmtn | Ly,y.
Proof: This follows from Lemma 1, Lemma 7, and the fact that L% (/) < L4 m

max max *

Lemma 9: Algorithms EDF and LLF are CL algorithms.
Proof: EDF always runs a job with the smallest deadline, which is no larger than the critical
deadline. Thus, EDF always follows the CL rule.

Now we show that LLF is a CL algorithm. Suppose to the contrary that there exist an input
instance / and time ¢ such that LLF violates the CL rule. Let j be the job that LLF chooses to
run at time ¢ Thus, d;—¢— p¥ (1) = min;d; — 1 — p/'¥(r). Let k be a job such that
IEYE (1) = IEEE(#). Since LLF violates the CL rule at time ¢, then dj < d;.

min



dj—t—pr@) <dp —t - pF(n
& d;—di < pFF(0) - pFF () 4)

LY @) < BEF ()

—dp—t— pF B, ) <d; -t - pHH(B(1), 1)

& di— pHHE B, 1) < dj— pLLF(Bj(t), 1)

=d;—dp = p*F(B,®), t) - p"(Br(1), 1)

=d;—dp = p"F (B0, 1) (5)

PE® - pi @)
= p (B (1), 1) from (4) and (5)
= pE(r) because r; < tanddy < d,

> p¥(#) — pfM (1) because job k has not finished by time 7. A contradiction. m

Corollary 10: EDF and LLF are optimal algorithms for the problem 1|7, pmtn | Ly,x.
Proof: The results follow from Lemma 9 and Theorem 8. m

Corollary 11: For any input instance /, any job j in /, and any time s and ¢ such that
r;<s<t=<CFPF, ifno jobs arrive during (s, #], then /5P (¢) = I5PF(s).
Proof: Consider any job ;.
L; () =1;(s) = p(Bj(s, 1)) — (t —s —q(B,(?), s, 1)) fromLemma 3

=1i(s)=(t—s—q(B;(1),s, 1) becauseno jobsarrive during (s, 7]

=1i(s)=(t—s—(t—5)) because EDF always runs a job

with the smallest deadline (no larger than d;), which must be in B (7)
=[li(s) m

Theorem 12: If an online algorithm A4 is not a CL algorithm, it is not optimal for the problem
1|7;, pmtn| Lpax.

Proof: Let 4 be an online algorithm which is not a CL algorithm. Then there exists an input
instance / and the smallest time ¢ such that 4 never runs jobs in B,,(¢) in the interval [z, f + A)
where A > 0 and w is a job such that 4O () = ID(#). In other words, algorithm 4 violates
the CL rule during the interval [z,  + A). Without loss of generality, assume that no jobs

arrive during the interval (¢, ¢ + A). If this is not true, decrease A until this becomes true.

Let /; be the input instance obtained from / by removing all jobs i with release time r; = ¢ + A.
Since the online algorithm A cannot distinguish between / and /; before time ¢ + A, then the
schedule produced by A4 for I, will be the same as that for / during [0, t + A). Create an



instance /' from /, by adding to I, a new job x with r, = t + A, p, =max {0, I2D(¢) + L% .. (1))},
and d,=d,. We will show that L. (I')'= max{L:, (), —I2D@®} but LAD >A +
max (L (1), ~LO (@)

First, we show that L’ . (I") = max {L},,.(I,), —I2¥)(¢)}. We can construct an optimal schedule
for /" in the following way; use the schedule produced by A for / (and the same for /;) for the
interval [0, 7). From time ¢ on, use EDF. Note that 4 follows the CL rule during [0, #), and
EDF is a CL algorithm, then the entire schedule is a CL schedule, which is optimal. Call this
schedule S. Note that /4U(r) = I3(f) = [4D(¢) because input instances / and I' are indistinguish-
able at time ¢ and schedules A(/), A(I'), and S are the same during the interval [0, 7). Let X
be the set of jobs that have finished by time #+A in schedule S. Let Y be the set of jobs that
have not finished by time +A in schedule S. For any jobjin ¥,

LY < -I(CY) from Lemma 5. a
= —IJS- (t+A) from Corollary 11 and that no jobs arrive after time ¢ + A

—(l}‘-w ()= px) ifd,<d; fromLemma 3, that EDF isused, job x arrivesattime? + A,

- { —l§ () if d; <d, andno other jobsarrive during (¢,  + A]
< px— L) because I5(1) = I5:,(6) < I5(2)

=max {L:,. (1), -I4D@#)} by definition of p,

Note that L§ < L’ . (I;) for all i € Xbecause X is a subset of /, and S is an optimal schedule.
Thus, L3, = max { max;ex L?, maxey L7} = max {L% . (1)), =I2D(1)}.

Next, we show that LAD) > max (L:,, (1), —4D @)} + A

max

LD = —min; 1/(cf") from Lemma 6
> A0+ A) from Corollary 4
= (ZA([ (t) — px — A) from Lemma 3, arrival of job x, and that

jobsin B, (¢ + A) = B,,(¢) do not run during [¢, ¢ + A)
=max {L: (), —I2D@)} + A by definition of p,

Thus, we have shown that algorithm 4 does not produce an optimal schedule for /’. m

Theorem 12 shows that, to be optimal, an algorithm cannot deviate from CL rule at any time,
eventhough the current critical compound laxity is large and the maximum lateness amoung
jobs completed so far is large. An interesting point to note is that if an online algorithm A4
deviates from the CL rule, the adversary can construct a proof for the non-optimality of
algorithm 4 in an online fashion. As algorithm A4 executes over time, as soon as an algorithm
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A deviates from the CL rule, the adversary can generate one additional job to cause 4 to have
a larger lateness while an optimal algorithm can still maintain a smaller lateness.
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