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Abstract

It  is  well  known  that  the  Earliest-Deadline-First  (EDF)  and  the  Least-Laxity-First  (LLF)
algorithms are optimal algorithms for the problem of preemptively scheduling jobs that arrive
over time on a single machine to minimize maximum lateness.  It was not previously known
what other online algorithms are optimal for this problem.  A complete characterization of all
optimal online algorithms for this problem is given.

1. Introduction

We consider  the  problem of  preemptively  scheduling  jobs  that  arrive  over  time  on  a  single
machine to minimize maximum lateness.  This problem is denoted 1 » r j, pmtn » Lmax  accord-
ing to Graham et.  al.'s notation [GLLR79].  It  is well  known that the Earliest-Deadline-First
(EDF)  algorithm  and  the  Least-Laxity-First  (LLF)  algorithm  are  optimal  for  this  problem
[Der74, DM89].  EDF always runs an available job with the smallest deadline.  LLF always
runs an available job with the smallest laxity where the laxity of a job at time t is defined as
the difference between its deadline and the sum of t and the remaining processing time of the
job at time t.   The laxity of a job indicates,  on a job-by-job basis, how much the job can be
delayed without being late.  Both algorithms are online algorithms, which construct a sched-
ule over time without knowledge of the existence of jobs that have not arrived.

Evidently, there are other online algorithms which are optimal for this problem as well.  How-
ever,  an  exact  characterization  of  these  algorithms  was  not  previously  known.   This  is  in
sharp  contrast  with  another  fundamental  problem,  the  problem  of  preemptively  scheduling
jobs  that  arrive  over  time on  a  single  machine  to  minimize  the  total  completion  time.   This
problem is denoted 1 » r j, pmtn » ⁄ j C j according to Graham et. al.'s notation [GLLR79].  The
Smallest-Remaining-Processing-Time (SRPT) algorithm is optimal for this problem [Bak74].
SRPT  always  runs  an  available  job  with  the  smallest  remaining  processing  time.   For  an
algorithm to be optimal for the total completion time problem, it  must follow the SRPT rule
at any time.  Any algorithm that deviates from it is not optimal.  The rule is very rigid.  There-
fore, in fact, there is only one algorithm that is optimal for the total completion time problem.
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In  contrast,  there  are  at  least  two  distinct  optimal  algorithms,  namely  EDF  and  LLF,  and
believably many more, for the maximum lateness problem.  Evidently, the governing rule that
promises optimality for the maximum lateness problem is more flexible than the total comple-
tion time problem, and EDF and LLF are merely manifestations of this underlying rule.

This rule has been discovered and is presented in this paper.  It turns out that the general idea
behind LLF is right.  However, to be absolutely right, the remaining processing time of other
jobs must be taken into  account.   This leads to  the definition  of  the "compound laxity" of a
job.  This, in turn, leads to the "compound laxity rule" (CL rule) for choosing a job to run at
any time.  Interestingly, this rule has a flavor of EDF.  The result is a complete characteriza-
tion of  all  optimal online algorithms for  the maximum lateness problem; for an online algo-
rithm to be optimal,  it  must always follows the CL rule.   To the best  of  the author's  knowl-
edge, this is the first non-trivial result of the sort.

Beside a better  understanding of  a  fundamental  problem and the discovery of  its  underlying
optimal  rule,  this  work  also  has  potential  leading  up to  future  research.   One  direction  is  to
study  problems  of  optimizing  a  second  objective  function  subject  to  the  constraint  that  the
maximum  lateness  is  minimum.   With  all  the  optimal  online  algorithms  for  the  maximum
lateness  criterion  identified,  finding  an  algorithm  to  optimize  the  second  objective  will  be
more approachable.  An example of work along this line is [RSTU02].

This  work  could  be  a  basic  building  block  for  some  other  more  complex  problems.   One
problem  is  the  problem  of  preemptively  scheduling  jobs  that  arrive  over  time  on  identical
parallel  machines  so  that  all  jobs  finish  by  their  deadlines.   An  online  algorithm  is
"admissable" if  it  can  produce a  feasible  schedule  whenever  the optimal algorithm can.   An
open question is whether there is an online admissable algorithm that uses a constant multiple
of m machines while the optimal algorithm uses only m machines. [PSTW97]

The rest of the paper is organized as follows.  In section 2, the definitition of the problem and
other  quantities  are  given.   The  compound laxity  and the  compound laxity  rule  are  defined.
Section 3 furnishes the relationship between compound laxity and lateness.  Main results are
in section 4.

2. Definitions

The  problem  of  preemptively  scheduling  jobs  that  arrive  over  time  on  a  single  machine  to
minimize maximum lateness is considered.  This problem is denoted 1 » r j, pmtn » Lmax  accord-
ing  to  Graham et.  al.'s  notation  [GLLR79].   An input  instance  in  this  problem consists  of  n
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jobs.  Job j arrives at time r j , has a processing time p j , and a due date d j .  An algorithm for
this problem must schedule the jobs preemptively on one machine.  Let C j

S  denote the comple-
tion time of job j in schedule S.  The lateness of job j in schedule S, denoted L j

S , is defined as
L j

S = C j
S - d j .   The  maximum  lateness  of  schedule  S,  denoted  Lmax

S ,  is  defined  as
L j

S = max j L j
S .  The goal is to find a schedule with the smallest maximum lateness.  For any

input  instance  I,  let  Lmax
* HIL  denote  the  maximum lateness  in  an optimal  schedule  for  I.   An

algorithm is online  if  it  is  not aware of the existence of jobs that  have not arrived.   When a
job  arrives,  its  processing  time  and  due  date  become  known  to  the  online  algorithm.   An
algorithm is offline if it is aware of all jobs and their parameters in advance.  Let AHIL  denote
the schedule produced by algorithm A for input instance I.

For any input instance I, any schedule S  for I, and any time t where r j § t § C j
S , let p j

SHtL  be
the remaining processing time of job j at time t in schedule S, and let q j

SHtL  be the amount of
work done on job j by time t in schedule S.  Note that p j

SHtL + q j
SHtL = p j for any schedule S and

any time t where r j § t § C j
S .  For any non-empty subset X  of jobs in I,  let rHX L = miniœX ri,

pHX L =  ⁄iœX pi,  and  dHX L = maxiœX di .   Also,  let  pAHX , tL = ⁄iœX pi
AHtL  and  qAHX , tL

= ⁄iœX qi
AHtL .  Let qi

SHs, tL  = qi
SHtL - qi

SHsL .  This is the amount of time the machine spends on
job i during the interval @s, tL .  Let qSHX , s, tL = ⁄iœX qi

SHs, tL .  This is the amount of time the
machine spends on jobs in set X during the interval @s, tL .
Let B jHtL  be the set of jobs i such that ri § t  and di § d j .  Define the compound laxity of a job
j  at  time  t  in  schedule  S,  denoted  l j

SHtL ,  as  l j
SHtL = d j - t - pSHB jHtL, tL .   Note  that  di = d j

implies  that  BiHtL = B jHtL  and  liSHtL = l j
SHtL .   Define  the  critical  compound  laxity  at  time  t  in

schedule S, denoted lmin
S HtL , as lmin

S HtL = min j l j
SHtL  where the minimum is taken over the set of

jobs that have arrived but have not completed in schedule S.  Let Imin
S HtL  be the set of all jobs i

such that liSHtL = lmin
S HtL .  Define the critical deadline at time t in schedule S, denoted dcrit

S HtL , as
dcrit

S HtL = miniœImin
S HtL di .  For any times s and t such that s § t , let B jHs, tL = B jHtL - B jHsL .  This

is the set of jobs i such that s < ri § t  and di § d j .  For any jobs j and k such that d j § dk , let
B j,kHtL = BkHtL - B jHtL .   This is the set of jobs i such that ri § t  and d j < di § dk .  By conven-
tion, if job j runs continuously from time s to time t, we will say that j runs in the close-open
interval @s, tL .
A job is available at time t if it has arrived but not completed.  An online algorithm A is a CL
algorithm if for any input instance I and at any time t, algorithm A runs an available job j such
that d j § dcrit

AHILHtL .  We also call this the CL rule.  A schedule S for an input instance I is a CL
schedule if it can be produced using the CL rule.

At  any  time  t,  the  Earliest-Deadline-First  (EDF)  algorithm runs  an  available  job  j  such  that

3



d j = mini di  where the minimum is taken over all  available jobs [Der74].  At any time t,  the
Least-Laxity-First  (LLF)  algorithm  runs  an  available  job  j  such  that  d j - t - p j

LLFHtL =
mini di - t - pi

LLFHtL  where the minimum is taken over all available jobs [DM89].  Both EDF
and  LLF are  optimal  for  this  problem.   In  the  following,  we  will  drop  the  superscript  S  for
quantities defined in this section if it is clear from the context.

3. Basic Understanding of Compound Laxity

In  this  section,  basic  properties  of  compound  laxity  and  lateness  are  given.   Except  for
Lemma  1,  which  applies  only  to  optimal  schedules,  all  results  in  this  section  apply  to  any
schedule.  Lemma 2 establishes a relationship between the compound laxity of two different
jobs.  Lemma 3 tells us how the compound laxity of a job changes over time.  An implication
of  Lemma 3  is  that  the  compound  laxity  of  a  job  never  increases  over  time.   This  leads  to
Corallary  4,  which  states  that  the  compound  laxity  of  a  job  is  smallest  when  it  completes.
Lemma  5  establishes  a  relationship  between  the  compound  laxity  of  a  job  and  its  lateness.
Lemma 6  states  that  the  maximum lateness  equals  the  negation  of  the  minimum compound
laxity.

Lemma  1:  For  any  input  instance  I,  maxX ŒI rHX L + pHX L - dHX L § Lmax
* HIL  where  X  is  any

non-empty subset of jobs in I.
Proof: Consider any input instance I.  Let S be an optimal schedule for I.  Let X be any non-
empty subset of jobs in I.  All jobs in X starts no earlier than rHX L .  The total processing time
of jobs in X  is pHX L .   Suppose job j  is the last job in X  to finish in schedule S.   Thus, C j

S ¥
rHX L + pHX L .   The  latest  due  date  of  jobs  in  X  is  dHX L .   In  particular,  d j § dHX L .   Thus,
rHX L +   pHX L - dHX L § C j

S - d j = L j
S  § Lmax

S = Lmax
* HIL .  à

Lemma  2:  For  any  input  instance  I,  any  schedule  S  for  I,  any  jobs  i  and  j  in  I  such  that
di < d j ,  and any time t  such that ri § t § Ci

S and r j § t § C j
S ,  it  is the case that  l j

SHtL - liSHtL  =
d j - di  - pHBi, jHtL, tL .
Proof:  l jHtL - liHtL = @d j - t - pHB jHtL, tLD - @di - t - pHBiHtL, tLD = d j - di -[pHB jHtL, tL
- pHBiHtL, tL] = d j - di - pHBi, jHtL, tL    à
Lemma 3: For any input instance I, any schedule S for I, any job j in I, and any time s and t
such that r j § s < t § C j

S , it is the case that l j
SHtL = l j

SHsL - pHB jHs, tLL -  Ht - s - qSHB jHtL, s, tLL .
Proof: 
l jHsL - l jHtL = @d j - s - pHB jHsL, sLD - @d j - t - pHB jHtL, tLD
= Ht - sL - @pHB jHsL, sL - pHB jHtL, tLD
= Ht - sL - @pHB jHsL, sL - pHB jHsL, tL - pHB jHs, tL, tLD by definition of B jHs, tL
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= Ht - sL - qHB jHsL, s, tL + pHB jHs, tL, tL by definition of qHX , s, tL
= Ht - sL - qHB jHsL, s, tL + pHB jHs, tLL - qHB jHs, tL, tL by definition of pHX , tL and qHX , tL
= Ht - sL - qHB jHtL, s, tL + pHB jHs, tLL because qHB jHs, tL, tL = qHB jHs, tL, s, tL à

Two factors control the change of the compound laxity of a job j over time: (1) arrival of new
jobs  i  with  di § d j and  (2)  the  amount  of  time  spent  (or  not  spent)  on  available  jobs  with
di § d j .  Lemma 3 states that the compound laxity of a job at time t will decrease from that at
time s  by  the  amount  that  is  equal  to  the  sum of  the  total  processing  time  of  new jobs  that
arrive during the interval @s, tL  and the amount of time during @s, tL  that is NOT spent on jobs
in B jHtL .
Corollary 4:  For any input instance I,  any schedule S  for I,  and any job j in I,  it  is the case
that mintœ@r j,C j

SD l j
SHtL = l j

SHC j
SL .

Proof:  Since  the  machine  can  spend  at  most  t - s  time  units  on  jobs  in  B jHtL  during  @s, tL ,
then  qHB jHtL, s, tL § t - s .  Thus, from Lemma 3, for times s and t such that r j § s < t § C j , it
is  the  case  that  l jHtL = l jHsL - pHB jHs, tLL - Ht - s - qHB jHtL, s, tLL § l jHsL .   In  other  words,   l jH.L
can never  increase  over  time.   Since  C j  is  the  latest  time in the interval  @r j, C jD ,  the result
follows.  à

Lemma 5: Consider any input instance I, any schedule S for I, and any job j in I.
(a) L j

S = -l j
SHC j

SL - pHB jHC j
SL, C j

SL § -l j
SHC j

SL .
(b) L j

S = -l j
SHC j

SL  if and only if job j is the last job in B jHC j
SL  to complete.  

(c) If L j
S < -l j

SHC j
SL , then Lx

S ¥ -l j
SHC j

SL + Hd j - dxL ¥ -l j
SHC j

SL  where x is the last job in B jHC j
SL

to complete.
Proof:  For  part  (a),  L j = C j - d j = -Hd j - C j - pHB jHC jL, C jLL - pHB jHC jL, C jL =-l jHC jL
- pHB jHC jL, C jL .    Next we show part (b).   Job j  is the last job in B jHC jL  to complete if  and
only  if  pHB jHC jL, C jL = 0.   This  follows  directly  from  definition  of  pHX , tL .   Thus,
L j = -l jHC jL  if and only if job j is the last job in B jHC jL  to complete.  Finally, we show part
(c).   If  L j

S < -l j
SHC j

SL ,  then  job  j  is  the  not  the  last  job  in  B jHC jL  to  complete.   Then
pHB jHC jL, C jL > 0.   Let  x  be  the  last  job  in  B jHC jL  to  complete.   Thus,
Cx ¥ C j + pHB jHC jL, C jL.   From  definition  of  B jHC jL ,  it  is  the  case  that   dx § d j.   Thus,
Lx = Cx - dx ¥ C j + pHB jHC jL, C jL - d j + Hd j - dxL = -l jHC jL  +Hd j - dxL ¥ -l j

SHC j
SL .  à

Lemma  6:  For  any  input  instance  I,  any  schedule  S  for  I,  it  is  the  case  that
Lmax

S = -mini liSHCi
SL .  Further more, for any job k, it is the case that Lk

S = Lmax
S  if and only if

lkSHCk
SL = mini liSHCi

SL  and k is the last job to finish in BkHCk
SL .

Proof:  Let  k  be  any  job  such  that  Lk = Lmax .   First,  we  will  show  that  Lk ¥ -mini liHCiL.
Assume to  the  contrary  that  Lk < -mini liHCiL .   Let  j  be  a  job  such  that  l jHC jL = mini liHCiL .
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Thus, L j § Lmax = Lk < -mini liHCiL = - l jHC jL .   Thus, from Lemma 5.c,  there exists a job x
such that Lx ¥ - l jHC jL .  Thus, Lmax < - l jHC jL § Lx .  A contradiction.  From Lemma 5.a, it is
the  case  that  Lk § -lkHCkL .   Thus,  Lk § -lkHCkL § -mini liHCiL § Lk .   Hence,
Lmax = Lk = -lkHCkL = -mini liHCiL . From Lemma 5.b, job k is the last job in BkHCkL  to finish.

To  prove  the  other  direction,  assume  that  k  is  the  last  job  to  finish  in  BkHCkL  and
lkHCkL = mini liHCiL .   Assume  to  reach  a  contradiction  that  Lk < Lmax .   Then  Lk < Lmax =
-mini liHCiL = -lkHCkL .  From Lemma 5.c, there exists a job x such that Lx ¥ -lkHCkL > Lmax .
A contradiction. Thus, Lk = Lmax .  à

4. Results on Compound Laxity Algorithms

In  this  section,  results  on  CL  algorithms  are  given.   Lemma  7  is  the  main  lemma,  which
establishes a relationship similar to that in Lemma 1.  Lemma 1 and Lemma 7 implies Theo-
rem 8, which says that CL algorithms are optimal.  In Lemma 9, EDF and LLF are shown to
be  CL  algorithms.    This  implies  that  EDF  and  LLF  are  optimal  as  stated  in  Corollary  10.
Corollary  11  states  a  basic  property  of  EDF,  which  is  used  in  Theorem 12  in  showing  that
non-CL algorithms are not optimal.

Lemma  7:  For  any  input  instance  I  and  any  CL  algorithm  A,   Lmax
AHIL § maxX ŒI rHX L  + pHX L

-dHX L  where X is any non-empty subset of jobs in I.
Proof:  Fix  a  CL  algorithm  A.   Consider  any  input  instance  I.   Suppose  S  is  the  schedule
produced by A for I.  Let k be a job such that Lk = Lmax .  On a tie, choose one with the largest
deadline.  Note, if there are still more than one such jobs, at most one of them will have a non-
zero processing time, and all of them complete at the same time.  Consider the job set BkHCkL .
It is the set of jobs i such that ri § Ck  and di § dk . 

Let  t  be  the  smallest  time  such  that  the  machine  continuously  and  exclusively  runs  jobs  in
BkHCkL  in the interval @t, CkL  in schedule S.  Note that before time t, the machine is either idle
or is running a job not in BkHCkL .  Also, t could possibly be 0 if the machine has been running
jobs in BkHCkL  since time 0.  We will  show that t < Ck .   Job k  completes at time Ck .   There
must exist some time t'  such that t ' < Ck  and the machine continuously proceses job k  in the
interval @t ', CkL .  Obviously, k œ BkHCkL .  Thus, t § t ' < Ck.

Let Y be the set of jobs i in BkHCkL  such that t § ri , that is, i œ Y  if and only if  t § ri § Ck  and
di § dk .  Note that Y may not be equal to BkHt, CkL  as the latter does not include jobs released
exactly at time t.

We  claim  that  during  @t, CkL  the  machine  continuosly  and  exclusively  processes  jobs  in  Y.
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This  implies  that  k œ Y .  Thus,  Y  is  non-empty.   From  the  definition  of  Y,  it  follows  that
rHY L ¥ t  and  dHY L § dk .   The  former  and  the  claim  imply  that   pHY L ¥ Ck - rHY L .   Hence,
Lmax = Lk =  Ck - dk § rHY L + pHY L - dHY L § maxX ŒI rHX L + pHX L - dHX L ,  which  is  the  state-
ment of the lemma.

It remains to show that during @t, CkL  the machine continuosly and exclusively processes jobs
in Y.  In other words, if A runs a job i (for a non-zero amount of time) in the interval @t, CkL ,
then  t § ri § Ck  and di § dk .   From the definition of t and BkHCkL ,  it is the case that di § dk

and ri § Ck .  In the rest of the proof, we will show that ri ¥ t .

Assume to reach a contradiction that there are jobs i in BkHCkL  that run in the interval @t, CkL
and ri < t .  Let u be a job with the largest deadline among such jobs.  Consider time interval@ru, tL .   Since algorithm A,  which is a CL algorithm, does not insert  idle time unnecessarily,
then the machine is busy during @ru, tL .  Since u œ BkHCkL , then

du § dk (1)

Let  v  and  s  be  the  job  and  the  smallest  time,  respectively,  such  that  algorithm A  runs  job  v
continuously  during  @s, tL  and  no  jobs  arrive  during  Hs, tL .   It  must  be  the  case  that  dk < dv .
Otherwise, this will contradict the choice of t.

Let w be a job such that dw = dcritHsL .  It is the case that dv § dw  because algorithm A follows
the CL rule.  Thus, du § dk < dv § dw .  It must be the case that Ck < Cw  because job w is not
completed by time s and it never runs in the interval @s, CkL .  
Next,  we  show  that  lwHsL § luHsL - Ht - sL .   Assume  to  the  contrary  that  lwHsL = luHsL - D  for
some D  where 0 § D < t - s .  It is the case that luHs + DL = luHsL - D = lwHsL = lwHs + DL  where
the first  and the last  equalities  follows from Lemma 3,  that algorithm A  runs job v  continu-
ously in the interval @s, s + DL , and that no jobs arrive during Hs, tL .  With a similar argument,
for any job i such that dv § di , it follows that liHs + DL = liHsL ¥ lwHsL = lwHs + DL . We can show
that  dcritHs + DL < dv .   If  dv § dcritHs + DL ,  then  lminHs + DL = liHs + DL  for  some  job  i  with
dv § di .   However,  liHs + DL ¥ lwHs + DL = luHs + DL .    Thus,  luHs + DL =  lminHs + DL  which
contradicts  that  du < dv § dcritHs + DL .   If  dcritHs + DL < dv ,  then job v  should not  be chosen to
run at time s + D .  A contradiction to that v runs continuously in the interval @s, tL .
Therefore, 

dw - du § pHBu,wHsL, sL - Ht - sL = pHBu,wHsL, tL (2)
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where  the  inequality  follows  from  Lemma  2  (with  i = u, j = w,  and  t = s)  and  that
lwHsL - luHsL § -Ht - sL ,  and  the  equality  follows  from the  fact  that  the  machine  continuously
processes job v during @s, tL  and v œ Bu,wHsL . 
We  claim  that  all  jobs  in  Bu,kHsL  complete  by  time  s,  i.e.  pHBu,kHsL, sL = 0.   Assume  to  the
contrary that there is a job x with rx § s ,  du < dx § dk , and pxHsL > 0.  Since Lk = Lmax , then
from Lemma 6, Lk = - lkHCkL , and from Lemma 5.b, job k is the last job in BkHCkL  to com-
plete.   This  implies  that  job  x  must  complete  by  time  Ck .   Job  x  cannot  run  during  @s, tL
because v  is running in that interval.   Thus, x  must run for some time in the interval @t, CkL .
This contradicts the choice of u because du < dx .  Thus, x does not exist, and pHBu,kHsL, sL = 0
as claimed.
pHBu,wHsL, tL
= pHBu,kHsL, tL + pHBk,wHsL, tL
= pHBk,wHsL, tL because 0 § pHBu,kHsL, tL § pHBu,kHsL, sL = 0
= pHBk,wHsL, CkL because jobs i with di > dk do not run during @t, CkL
§ pHBk,wHCkL, CkL because s < Ck H3L
Thus,  from  inequalities  (1),  (2),  and  (3),  it  follows  that  dw - dk § dw - du § pHBu,wHsL, tL §
pHBk,wHCkL, CkL .   Thus,  from  Lemma  2  (with  i = k, j = w  and  t = Ck ),   it  follows  that
lwHCkL § lkHCkL .  Then -lwHCwL ¥ -lwHCkL ¥ -lkHCkL = -mini liHCiL ¥ - lwHCwL  where the first
inequality  follows from Corollary 4,  and the equality follows from Lemma 6.   Thus, all  of
these  quantities  are  equal.   However,  dk < dw ,  which contradicts  the  choice  of  k.   Thus,  the
earlier assumption that u exists is false, and this completes the proof.  à

Theorem  8:  For  any  input  instance  I  and  any  CL  algorithm  A,  it  is  the  case  that  Lmax
AHIL =

maxX ŒI rHX L + pHX L - dHX L = Lmax
* HIL .  In other words, any online algorithm A which is a CL

algorithm is optimal for the problem 1 » r j, pmtn » Lmax .
Proof: This follows from Lemma 1, Lemma 7, and the fact that Lmax

* HIL § Lmax
AHIL .  à

Lemma 9: Algorithms EDF and LLF are CL algorithms.
Proof:  EDF always runs a job with the smallest deadline, which is no larger than the critical
deadline.  Thus, EDF always follows the CL rule.

Now we show that LLF is a CL algorithm.  Suppose to the contrary that there exist an input
instance I and time t such that LLF violates the CL rule.  Let j be the job that LLF chooses to
run  at  time  t.   Thus,  d j - t - p j

LLFHtL = mini di - t - pi
LLFHtL .   Let  k  be  a  job  such  that

lkLLFHtL = lmin
LLFHtL .  Since LLF violates the CL rule at time t, then dk < d j .

8



d j - t - p j
LLFHtL § dk - t - pk

LLFHtL
ó d j - dk § p j

LLFHtL - pk
LLFHtL H4L

lkLLF HtL § l j
LLF HtL

ódk - t - pLLFHBkHtL, tL § d j - t - pLLFHB jHtL, tL
ódk - pLLFHBkHtL, tL § d j - pLLFHB jHtL, tL
ód j - dk ¥ pLLFHB jHtL, tL - pLLFHBkHtL, tL
ód j - dk ¥ pLLFHBk, jHtL, tL  H5L
p j

LLFHtL - pk
LLFHtL

¥ pLLFHBk, jHtL, tL from H4L and H5L
¥ p j

LLFHtL because r j § t and dk § d j

> p j
LLFHtL - pk

LLFHtL because job k has not finished by time t. A contradiction. à

Corollary 10: EDF and LLF are optimal algorithms for the problem 1 » r j, pmtn » Lmax .
Proof: The results follow from Lemma 9 and Theorem 8.  à

Corollary  11:  For  any  input  instance  I,  any  job  j  in  I,  and  any  time  s  and  t  such  that
r j § s < t § C j

EDF , if no jobs arrive during Hs, tD , then l j
EDFHtL = l j

EDFHsL .
Proof:  Consider any job j.
l j HtL = l jHsL - pHB jHs, tLL - Ht - s - qHB jHtL, s, tLL from Lemma  3

= l j HsL - Ht - s - q HB j HtL, s, tLL because no jobs arrive during Hs, tD
= l jHsL - Ht - s - Ht - sLL because EDF always runs a job

with the smallest deadline Hno larger than d jL, which must be in B jHtL
= l j HsL à

Theorem 12: If an online algorithm A is not a CL algorithm, it is not optimal for the problem
1 » r j, pmtn » Lmax .
Proof: Let A be an online algorithm which is not a CL algorithm.  Then there exists an input
instance I and the smallest time t such that A never runs jobs in BwHtL  in the interval @t, t + DL
where D > 0  and w  is  a  job such that  lwAHILHtL = lmin

AHILHtL .   In  other  words,  algorithm A  violates
the  CL  rule  during  the  interval  @t, t + DL .   Without  loss  of  generality,  assume  that  no  jobs
arrive during the interval Ht, t + DL .  If this is not true, decrease D until this becomes true.

Let It  be the input instance obtained from I by removing all jobs i with release time ri ¥ t + D .
Since the online algorithm A  cannot distinguish between I  and It  before time t + D ,  then the
schedule  produced  by  A  for  It  will  be  the  same  as  that  for  I  during  @0, t + DL .   Create  an
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instance I' from It  by adding to It  a new job x with rx = t + D ,  px =max 80, lwAHILHtL + Lmax
* HItL< ,

and  dx = dw .   We  will  show  that  Lmax
* HI 'L =  max 8Lmax

* HItL, -lwAHILHtL<  but  Lmax
AHI 'L ¥ D +

max 8Lmax
* HItL, -lwAHILHtL< .

 
First, we show that Lmax

* HI 'L = max 8Lmax
* HItL, -lwAHILHtL< .  We can construct an optimal schedule

for I' in the following way; use the schedule produced by A for I (and the same for It ) for the
interval @0, tL .  From time t on, use EDF.   Note that A follows the CL rule during @0, tL , and
EDF is a CL algorithm, then the entire schedule is a CL schedule, which is optimal.  Call this
schedule S.  Note that lwAHI 'LHtL = lwS HtL = lwAHILHtL  because input instances I and I' are indistinguish-
able at time t and schedules AHIL , AHI 'L , and S are the same during the interval @0, tL .   Let X
be the set of jobs that have finished by time t+D in schedule S.  Let Y be the set of jobs that
have not finished by time t+D in schedule S.  For any job j in Y,

L j
S § -l j

SHC j
SL from Lemma 5. a

= -l j
SHt + DL from Corollary 11 and that no jobs arrive after time t + D

= 9 -Hl j
SHtL - pxL if dx § d j from Lemma  3, that EDF is used, job x  arrives at time t + D,

-l j
SHtL if d j < dx and no other jobs arrive during Ht, t + DD

§ px - lwS HtL because lwS HtL = lmin
S HtL § l j

SHtL
= max 8Lmax

* HItL, -lwAHILHtL< by definition of px

Note that Li
S § Lmax

* HItL  for all i œ X because X is a subset of It  and S is an optimal schedule.
Thus, Lmax

S = max 8 maxiœX Li
S, maxiœY Li

S< = max 8Lmax
* HItL, -lwAHILHtL< .

Next, we show that Lmax
AHI 'L ¥ max 8Lmax

* HItL, -lwAHILHtL< + D .

Lmax
AHI 'L = -min j l j

AHI 'LIC j
AHI 'LM from Lemma 6

¥ -lwAHI 'LHt + DL from Corollary 4
= -HlwAHI 'LHtL - px - DL from Lemma 3, arrival of job x, and that

                           jobs in BwHt + DL = BwHtL do not run during @t, t + DL
= max 8Lmax

* HItL, -lwAHILHtL< + D by definition of px

Thus, we have shown that algorithm A does not produce an optimal schedule for I'.  à

Theorem 12 shows that, to be optimal, an algorithm cannot deviate from CL rule at any time,
eventhough the current  critical  compound laxity  is  large and the maximum lateness amoung
jobs  completed  so  far  is  large.   An interesting  point  to  note  is  that  if  an  online  algorithm A
deviates  from  the  CL  rule,  the  adversary  can  construct  a  proof  for  the  non-optimality  of
algorithm A in an online fashion.  As algorithm A executes over time, as soon as an algorithm

10



A deviates from the CL rule, the adversary can generate one additional job to cause A to have
a larger lateness while an optimal algorithm can still maintain a smaller lateness.
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