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Abstract

Virtually all previous research in on-line algorithms has focused on single-threaded
systems where only a single sequence of requests compete for system resources. To
model multi-threaded on-line systems, we define and analyze the k-client problem, a
dual of the well-studied k-server problem. In the basic k-client problem, there is a
single server and k clients, each of which generates a sequence of requests for service
in a metric space. The crux of the problem is deciding which client’s request the single
server should service rather than which server should be used to service the current
request. We also consider variations where requests have non-zero processing times
and where there are multiple servers as well as multiple clients.

We evaluate the performance of algorithms using several cost functions including
maximum completion time and average completion time. Two of the main results we
derive are tight bounds on the performance of several commonly studied disk scheduling
algorithms and lower bounds of lg k

2 +1 on the competitive ratio of any on-line algorithm
for the maximum completion time and average completion time cost functions when k is
a power of 2. Most of our results are essentially identical for the maximum completion
time and average completion time cost functions.
Keywords: on-line algorithms, multi-threaded systems, disk scheduling, competitive
analysis, maximum response time, average completion time
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1 Introduction

In most previous studies of on-line algorithms, researchers have assumed that the system or
algorithm must cope with a single request sequence; in particular, at any given time, there
is at most one outstanding request in the system and future requests will not arrive until the
current request is serviced (in some problems, the system is allowed to choose to not service
the current request). Because of this assumption, the underlying problem addressed by
most previous work in on-line algorithms has been deciding which system resource(s), if any,
should be allocated to service the current request. Two of the many examples of interesting
problems which fall into this single request sequence model are the paging problem [28, 23, 15]
and its generalizations, the k-server and generic task system problems [23, 21, 5].

While the single request sequence model captures many important problems, there are
many others which do not fall into this category, such as some operating system scheduling
problems [18, 12, 13, 24] and some real-time scheduling problems [20, 4, 11]. In a typical
problem, there is a single system resource such as a processor and, at any given time, there are
multiple requests in the system waiting to be serviced. As a result, the underlying problem is
deciding which current request should the system service rather than which system resource
to use. Note that in many cases there are multiple resources and multiple requests so the
system needs to decide which requests to service as well as which system resources to use.

While this multiple request model captures the scheduling aspect of many systems, it loses
the thread-based or transaction-based nature of the single request model where the arrival
of requests is dependent on whether or not the system processed previous requests. For
example, in practice, for relatively long stretches of time there is a fixed number of users on
an operating system making requests to the disk. Furthermore, each user or client generates a
sequence of requests for service where each request is only generated after the previous request
of the client has been serviced. This thread-based client model also describes database
systems where users perform transactions which constitute a series of atomic operations in
the database.

1.1 Basic Problem Definitions and Notation.

In order to capture (i) the multiple client nature and (ii) the thread-based client nature of
problems such as disk scheduling, we define the k-client problem as follows.

In the basic k-client problem, there is one server, k clients, and a metric space (e.g. a
plane or a line). Each client generates a sequence of requests in the metric space, and a
request is serviced the moment the server, which moves at constant speed, moves to the
location of the request; that is, we assume zero processing time for all requests. We define a
move of the server to be a non-zero distance movement that takes it from one request to a
second request with no intervening requests. In later sections, we will consider two variations
of this basic problem: (i) requests which have non-zero processing times and (ii) multiple
servers as well as multiple clients. We will update our definitions and notation when needed
in those sections.
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Let I denote an input instance to the basic k-client problem. We use the following
notation to describe the number of requests in I.

• Let ni(I) denote the number of requests for client i where 1 ≤ i ≤ k.

• Let nmax(I) = max1≤i≤k ni(I).

• Let n(I) =
∑

1≤i≤k ni(I).

We will typically omit the symbol I when the input instance referred to by I is not ambiguous.
We refer to the requests using the following notation.

• Request ri,j is the jth request of client i for 1 ≤ i ≤ k and 0 ≤ j ≤ ni

• For notational convenience, we assume that each client has a dummy request ri,0 located
at the initial server position.

• Input instance I can be completely described by the set of requests {ri,j}.
At any time, each client has at most one request in the system; more specifically, request
ri,j+1 arrives exactly when ri,j has been serviced for 1 ≤ i ≤ k and 0 ≤ j ≤ ni− 1. Thus, for
1 ≤ i ≤ k, ri,0, the dummy request of each client, is serviced at time 0 and ri,1, the first real
request of each client, arrives at time 0. Because of our zero processing time assumption, we
can assume without loss of generality that consecutive requests of a client are not located at
the same point.

An algorithm A solves a specific input instance I by computing a schedule A(I) of server
movement. We will evaluate the quality of A(I) using several different cost functions. We
first consider the total distance cost function, a server oriented cost function which measures
the total distance moved by the server (when we have multiple servers, this measures the
total distance moved by all the servers). This is the cost function used in the k-server
problem. We will also consider two client oriented cost functions which focus on the quality
of service provided to each client:

1. The average completion time cost function measures the average completion time of
any entire client; that is, we take the average of the completion times of requests ri,ni

for 1 ≤ i ≤ k.

2. The maximum response time cost function measures the maximum response time of
any individual request of any client; that is, the maximum time between the servicing
of any two consecutive requests of any client.

Note, the average completion time cost function is distinct from a request oriented variant
which measures the average time of all individual requests of clients. We do not consider
this request oriented cost function in this paper.

We use the following notation to represent the performance of an algorithm with respect
to a given cost function.
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• For any algorithm A and any input instance I

– AD(I) denotes the total distance moved by the server in schedule A(I).

– AACT(I) denotes the average completion time of all clients in schedule A(I).

– AMRT(I) denotes the maximum response time of any request in schedule A(I).

• For any cost function CF, the competitive ratio cCF
A of an on-line algorithm A is defined

as

cCFA = sup
I

ACF(I)

OPT CF(I)

where OPT denotes the optimal offline algorithm for cost function CF. Note, we
are overloading the OPT notation to represent the optimal algorithm for each cost
function.

When the cost function is not ambiguous, we will drop the CF superscript. That is, we will
abuse notation by using A(I) to represent both the schedule produced by A as well as its
cost for the given cost function, and we will use cA to represent its competitive ratio for the
given cost function.

To simplify later proofs, we define the following notation to represent some natural char-
acteristics of input instance I.

• Let Ii ⊆ I denote the input instance consisting only of requests from client i of I.

• Let δ(ri,j, ri′,j′)(I) be the distance between requests ri,j and ri′,j′ of I. Since we work
with a metric space, δ is symmetric.

• Let δmax(I) be the maximum distance between any two requests of I, not necessarily
from the same client.

• Let di,j(I) = δ(ri,j, ri,j+1)(I) denote the distance between the jth and j + 1st requests
of client i of I.

• Let Di(I) =
∑ni−1

j=0 di,j(I) = OPT D(Ii); that is, the minimum distance the server must
move to service only client i.

• Let D(I) =
∑k

i=1 Di(I).

• Let Dmax(I) = max1≤i≤k Di(I).

For all these items, we will typically omit I when the input instance referred to by I is not
ambiguous.

Most of our upper bound results apply to any metric space unless otherwise specified.
Any metric space has the following three properties: it satisfies the triangle inequality, it
is symmetric, and the distance from any point to itself is 0. For lower bound proofs, we
consider three primary metric spaces:
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1. The line(∞) metric space represents an unbounded continuous line.

2. The line(∆) metric space represents a discrete line segment of length ∆, a natural
number, in which the distance between two consecutive points is 1.

3. The Ki metric space is a clique with i nodes where each node is distance 1 from any
other node.

Note that we can replace ∆ with δmax(I) in all the upper and lower bound results using the
line(∆) metric space. In particular, lower bounds based on ∆ in the line(∆) metric space
translate into unbounded lower bounds on the continuous line metric space line(∞). Our
results for the line(∞) and general metric spaces are essentially identical.

1.2 Disk Scheduling Algorithms.

One of the goals of this work is to study the performance of several commonly used disk
scheduling algorithms in the context of multithreaded systems. In particular, we wish to
determine how the performance of these algorithms is related to the number of threads
in the system. There are two main types of algorithms: greedy algorithms which seek to
optimize some short term objective and “fair” algorithms which seek to insure all threads
receive service in a reasonably timely fashion. Throughout this section, we work with the
basic k-client problem which has only a single server.

We first define three commonly studied greedy algorithms. The Shortest Distance First
(SDF) algorithm moves the server to the nearest request. In disk scheduling, this algorithm
is often referred to as Shortest Seek Time First. The Sequential (SEQ) algorithm services
all the requests for one client, then services all the requests of a second client, and so on.
Note SEQ will service requests from other clients if it happens to pass over them while
servicing the current client. SEQ is sometimes referred to as Run To Completion. The
Minimum Path (MP) algorithm examines all outstanding requests, computes the optimal
path for servicing these requests which minimizes the objective cost function, and moves
the server to the first request along this path. It recomputes the optimal path after every
request is serviced. Three observations about MP are notable. First, it is significantly more
complicated than either SDF or SEQ. Second, MP denotes several different algorithms,
one for each cost function we consider. That is MP which strives to minimize total distance
behaves differently than MP which strives to minimize average completion time. Third, we
shall show that MP ’s competitive ratio is no better than the competitive ratio of SDF or
SEQ for any cost function. Thus, it is not clear that it is worthwile to implement this more
complex algorithm in practice.

We now define two algorithms which strive to guarantee fairness in their service. The
first, Elevator (EL), is only defined for a line metric space. It moves the server in one
direction on the line until there are no more requests in that direction. The second, First
Come First Serve (FCFS), prioritizes requests by their time of arrival. The server will move
to the oldest currently available request. Because of our zero processing time assumption, we
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assume the server will process younger requests that it encounters en route. Note, FCFS is
essentially identical to the round robin algorithm except for the above caveat. In the case of
a tie, we assume FCFS prioritizes the nearest oldest request first.

Our results show that the elevator algorithm has a competitive ratio which is independent
of the number of threads in the system. On the other hand, all the greedy algorithms have
competitive ratios which are proportional to the number of threads in the system. This result
helps explain why elevator type algorithms have superior performance in heavily loaded
environments.

1.3 Related Research.

We know of only two previous papers which have studied on-line problems with similar
input formats. Feuerstein [14] independently developed the multiple client input model
and used it to define the multi-threaded paging problem. This problem is a generalization
of the traditional paging problem where each client represents an independent thread or
process generating memory requests. The on-line algorithm must decide which outstanding
request to service as well as which fast memory pages should be used to service each request.
Feldmann et al. studied the problem of on-line scheduling of parallel jobs where the jobs
arrive dynamically according to the dependencies between them [12]. These dependencies
can form an arbitrary directed acyclic graph, not just a set of chains. Each job requests a
certain number of processors with a specific communication configuration. The cost function
they used was the maximum completion time of the schedule. In some sense, they studied a
single client problem with a directed acyclic dependency graph whereas we study a multiple
client problem with chain dependency graphs. Interestingly, they were able to show that any
algorithm that can solve this problem with tree dependency graphs can be converted into
an algorithm which solves the general problem.

There has been some study of on-line traveling salesman problems. Kalyanasundaram
and Pruhs studied the setting where the nodes of a graph were only revealed when a neighbor
of that node was visited, and the goal of the algorithm was to construct a tour of the graph
of minimum possible length. For the case of a planar graph, they were able to develop a
competitive algorithm [17]. Ausiello et al. studied the on-line traveling salesman problem
where requests arrive over time independent of how the server processed previous requests [2,
3]. That is, they did not assume that requests were threaded. For this problem, they were
able to develop on-line algorithms with small constant competitive ratios for general metric
spaces and lines.

There is a large body of work analyzing disk scheduling algorithms [8, 29, 25, 7, 16, 27,
31, 6, 1]. This work assumes a single-threaded rather than a multithreaded environment.
Most early work focused, as we do, on minimizing seek time and essentially ignored, as we
do, rotational latency. Recent advances in disk technology imply that rotational latency is
becoming more important, so several papers have studied disk scheduling modeling rotational
latency as well [27, 1]. We focus on line graphs and general metric spaces, but in future work,
we plan to expand our consideration of metric spaces to consider rotational latency as well.
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Finally, on-line navigation and on-line searching problems such as the cow-path problem
bear some relation to our problem [26, 10, 19, 22]. However, the goal function and the
requirements on the optimal algorithm are quite different for these problems than for our
problem. In most on-line searching problems, the typical goal is to find a specific unknown
target. The offline algorithm which knows the location of this target can move directly to it
while the on-line algorithm must probe the space for it. In our problem, the offline algorithm
must visit every point the on-line algorithm does, though it may be able to do so much more
efficiently.

1.4 Results and Outline.

The rest of this paper is organized as follows. In section 2, we focus on the basic k-client
problem and the total distance and average completion time cost functions. Nearly all of our
results are identical for these two different cost functions. In particular, we prove an upper
bound of 2k − 1 for both the total distance and average completion time cost functions,
and we prove lower bounds of lg k

2
+ 1 for both of these cost functions when k is a power

of 2. These lower bounds drop to lg k
2

when k is not a power of 2. When k = 2, these
lower bounds improve to 25
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and 3 for the total distance and average completion time cost

functions, respectively. We also prove a randomized lower bound of Θ(lg lg k) for these cost
functions.

In section 3, we analyze in detail how several commonly used disk scheduling algorithms
perform on the line(∞) and line(∆) metric spaces. We show that the competitive ratios of
the SDF and SEQ algorithms are exactly 2k − 1 for both the total distance and average
completion time cost functions. Furthermore, we show that the MP algorithm is exactly
(2k − 1)-competitive for the total distance cost function and that its competitive ratio lies
between 2k−1 and k(2k−1) for the average completion time cost function. In an interesting
contrast, we show that the elevator algorithm has a competitive ratio for these two cost
functions that depends only on the length of the line; that is, it is independent of the
number of clients. Because disk systems represent relatively short lines, particularly when
processing time is factored in, this result helps explain why elevator type algorithms work
well in practice, particularly when the disk is heavily loaded.

In section 4, we continue our study of the basic k-client problem but we focus on the
maximum response time cost function. Our results are dramatically different. We prove a
general lower bound of Ω( 3

√
∆) that applies to any algorithm which faces only two clients on

line(∆). This implies that no algorithm has a bounded competitive ratio on the continuous
line metric space, line(∞). We also show that several greedy algorithms such as SDF and
SEQ have unbounded competitive ratios, even on line(∆). Finally, we show that algorithms
such as EL and FCFS do have bounded competitive ratios on line(∆). These results for
sections 2 and 4 are summarized in Figure 1.

In section 5, we consider a generalized version of the k-client problem where requests
may have non-zero processing times. With non-zero processing times, we introduce a new
cost function, maximum completion time, which is now distinct from the total distance
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k-clients
Cost Function Upper Bound Lower Bound

total distance 2k − 1 lg k
2

+ 1

average completion time 2k − 1 lg k
2

+ 1

maximum response time Θ(∆) Ω( 3
√

∆)

2-clients
Cost Function Upper Bound Lower Bound
total distance 3 25

9

average completion time 3 3

maximum response time Θ(∆) Ω( 3
√

∆)

Figure 1: Summary of Results for the basic k-client problem. The lower bounds of lg k
2

+ 1

assume that k is a power of 2. These drop to lg k
2

when k is not a power of 2. Also, the
results for maximum response time assume the line(∆) metric space.

cost function, and we focus on the maximum completion time and average completion time
cost functions. We are able to show that processing times do not make the problem more
complex. More specifically, for most algorithms, the worst case occurs when requests have
zero processing times. Thus, the basic k-client problem which focuses on server movement
captures most of the complexity of this problem.

Finally, in section 6, we consider the k-client l-server problem, a generalized version of
the k-client problem where there are both multiple servers and multiple clients. We prove
a general result which shows that any algorithm for the l-server problem can be combined
with the SEQ k-client algorithm to produce a competitive k-client l-server algorithm.

In section 7, we summarize our work and describe some open problems.

2 The Basic k-client Problem

In this section, we consider the basic k-client problem and the total distance and average
completion time cost functions. We prove that the greedy SDF algorithm is (2k − 1)-
competitive for both total distance and average completion time in any metric space, and
we prove lower bounds of lg k

2
+ 1 for any on-line algorithm in clique metric spaces for both

total distance and average completion time when k is a power of 2. We improve these lower
bounds for k = 2 clients.

We begin by proving some basic facts about the optimal offline algorithm and the rela-
tionships between these two different cost functions.

Fact 2.1. For all input instances I, OPT D(I) ≥ Dmax(I) and OPT D(I) ≥ δmax(I).

Proof. We observe that for all input instances I, OPT D(I) ≥ Dmax(I) since the cost of
servicing every client cannot be less than the cost of servicing a single client; likewise,
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OPT D(I) ≥ δmax(I) since OPT must move between the farthest two requests in I.

Fact 2.2. For all input instances I, OPT ACT(I) ≥ D(I)
k

.

Proof. Consider any input instance I with k clients. For 1 ≤ i ≤ k, OPT clearly cannot
complete client i before Di(I), the time it takes to complete client i if client i is the only
client. Thus OPT ACT(I), the average completion time incurred by OPT , is lower bounded

by 1
k

∑k
i=1 Di(I) = D(I)

k
.

Fact 2.3. For all input instances I with k clients and any algorithm A, AD(I)
k

≤ AACT(I) ≤
AD(I).

Proof. The lower bound follows from the fact that at least one client must have a completion
time of exactly AD(I). The upper bound follows from the fact that every client can be
completed in at most AD(I) time units.

2.1 Upper Bounds

Theorem 2.1. For the total distance cost function, cSDF = 2k − 1.

Proof. Without loss of generality, we assume the clients are labeled according to the order
that SDF will service their last requests. We bound SDFD(I) by bounding the cost of each
move of SDF . Every move begins from a request ri,j for 1 ≤ i ≤ k and 0 ≤ j ≤ ni. If a move
starts from request ri,j where j < ni, then the cost of the move can be upper bounded by
di,j = δ(ri,j, ri,j+1). This is true because either the server moves to request ri,j+1, or it moves
to a closer request from another client. The cost of moves starting from the final request of
a client, ri,ni

, can be upper bounded by δmax. Note that there are only k − 1 moves that
start from the final request of a client because the server halts after the last request of the
kth client is serviced. Thus,

SDFD(I) ≤
k∑

i=1

ni−1∑
j=0

di,j + (k − 1)δmax

≤
k∑

i=1

Di + (k − 1)δmax

From Di ≤ Dmax and Fact 2.1, we conclude that

SDFD(I) ≤ (2k − 1)OPT D(I)

Note this upper bound is true for any metric space.
We now show that this bound is tight in any metric space that includes line(∞). More

specifically, we show that cSDF > 2k − 1 − ε for all ε > 0 on line(∞). The lower bound
instance is illustrated in Figure 2. The optimal solution for this instance is to move the
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server to the far right to point k−1 and then to the far left to point −n resulting in a cost of
n + (2k − 2). Assuming ties are broken to SDF ’s detriment, SDF will move left to service
all of the requests of client 1, then return to the right and service all of the requests of client
2, etc., resulting in a total cost of (2k − 1)n + O(k2). For any ε > 0, there exists an n such
that the competitive ratio will exceed 2k − 1 − ε. Note, this input instance can easily be
adjusted to eliminate ties.

−3 −2 −1 0 1 2

r1,n1

r2,n2

r3,n3

rk,nk
· · · rk,2 rk,1

· · · r2,2 r2,1

r3,1r3,2r3,3· · ·
r2,3

k − 1k − 2

· · · r1,3 r1,2 r1,1

−4−n

Figure 2: Lower bound instance for SDF when the cost function is total distance.

Theorem 2.2. For the average completion time cost function, cSDF = 2k − 1.

Proof. Without loss of generality, we assume the clients are labeled according to the order
that SDF will service their last requests. That is, the completion time of client i is no
greater than the completion time of client j in SDF(I) for 1 ≤ i < j ≤ k.

As in Theorem 2.1, we bound SDFACT(I) by bounding the cost of each move of SDF .
Every move begins from a request ri,j for 1 ≤ i ≤ k and 0 ≤ j ≤ ni.

If a move starts from request ri,j where j < ni, i.e. ri,j is not a terminal request of client
i, then this move adds a cost of at most di,j to each unfinished client’s completion time. This
is true because either the server moves to request ri,j+1, or it moves to a closer request from
another client. Clearly such a move adds a cost of at most di,j to the average completion
time. The total cost of moves starting from nonterminal requests of all clients is at most

k∑
i=1

ni−1∑
j=0

di,j =
k∑

i=1

Di = D

If a move starts from request ri,ni
, the terminal request of client i, then the cost of the

move can be upper bounded by
(

k−i
k

)
(Di + mini<j≤k Dj). This is true for the following

reasons. Clients 1 to i have finished. There are only (k− i) unfinished clients. Consider the
unfinished client j > i such that Dj is minimized. Consider the distance between request
ri,ni

and the current request of client j. This distance is no more than Di + Dj because in
the worst case, the server must move from ri,ni

back to ri,0 = rj,0 and then to the current
request of client j. Since SDF moves to the closest request, the distance it moves in this case
can be no larger than Di + Dj. Thus the completion time of the at most (k − i) unfinished
clients is increased by at most Di + Dj and the average completion time is increased by at



13

most
(

k−i
k

)
(Di + Dj). The total cost of moves starting from terminal requests of all clients

is at most

∑

1≤i≤k

(
k − i

k

)
(Di + min

i<j≤k
Dj) ≤

∑

1≤i≤k

((
k − i

k

)
Di +

∑

i<j≤k

Dj

k

)

=
∑

1≤i≤k

(
k − i

k

)
Di +

∑

1≤i≤k

∑

i<j≤k

Dj

k

=
∑

1≤i≤k

(
k − i

k

)
Di +

∑

1≤j≤k

∑
1≤i<j

Dj

k

=
∑

1≤j≤k

(
k − j

k

)
Dj +

∑

1≤j≤k

(
j − 1

k

)
Dj

=
∑

1≤j≤k

(
k − 1

k

)
Dj

=

(
k − 1

k

)
D

The cost of moves of SDF starting from nonterminal requests is at most D. The cost of
moves of SDF starting from terminal requests is at most

(
k−1

k

)
D. The combined cost is at

most
(

2k−1
k

)
D. Thus, from Fact 2.2, SDFACT(I) ≤ (2k − 1)OPT ACT(I). Note this upper

bound is true for any metric space.
This bound is tight in any metric space that includes line(∞). More specifically, cSDF >

2k−1− ε for all ε > 0 on line(∞). The lower bound instance is illustrated in Figure 3. Note
that client 1 has several requests while all other clients have exactly one request. Again
assuming that ties are broken to SDF ’s detriment, SDF will first move to the left and
service all requests of client 1. It will then service the requests of the remaining clients. The
completion time of client 1 will be n1. The completion time of client j will be 2n1 + j − 1.
The average completion time is (2k − 1)n1 + O(k2). The optimal solution is to move all the
way to the right first. The optimal average completion time is n1 + O(k). For any ε > 0,
there exists an n1 such that the competitive ratio will exceed 2k − 1− ε. Again, this input
instance can easily be adjusted to eliminate ties.

−3 −2 −1 1 2

r1,n1 · · ·

k − 1k − 2

r2,1 r3,1 rk−1,1 rk,1r1,1r1,2

−n1 0

Figure 3: Lower bound instance for SDF when the cost function is average completion time.
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2.2 General Lower Bounds

We now prove that no on-line algorithm has a competitive ratio better than lg k
2

+1 for either
the total distance cost function or for the average completion time cost function when k is a
power of 2. These lower bounds drop to lg k

2
when k is not a power of 2. These results apply

in clique metric spaces.
This section is organized as follows. We first define a restricted adversary strategy that

will be used in the proof of both lower bounds. We then prove some basic properties about
this adversary in Section 2.2.2. We then prove the actual lower bound results in Sections
2.2.3 and 2.2.4. In section 2.2.5, we show how these lower bounds can be translated to line
metric spaces.

2.2.1 Definition of Adversary Strategy A(N, k)

The k-client problem can be described as a game between the adversary and the on-line
algorithm as follows. The adversary begins the game by generating a single request for each
of the k clients in the metric space. The on-line algorithm then responds by moving the server
to a location where at least one request resides and servicing all requests at that position.
Consider any client whose request has just been serviced. The adversary must respond by
either generating another request for this client or informing the on-line algorithm that this
client has no more requests. The game continues in this fashion until the on-line algorithm
has been informed that all clients have no more requests.

We define an adversary strategy A(N, k) that is parameterized by two integers N and k,
both of which must be at least 1. It will utilize a clique with Nk + 1 nodes partitioned into
N subcliques of size k plus an extra node which is the initial server position. We number
the subcliques from 1 to N . On a first reading, it is helpful to focus on adversary strategy
A(1, k) which uses only subclique 1. Before we can define adversary A(N, k), we first define
the following notation and concepts. Also, for the remainder of this section, when we say
“at any time during the game” or “at the end of the game”, it will be understood that the
game is taking place between adversary strategy A(N, k) and any on-line algorithm A.

Definition 2.1. At any time during the game, let σi be the sequence of positions occupied by
the requests of client i in the clique of size Nk. Define σi(h) to be the sequence of positions
occupied by the requests of client i in subclique h. Define I(h) to be the restricted input
instance where client i has only the sequence of requests σi(h) for 1 ≤ i ≤ k.

Definition 2.2. At any time during the game, for 1 ≤ i ≤ k and 1 ≤ h ≤ N , client i has
h-length n if σi(h) currently has length n. Note the h-length of a client may increase over
time as the adversary continues to generate requests for client i in subclique h.

Definition 2.3. At any time during the game, client i subsumes client j in subclique h if
σj(h) is a proper subsequence of σi(h).

Definition 2.4. Let Iφ =
⋃

i∈φ Ii where φ ⊆ {1, . . . , k}.
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Thus, I(h)φ is the restricted input instance consisting only of the clients in φ and their
requests that occur in subclique h.

Fact 2.4. At any time during the game, OPT D(I(h)φ) = Di(I(h)) if i ∈ φ and ∀j ∈ φ, i
subsumes j in subclique h

Proof. The cost of servicing all of the requests of client i in subclique h is Di(I(h)). In order
to service client i in subclique h, the server must visit all the locations in σi(h) in order.
It follows that the server will also visit all of locations of σj(h) in order for any client j
subsumed by i in subclique h.

Definition 2.5. At any time during the game, client i covers client j in subclique h if client
i subsumes client j in subclique h and there is no client l that is simultaneously subsumed
by client i in subclique h and subsumes client j in subclique h. A client j is uncovered in
subclique h if there is no client i such that i covers j in subclique h.

We now define the notion of a client i being dead/alive/critically alive in subclique h.

Definition 2.6. At any time during the game, for 1 ≤ i ≤ k, and for 1 ≤ h ≤ N ,

• Let li be the most recent request of client i that has appeared. Since the game begins
with the adversary generating one request for each client, li must be defined.

• Let ci be the subclique in which li appears.

• Client i is dead if li has been serviced, and the adversary has made known to the
on-line algorithm that client i has no more requests.

• Client i is alive if it is not dead. An alive client lives in subclique h if ci = h. Note
that if ci = h, it is not always the case that client i lives in subclique h because client i
may be dead.

• Client i is critically alive if it is alive, request li has just been serviced, and the adversary
has not yet responded.

Definition 2.7. At any time during the game, client i is graftable in subclique h if it has
requests in subclique h, it is uncovered in subclique h, and it no longer lives in subclique h.

Definition 2.8. At any time during the game, if we focus on a single subclique h, our
adversary is restricted to making only the following three types of moves.

• The adversary can plant client i in subclique h by placing the next request of client i
on a node in subclique h that has not yet been the location of any other request.

• The adversary can terminate a critically alive client i which lives in subclique h by
informing the on-line algorithm that client i has no more requests in subclique h. Note,
the adversary may or may not choose to plant the next request of client i in subclique
h + 1 for 1 ≤ h ≤ N − 1.
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• The adversary can concatenate a graftable client j in subclique h with h-length n to
a critically alive client i in subclique h with the same h-length by making the n + lth

request of client i in subclique h be on the same node as the lth request of client j in
subclique h for l = 1, ..., n. Note that j is no longer graftable in subclique h.

Definition 2.9. Adversary strategy A(N, k) is defined as follows.

1. The adversary begins the game by planting clients 1 through k in subclique 1.

2. In each later turn, the adversary responds only if there is a critically alive client i. If
there is such a client i, let h be the subclique client i lives in, and let n be the h-length
of client i. The adversary responds as follows.

(a) If there is a graftable client j in subclique h with h-length n, the adversary con-
catenates client j to client i.

(b) If there is no graftable client j in subclique h with h-length n, A(N, k) responds
as follows.

i. The adversary terminates client i in subclique h (making client i graftable in
subclique h).

ii. If A has serviced at most N − 1 requests, the adversary plants client i into
subclique h + 1. Otherwise, client i is dead.

2.2.2 Properties of the Adversary Strategy

We now prove some properties about the adversary strategy A(N, k).

Lemma 2.1. For 1 ≤ i ≤ k, 1 ≤ h ≤ N , and at any time during the game, the h-length of
client i is 0 or is 2l for some integer l ≥ 0.

Proof. We first observe that the adversary can only increase the h-length of a client using the
planting or concatenation operations. After planting, client i has h-length 1 = 20. Assuming
the lemma holds before a concatenation occurs, it must also hold after concatenation since
concatentation can only occur between two clients of equal length.

Lemma 2.2. For 1 ≤ i ≤ k, 1 ≤ h ≤ N , and any time during the game, client i is covered
by at most one other client in subclique h.

Proof. We first observe that when a client is planted in subclique h, it is not covered since
its single request is placed on an otherwise unoccupied node v(i) of subclique h. Afterwards,
no other client will contain request v(i) unless client i is concatenated to the end of some
other client j. Thus, the only client which can cover client i at this time is client j, and
client j may not exist. Assuming such a client j does exist, client i is no longer graftable
which means that the only clients which can contain node v(i) are those which subsequently
subsume client j. However, by the definition of cover, these clients will not cover client i
and the result follows.
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To help understand the adversary strategy, it is useful to consider the graphical repre-
sentation of the covers relation in each of the subcliques.

Definition 2.10. For 1 ≤ h ≤ N and any time during the game, the cover graph Hh of
subclique h is a directed graph with k nodes labeled 1 through k. An arc exists from node i
to node j in Hh if client i covers client j in subclique h.

In a general case, the N cover graphs may not help convey the structure of the adversary
strategy and the input instance, but for A(N, k), the N cover graphs do help. In particular,
our adversary A(N, k) will construct an input instance such that at any time during the
game, each Hh will be a collection of directed binomial trees; furthermore, at the end of the
game, each Hh will be a directed binomial heap [30, 9].

Corollary 2.1. For 1 ≤ h ≤ N and any time during the game, the cover graph Hh generated
by adversary A(N, k) will consist of a set of directed trees.

Proof. This follows immediately from Lemma 2.2.

Definition 2.11. At any time during the game, let T be a tree in Hh. Define C(T ) to be
the set of clients which have nodes in tree T , and define the root client r(T ) to be the client
corresponding to the root node of T .

Lemma 2.3. For 1 ≤ h ≤ N , 1 ≤ i ≤ k, and any time during the game, the following
statements are true.

1. Hh consists of a collection of directed binomial trees [30, 9].

2. If client i has h-length 2l > 0 for some integer l, then the maximal subtree in Hh rooted
at node i is a directed binomial tree with height l containing 2l nodes.

3. For any tree T ∈ Hh, there is at most 1 client in C(T ) which lives in subclique h.
Furthermore, if there is such a client, it is the root client r(T ).

4. If client i is in C(T ) and client j is in C(T ′) where T 6= T ′ are both trees in Hh, then
σi(h) and σj(h) occupy disjoint sets of nodes in subclique h.

Proof. Most of these properties follow trivially from the definition of our adversary, the three
operations our adversary can perform, the k-client game, and the definition of binomial trees.
The key observation is that when client j is concatenated to client i in subclique h, the only
change to Hh is the addition of an arc from node i to node j.

Corollary 2.2. At any time during the game, the on-line algorithm A can service at most
one request per turn.

Proof. The proof follows from properties 3 and 4 of Lemma 2.3.
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Lemma 2.4. For 1 ≤ h ≤ N , 1 ≤ i ≤ k, and any time during the game, there is at most 1
graftable client with h-length 2j in subclique h for j ≥ 0.

Proof. Fix j and h. Initially, there are no graftable clients in subclique h so there are no
graftable clients with h-length 2j in subclique h. The termination step of the adversary is
the only place where the number of graftable clients in subclique h can increase. However,
for the termination step to be executed, the number of graftable clients with h-length 2j

must be 0. Otherwise, a concatenation would have been performed instead. Furthermore,
after the execution of this step, the number of graftable clients with h-length 2j is exactly
1. Therefore, the result follows.

Definition 2.12. Let B(n) be the set of 1-valued bits of the binary representation of n where
bit 0 is the least significant bit.

For example, B(15) = B(11112) = {3, 2, 1, 0}
B(16) = B(100002) = {4}.

Note that bn/2bc mod 2 =

{
0 if b 6∈ B(n)

1 if b ∈ B(n).

For example, b10001002/2
2c mod 2 = 1 since B(10001002) = {6, 2} 3 2

b11011112/2
4c mod 2 = 0 since B(11011112) = {6, 5, 3, 2, 1, 0} 63 4.

Lemma 2.5. For any subclique h and any i ≥ 1, if there are exactly i clients with h-length
greater than 0 at the end of the game, then
(1) there is exactly 1 uncovered client with h-length 2b in subclique h for each b ∈ B(i), and
(2) there are no uncovered clients with h-length b in subclique h for b 6∈ B(i).
That is, the underlying undirected graph of Hh is a binomial heap [30, 9] with i nodes.

Proof. Fix i and h. Let xb be the number of alive clients with h-length 2b created by the
adversary during the course of its operation. Let yb be the number of uncovered clients with
h-length 2b left when the adversary terminates its operation. From the operation of the
adversary, in particular steps (2.a) and (2.b), it follows that that for any nonnegative integer
b,

xb = bi/2bc and

yb = xb mod 2

=

{
0 if b 6∈ B(i)

1 if b ∈ B(i).

Thus, the result follows.
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Lemma 2.6. For any subclique h and 1 ≤ i ≤ k, if there are exactly i clients with h-length
greater than 0 at the end of the game, then the number of requests in subclique h generated
by A(N, k) is

∑

b∈B(i)

2b−1(b + 2) ≥
{

i
2
lg i + i if i is a power of 2

i
2
lg i otherwise.

Proof. From Lemma 2.3, for 1 ≤ h ≤ N , we can determine the number of requests generated
in subclique h at the end of the game by summing the number of nodes in the binomial
subtree rooted at each node in the final cover graph Hh. From Lemma 2.5, Hh will contain
exactly |B(i)| disjoint binomial trees, one of size 2b for each b ∈ B(i).

Fix b in B(i). Applying well known properties of binomial trees, the binomial subtree
of size 2b in Hh will contain 2b−1/2j nodes which are the roots of binomial trees of size 2j

for j = 0, . . . , b − 1. Thus, there are a total of 2b−1(b + 2) requests represented by this
binomial tree. Therefore, the number of requests represented by all binomial trees in Hh is∑

b∈B(i) 2b−1(b + 2).

If i is a power of 2, then i = 2g for some integer g ≥ 0. Thus, there are 2g−1(g + 2)
requests which is i

2
lg i + i. If i is not a power of 2, then from Lemma A.2, the number of

requests is lower bounded by i
2
lg i.

We will be particularly interested in the input instances generated by adversary A(1, k)
where k is a power of 2. These input instances have the following characteristics. The initial
request of each of the k clients is on a different node, no client has more than one request
on any node, and there are no requests on node 0. There is a single client with k requests,
and for each i, 0 ≤ i < (lg k)− 1, there are k/2i+1 clients with 2i requests. Figure 4 shows a
possible input instance and its corresponding cover graph for k = 8.
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Figure 4: An example A(1, 8) lower bound instance and its cover graph. Note, all edges in
the clique graph of size 9 have been removed. Also, the nodes have been displayed in a linear
fashion to emphasize the structure of the clients.
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2.2.3 General lower bound for the total distance cost function

Theorem 2.3. For the total distance cost function and any on-line algorithm A,

cD
A ≥

{
1
2
lg k + 1 if k is a power of 2

1
2
lg k otherwise

on the Kk+1 metric space.

Proof. We use adversary A(1, k) to prove this theorem. In particular, we use Kk+1 which
contains only one subclique. In this case, the adversary description can be simplified by
making clause (2.b) simply terminate the client with no option to plant the client in the
next subclique.

We first bound the on-line cost incurred by A. From Corollary 2.2, the cost incurred by
A will be the number of requests in the input instance. From Lemma 2.6, there are a total
of k

2
lg k + k requests if k is a power of 2. If k is not a power of 2, the number of requests is

lower bounded by k
2
lg k.

We now show the optimal offline cost is k. At the end of the game, H1 consists of a
collection of disjoint binomial trees. Let T be a tree in H1 at the end of the game. The root
client r(T ) subsumes all clients in C(T ). Thus, from Fact 2.4, the optimal offline algorithm
can service all requests of all clients in C(T ) by servicing the requests of r(T ) in order. If the
optimal offline algorithm does this for each tree in H1, it will service all requests by visiting
each node of subclique 1 exactly once for a total cost of k. No algorithm can do better than
this since there are k distinct positions containing requests, so the offline cost follows.

Dividing the on-line cost by the offline cost, we get the final result.

2.2.4 General lower bound for the average completion time cost function

Theorem 2.4. For the average completion time cost function, any on-line algorithm A, and
any integer N ≥ 1,

cACT
A ≥

{
( lg k

2
+ 1)( 2N+k−1

2N+2k2−2
) if k is a power of 2

( lg k
2

)( 2N+k−1
2N+2k2−2

) otherwise

on the KNk+1 metric space.

Proof. Adversary A(1, k) used in Section 2.2.3 was concerned with forcing the on-line algo-
rithm A to traverse nodes as many times as possible while still allowing the optimal offline
algorithm to service all requests by traversing each node only once. This adversary strategy
is not appropriate for the average completion time cost function because this strategy allows
A to complete many clients in a short amount of time. We need an adversary strategy which

• forces the on-line algorithm A to traverse the nodes many times while the offline
algorithm can service all requests by traversing each node only once, and
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• prevents the on-line algorithm A from completing any client too quickly.

Thus, we use A(N, k) which may terminate a client in a subclique but keeps the client alive
by planting it in the next subclique.

We first bound the on-line cost incurred by A. From Corollary 2.2, A services at most
one request when it visits a node. From step (2.b.ii), after the first N −1 requests have been
serviced, no client has been completed. Servicing the first N − 1 requests requires at least
N − 1 time steps, and this contributes N − 1 to the average completion time. After the first
N − 1 requests are serviced, each client has at least one more request. The cost of servicing
these requests contributes at least 1

k

∑k
i=1 i = k+1

2
to the average completion time. Thus, the

cost incurred by A is lower bounded by N − 1 + k+1
2

.
Next, we compute an upper bound of the optimal cost. We will calculate the average

completion time incurred by the obvious algorithm which services the subcliques in order.
Clearly this is an upper bound on the cost of the optimal solution.

In an analogous fashion to the previous section, there exists a server path which visits
each occupied node of a subclique exactly once and services all the requests on that subclique.
The server simply services the requests of the root of each tree in Hh in order. Thus, if Hh

has i nodes, then the time required to service all requests in subclique h is at most i. During
this time, only these i clients can still have requests waiting to be serviced, so the average
completion time increases by at most i2

k
. Thus, we can upper bound the cost of the optimal

algorithm as follows:

OPT (I) ≤ 1

k

k∑
i=1

i2pi(1)

where pi is the number of cover graphs with exactly i clients with h-length greater than 0
for 1 ≤ h ≤ N .

We will upper bound inequality (1) by upper bounding pi for i = 1, ..., k. First, we
give an upper bound of the total number of requests. Consider the time just after the last
planting operation. At most N − 1 requests have been serviced by the on-line algorithm A
at that time. Each client never changes subclique after that. Hence, each client has at most
k unserviced requests. Therefore, there are at most k2 unserviced requests. Thus, there are
at most N − 1 + k2 requests.

Let Ri be the total number of requests in a subclique with i clients. The value of Ri

is given in Lemma 2.6. Since there are at most N − 1 + k2 requests in I, this implies∑k
i=1 Ripi ≤ N − 1 + k2. Thus OPT (I) is upper bounded by the maximization of

1

k

k∑
i=1

i2pi subject to
k∑

i=1

Ripi ≤ N − 1 + k2.

Since i2 grows faster than i
2
lg i + i, and from Lemma A.2, i

2
lg i + i grows at least as fast as
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Ri, then our upper bound on OPT (I) is maximized when pi = 0 for i = 1, ..., k − 1 and

pk =
N − 1 + k2

Rk

.

Thus, OPT (I) ≤ 1

k

k∑
i=1

i2pi =
1

k
k2pk = k

N − 1 + k2

Rk

≤




N−1+k2

1
2

lg k+1
if k is a power of 2

N−1+k2

1
2

lg k
otherwise.

Dividing the on-line cost by the offline cost, we get the final result.

Corollary 2.3. For the average completion time cost function, any on-line algorithm A,
and any integer N ≥ 2,

cACT
A ≥

{
( lg k

2
+ 1)( 2N+k−1

2N+2k2−2
) if k is a power of 2

( lg k
2

)( 2N+k−1
2N+2k2−2

) otherwise

on the KN+k−1 metric space.

Proof. Nodes are assigned to the subcliques on demand. A new node is needed when the
adversary plants a client. The adversary plants k clients in the initial step. The only other
place the adversary plants a client is in step (2.b.ii). The adversary can plant at most 1 client
after each request is serviced. The adversary plants no more clients when A has serviced
more than N−1 requests. Therefore, the adversary does at most k+N−1 plantings. Hence,
k + N − 1 nodes are needed for placing requests.

Since N ≥ 2, then k + N − 1 ≥ k + 1. Thus, other than the k nodes on which the
adversary makes k initial plantings, there is 1 other node that can be used as the initial
position of the server.

Corollary 2.4. For the average completion time cost function, any on-line algorithm A,
and any ε > 0, there exists an integer M such that,

cACT
A ≥

{
lg k
2

+ 1− ε if k is a power of 2
lg k
2
− ε otherwise

on the KM metric space.

Proof. From Corollary 2.3, by choosing N large enough and setting M = N + k − 1, the
result follows.
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2.2.5 General lower bound on the line

In this section, we show how most lower bound results on cliques can be transformed into
lower bound results on lines. In particular, any lower bound result on Kl using a finite
adversary strategy can be extended to hold on line(2l− 1) where a finite adversary strategy
is one in which the maximum number of requests ever generated by the adversary is upper
bounded by some known constant.

Theorem 2.5. Suppose we have a lower bound of c for either the total distance or average
completion time cost functions on the Kl metric space for l ≥ 1 as a result of a finite
adversary strategy. Then this implies there exists a c − ε lower bound for the same cost
function on the line(2l − 1) metric space as the result of another finite adversary strategy.

Proof. Let A denote an arbitrary finite adversary strategy on Kl that never has a client
repeat a request in the same position. Let M denote the known upper bound on the number
of requests A might generate. We show how to create a new finite adversary strategy A′ on
line(2l − 1) with essentially the same lower bound. We assume that the nodes in Kl are
numbered from 0 to l− 1 and that the left end of line(2l− 1) is node 0 and the right end of
line(2l−1) is node 2l−1. The key idea is that whenever adversary strategy A requests node
i in Kl, adversary strategy A′ will request a cluster of m requests alternating between nodes
2i and 2i + 1 on line(2l − 1) where m À M . We will define m more precisely later. This
leads to the following behavior for adversary A′. Whenever the imth request of any client is
serviced where i ≥ 0, adversary A′ reveals that this client either has no more requests or A′

reveals the next m requests of this client. Whenever any of the other requests of any client
are serviced, the adversary reveals no new information about this client.

The first key observation is that when considering input instance I ′, we can without loss of
generality consider only algorithms which essentially service requests of clients in clusters of
m. More precisely, we can consider algorithms which, after servicing a cluster of m requests
from one client, move directly to service a cluster of m requests from a second client in
uninterrupted fashion. The reason follows from a standard interchange argument. No new
information will be revealed to the on-line algorithm until it services an entire cluster of m
requests from a client. An algorithm which services some but not all requests in a cluster
from one client and then moves on to service a cluster of m requests from a second client can
be improved by moving directly to the second client and servicing its cluster of m requests
first.

The only exception to this observation is the servicing of requests that occurs when
moving from one client’s cluster of m requests to another client’s cluster of m requests. For
example, if we service node 0 and then node l − 1 of Kl, on line(2l − 1), this corresponds
to alternately servicing nodes 0 and 1 a total of m times and then moving on to alternately
servicing nodes 2l − 2 and 2l − 1 a total of m times. However, in the process of moving
from node 1 to node 2l − 2, the algorithm will incidentally service any requests on nodes 2
through 2l− 3 once each. Since m À M which is the maximum number of requests that the
adversary will generate, these incidental servicings of individual requests will never result
in a cluster of m requests being incidentally serviced. Thus, the interchange argument still
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holds and we can focus on on-line algorithms which, after servicing a cluster of m requests
from one client, move directly to another client’s cluster of m requests and services that
cluster to completion.

We now focus on the cost of servicing a cluster of m requests of some client in I ′. There
are two components to this cost. The first is the transition cost of moving from the previous
location to the location of the first request of this block of m requests. This cost is lower
bounded by 1 (the requests cannot be colocated) and upper bounded by 2l− 1. The second
component is the cost of actually servicing this block of m requests. This cost is lower
bounded by m−1−M and upper bounded by m−1. The lower bound results from the fact
that at most M requests of a cluster of m requests may have been incidentally served. Thus
the total cost of servicing this cluster of m requests ranges between m−M and m + 2l− 2.
The key observation is that if m À l and m À M , then this cost is essentially m. This
returns us to the clique metric space where the cost to service any request is always 1. Since
we can make m arbitrarily large with respect to l and M , the result follows.

Corollary 2.5. For the total distance cost function, any on-line algorithm A, and any ε > 0,

cD
A ≥

{
lg k
2

+ 1− ε if k is a power of 2
lg k
2
− ε otherwise

on the line(2k − 1) metric space.

Proof. This follows from Theorems 2.3 and 2.5.

Corollary 2.6. For the average completion time cost function, any on-line algorithm A,
any integer N ≥ 2, and any ε > 0,

cACT
A ≥

{
( lg k

2
+ 1)( 2N+k−1

2N+2k2−2
)− ε if k is a power of 2

( lg k
2

)( 2N+k−1
2N+2k2−2

)− ε otherwise

on the line(2N + 2k − 3) metric space.

Proof. This follows from Corollary 2.3 and Theorem 2.5.

Corollary 2.7. For the average completion time cost function, any on-line algorithm A,
and any ε′ > 0, there exists integer N ′ such that,

cACT
A ≥

{
lg k
2

+ 1− ε′ if k is a power of 2
lg k
2
− ε′ otherwise

on the line(N ′) metric space.

Proof. From Corollary 2.6, by choosing ε < ε′, choosing N large enough, and setting N ′ =
2N + 2k − 3, the result follows.
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2.3 Randomized Lower Bounds

Theorem 2.6. For the total distance cost function, no randomized on-line algorithm R has
a competitive ratio lower than 1 + Θ(lg lg k) on the Kk+1 metric space.

Proof. We use Yao’s [32] method of deriving a lower bound on the performance of any ran-
domized algorithm on a worst-case input instance by deriving a lower bound on the expected
performance of any deterministic algorithm against a specific probability distribution of in-
put instances. Let the input distribution ρ be the uniform distribution over the set of all
input instances generated by the adversary A(1, k) defined in Section 2.2.1 where k is a
power of 2.

Let A be any deterministic on-line algorithm. For any input instance I, we divide the
cost AD(I) among the k clients as follows. Whenever the server visits a node, the cost of the
visit is charged to the longest client with an outstanding request on that node. We denote
the cost charged to client i as Xi(I). The cost of servicing the longest client is always k since
no client subsumes it.

We now calculate E[Xi(ρ)]. As noted previously, if i is the longest client, then E[Xi(ρ)] =
k. Otherwise, consider a client i with l requests that is subsumed by c clients. By definition,
each of the c clients that subsume i must have at least l requests. Let F (i, l) denote the
event that the lth request of client i is served before the lth request of any of the c clients that
subsume i. If F (i, l) occurs, the cost of servicing client i is l. We lower bound E[Xi(ρ)] by l
times the probability that F (i, l) occurs. This probability is 1

c+1
because these c + 1 clients

are indistinguishable to the on-line algorithm until the lth request of any of these clients is
serviced. Thus, we get the following lower bound on the expected cost of serving client i.

(2) E[Xi(ρ)] ≥ l

c + 1

The number of clients of length l that are subsumed by exactly c clients is the number
of nodes at depth c with exactly l descendants in a binomial tree of size k, and this number
is

(
lg k−1−lg l

c−1

)
.

Combining the fact that the number of clients with length l = 2g and that are subsumed
by c clients is

(
lg k−1−g

c−1

)
with Equation 2 and the fact that AD(I) =

∑k
i=1 Xi(I), we get the
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following.

E[AD(ρ)] ≥ k +

lg k−1∑
g=0

2g

lg k−g∑
c=1

(
lg k − 1− g

c− 1

)
1

c + 1

= k +

lg k−1∑
g=0

2g (lg k − 1− g)2lg k−g + 1

(lg k − g)(lg k − g + 1)

≥ k + k

lg k−1∑
g=0

(lg k − 1− g)

(lg k − g)(lg k − g + 1)

= k + k

lg k−1∑
g=1

g

(g + 1)(g + 2)

= k + Θ(k lg lg k)

The optimal solution has cost k. Therefore it follows that no randomized on-line algo-
rithm has a competitive ratio better than 1 + Θ(lg lg k).

This lower bound is optimal for this input distribution. Consider the algorithm RSEQ,
which randomly selects a client and services it to completion. The cost of servicing client i
will be the length of i if RSEQ chooses i before it chooses any of the clients that subsume i,
and 0 otherwise. If a client i is subsumed by c clients, the probability that i will be chosen
before any of the clients that subsume it is 1

c+1
. It can be shown that the expected cost of

RSEQ is

E[RSEQD(ρ)] = k +

lg k−1∑
i=0

2i (lg k − 1− i)2lg k−i + 1

(lg k − i)(lg k − i + 1)

= k + Θ(k lg lg k)

2.4 Lower Bound On the Line when k = 2.

In this section, we improve our general lower bounds of lg k
2

for total distance and average
completion time for the case when k = 2 and the metric space is line(∞). We refer to the
two clients as client A and client B, and we label the requests from client A as ai and the
requests from client B as bi.

Theorem 2.7. For the total distance cost function, no on-line algorithm is (25
9
−ε)-competitive

for the 2-client problem on line(∞) for all ε > 0.

Proof. We consider an adversary V (δ) that constructs inputs of the following form for δ > 0.
The server is initially located at the origin. The first request from A is located one unit to
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the left of the origin. All the remaining requests from A except the last request will each be
δ to the left of the previous one. The requests from B will be arranged to the right of the
origin in a similar fashion. The final requests from both clients will be located at the same
point, either δ to the left of the leftmost request, or δ to the right of the rightmost request.
The input sequence where the final requests are both on the left is shown in Figure 5.

0

. . .an

bm

bm−1

−1− (n− 1)δ 1 + (m− 2)δ

. . .b1

1

a1

−1

a2

−1− δ

b2

1 + δ

Figure 5: A lower bound example for total distance.

The optimal offline algorithm services these input sequences by first servicing all the
requests of the client whose last request is on the opposite side of the origin of its previous
requests, and then servicing the requests of the other client and the final request of the first
client. In the example, the optimal offline algorithm first services B’s requests and then
services all of A’s requests and B’s final request.

First we show that any on-line algorithm which hopes to be better than 3-competitive
against adversary V (δ) can be described by the following two infinite monotonically increas-
ing sequences of finite numbers αi(δ) and βi(δ) for i ≥ 1 and δ > 0. The term αi(δ) is the
maximum distance the server is willing to move to the left after having previously changed
directions 2(i−1) times when faced with adversary V (δ), and βi(δ) is the maximum distance
the server is willing to move to the right after having previously changed directions 2i − 1
times against adversary V (δ). Without loss of generality, we assume the server initially goes
to the left to service client A. Suppose α1(δ) is unbounded; that is, the on-line algorithm
will move the server to the left until there are no more requests to the left. In this case, the
adversary will choose the input instance to be one where the final request of client A is at
position −x for a large value of x and client B will have only two requests at positions 1 and
−x. The on-line cost will be 3x + 2 while the offline cost will be x + 2 giving a competitive
ratio of 3 − 4

x+2
. Therefore α1(δ) must be bounded to have a ratio better than 3. This

argument generalizes which means that for an on-line algorithm which hopes to be better
than 3-competitive, all αi(δ) and βi(δ) must be bounded for all i ≥ 1, δ > 0. Note that
α1(δ), β1(δ) ≥ 1 since the server must reach the first request of client A or B before changing
direction. We will typically just use the notation αi and βi when δ is unambiguous.

We now define the set of input instances I(n,A, δ) for n ≥ 2 and I(n,B, δ) for n ≥ 1
based on an on-line algorithm’s αi(δ) and βi(δ) values. Input instance I(n,A, δ) for n ≥ 2 is
as follows: client A’s requests appear progressively from position -1 to position −αn while
client B’s requests appear progressively from position 1 to position βn−1 + δ followed by a
final request at position −αn. Input instance I(n,B, δ) for n ≥ 1 is as follows: client B’s
requests appear progressively from position 1 to position βn while client A’s requests appear
progressively from position -1 to position −αn − δ followed by a final request at position
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βn. Figure 6 illustrates both input instance I(n,A, δ) as well as how the on-line algorithm
behaves on I(n,A, δ). We will typically refer to these input instances as I(n,A) and I(n,B)
when δ is unambiguous.

0

bm

b1a1al . . . . . .

bm−1

bm−2

−αn −α2 −α1 β1 β2 βn−1−1 1

Figure 6: Input Instance I(n,A, δ)

The optimal solution for input instance I(n,A) for n ≥ 2 is to first go to position βn−1+δ
and then to position −αn for a total cost of αn + 2βn−1 + 2δ. Meanwhile, the on-line cost is

AD = 2
n−1∑
i=1

αi + 3αn + 2
n−2∑
i=1

βi + 4βn−1 + 2δ.

Dividing these two terms gives us the following inequality.
(3)

cD
A ≥ 2 +

αn(δ) + 2
∑n−1

i=1 αi(δ) + 2
∑n−2

i=1 βi(δ)

αn(δ) + 2βn−1(δ) + 2δ
− 2δ

αn(δ) + 2βn−1(δ) + 2δ
for n ≥ 2, δ > 0.

Since we can make δ arbitrarily close to 0 and since αi(δ), βi(δ) ≥ 1 independent of δ, we
can simplify the above inequality as follows.

(4) cD
A ≥ 2 +

αn + 2
∑n−1

i=1 αi + 2
∑n−2

i=1 βi

αn + 2βn−1

for n ≥ 2.

Similarly, we can analyze input instance I(n,B) for n ≥ 1 to derive a lower bound of

(5) cD
A ≥ 2 +

βn + 2
∑n−1

i=1 (αi + βi)

βn + 2αn

for n ≥ 1

on the competitive ratio of the on-line algorithm.
In order to show that equations 3 and 4 are equal, we define a set of values λi and γi as

follows:

For odd i ≥ 1, λi = αdi/2e
For even i ≥ 2, λi = βi/2

For i ≥ 0, γi =
i∑

j=1

λj
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This allows us to combine inequalities (3) and (4) into the following inequality

cD
A ≥ 2 +

λn + 2γn−2

λn + 2λn−1

for n ≥ 2

which can be rewritten as 2 + cn where

(6) cn =
λn + 2γn−2

λn + 2λn−1

for n ≥ 2.

We now use the property that λi is finite for all i ≥ 1 to define two important quantities
of any sequence of finite values 〈λi〉. First, we define X(〈λi〉) = supn≥2 cn where cn is defined
in equation (5). Next we define R(〈λi〉) = infn≥2〈 λn

γn−1
〉. For the remainder of this proof, we

will use X to denote X(〈λi〉), and we will use R to denote R(〈λi〉).
To derive the best possible lower bound on the competitive ratio of any on-line algorithm

using this set of input instances, we need to find the set of values 〈λi〉 that minimize 2 + X.
We will show that the minimum possible value of X is 7/9 which is achieved when λn

γn−1
= 3

for all n ≥ 2; that is, when R = 3.
We first observe that

(7) ∀n ≥ 2 λn ≤
(

2X

1−X

)
λn−1 −

(
2

1−X

)
γn−2.

This follows from equation 5 and the definition of X.
We next observe that

(8) ∀n ≥ 3 λn ≥ R(R + 1)γn−2.

This can be derived as follows given the definitions of R and γn for n ≥ 1.

λn ≥ Rγn−1 = R(λn−1 + γn−2) ≥ R(Rγn−2 + γn−2) = R(R + 1)γn−2.

Applying the transitive property to inequalities (6) and (7), we derive the following
inequality:

∀n ≥ 3 R(R + 1)γn−2 ≤
(

2X

1−X

)
λn−1 −

(
2

1−X

)
γn−2

which can be rewritten as

(9) ∀n ≥ 2
λn

γn−1

≥
(

R(R + 1) +
2

1−X

)(
1−X

2X

)
.

Combining inequality (8) and the definition of R as the infimum of 〈 λn

γn−1
〉 for n ≥ 2, we

obtain

R ≥
(

R(R + 1) +
2

1−X

)(
1−X

2X

)
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which can be rewritten as

(10) R2(1−X) + R(1− 3X) + 2 ≤ 0.

Clearly R must be real. We apply the quadratic equation to find the minimum value of X
that results in R being real.

(1− 3X)2 − 4(1−X)2 ≥ 0

The minimum value of X = 7/9 when R = 3. Therefore, we achieve the desired lower bound
of 2 + 7/9 = 25/9 on the competitive ratio of any on-line algorithm for the 2-client problem
on line(∞).

Theorem 2.8. For the average completion time cost function, no on-line algorithm is (3−ε)-
competitive for the 2-client problem on line(∞) for all ε > 0.

Proof. The proof uses an adversary V ′(δ) for δ > 0 that constructs inputs similar to those
used in the proof of Theorem 2.7. The only difference is that the final request of client A is
always on the left and the final request of client B is always on the right.

As in Theorem 2.7, we can argue that any on-line algorithm which hopes to be (3 − ε)-
competitive against V ′(δ) can be described by two infinite monotonically increasing sequences
of finite numbers αi(δ) and βi(δ) for i ≥ 1 and δ > 0 where αi(δ) is the maximum distance
the server is willing to move to the left after having changed directions 2(i − 1) times and
βi(δ) is the maximum distance the server is willing to move to the right after having changed
directions 2i− 1 times. We again use just αi and βi when δ is unambiguous.

The remainder of this proof, however, is much simpler as we focus only on an input
instance I constructed by the adversary which is defined entirely by α1 and β1. We will
show that the best an on-line algorithm can do is to make α1 = β1 in which case the on-
line algorithm will be 3-competitive at best. For any given α1 and β1, define I as follows.
Requests from A appear progressively from position -1 to position −α1 − δ. Requests from
B appear progressively from position 1 to position β + δ.

Clearly, the on-line algorithm will move left to position −α1, move right to position β1,
move left to position −α1 − δ (completing client A), and then move right to position β1 + δ
(completing client B). Thus, the average completion time incurred by the on-line algorithm
on input instance I is 1

2
(7α1 + 5β1 + 4δ). Meanwhile, OPT services the shorter client first

which means OPT ACT(I) = 1
2
min(3α1 + β1 + 4δ, α1 + 3β1 + 4δ). Note, we can make δ

arbitrarily small, so this implies a lower bound of 7α1+5β1

min(3α1+β1,α1+3β1)
on the competitive ratio

of the on-line algorithm.
We now show that this lower bound is minimized to be 3 when α1 = β1. There are 2

cases to consider.

Case 1: α1 ≤ β1

In this case, OPT ACT(I) = 1
2
(3α1 + β1) which means that the lower bound on the

competitive ratio of the on-line algorithm is 7α1+5β1

3α1+β1
which is strictly larger than 3

when α1 < β1 and which equals 3 when α1 = β1.
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Case 2: β1 ≤ α1

In this case, OPT ACT(I) = 1
2
(α1 + 3β1) which means that the lower bound on the

competitive ratio of the on-line algorithm is 7α1+5β1

α1+3β1
which is strictly larger than 3

when β1 < α1 and which equals 3 when α1 = β1.

Thus the result follows.

2.5 Lower Bound On the Clique when k = 2.

In this section, we improve our general lower bounds of lg k
2

for the case where k = 2 on K∞.

Theorem 2.9. For the total distance cost metric, no on-line algorithm is (9
5
−ε)-competitive

for the 2-client problem on K∞ for all ε > 0.

Proof. Label the vertices with positive integers. Let D be a large integer. The adversary
operates in rounds. At the beginning of round 1, a client is called the leader, and its initial
request is on node D + 1. The other client is called the follower, and its initial request is
on node 1. Subsequent requests are generated according to the following rule. If the current
request of both clients are on different nodes, then when the request, say on node x, of either
of the clients is serviced by the on-line algorithm, the next request of that client is on node
x + 1. If the current request of both clients are on the same nodes, say on node x, then
after these two requests are serviced, the new round begins. In the new round, the leader
becomes the follower, and its next request is on node 1. The follower becomes the leader,
and its next request is on node x + 1.

Suppose the adversary stops just after round n. The optimal solution is to service the
client that is the follower in round n picking up requests of the other client along the way.

We show that any on-line algorithm which hopes to be better than 2-competitive on this
form of input sequence can be described by an infinite monotonically increasing sequence of
finite numbers αi for i ≥ 1 where α1 = x1/D − 1, αi = xi/D for i ≥ 2, and xi is the last
node on which the clients place their last requests in round i. Suppose α1 is unbounded;
that is, at any time, if the current request of the follower and the leader are on node x and
y respectively, then x < y. In this case, the adversary will choose the input instance to be
one where the final request of both clients is on node xD for a large integer x. The on-line
cost will be xD + xD − D while the offline cost will be xD giving a competitive ratio of
2− 1

x
. Therefore, α1 must be bounded to have a ratio better than 2. Clearly, this argument

generalizes which means that all αi must be bounded for all i ≥ 1.

Definition 2.13. For n ≥ 1, let on be the sum of αi where i is an odd number between 1
and n inclusively.

Definition 2.14. For n ≥ 1, let en be the sum of αi where i is an even number between 1
and n inclusively.

Definition 2.15. Let λ0 = 0. For n ≥ 1, let λn = αn − λn−1.
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Definition 2.16. For n ≥ 1, let

γn =

{
on n is odd

en n is even

Fact 2.5. For n ≥ 0, λn ≥ 0.

This is true because αn’s is a non-decreasing sequence.

Fact 2.6. For n ≥ 1,

λn =

{
on − en = on − en−1 n is odd

en − on = en − on−1 n is even

Fact 2.7. For n ≥ 3, γn = γn−2 + αn.

This is true by Definition 2.16, 2.13, and 2.14.

Fact 2.8. For n ≥ 2, γn = γn−1 + λn.

This is true by Definition 2.16 and Fact 2.6.
The cost of the on-line algorithm is,

∀n ≥ 2 A(In) = (γn + γn−1 + αn)D − n

= (γn + γn−1 + λn−1 + λn)D − n

The optimal cost is,

∀n ≥ 2 OPT (In) = (γn−1 + αn)D

= (γn−1 + λn−1 + λn)D

Thus the ratio of the cost of the on-line algorithm and the adversary is

(γn−1 + γn + λn−1 + λn)D − n

(γn−1 + λn−1 + λn)D
.

If D is sufficiently larger, the ratio is arbitrarily close to

γn−1 + γn + λn−1 + λn

γn−1 + λn−1 + λn

=
2γn−1 + λn−1 + 2λn

γn−1 + λn−1 + λn

= 2− λn−1

γn−1 + λn−1 + λn

(11)

We can write the equation (10) as 2− cn where

cn =
λn−1

γn−1 + λn−1 + λn

(12)

We now use the property that λi is finite for all i ≥ 1 to define two important quantities
of any sequence of finite values 〈λi〉. First, we define X(〈λi〉) = supn≥2 cn where cn is defined



33

in equation (11). Note that 0 < X(〈λi〉) < 1. For the remainder of this proof, we will use
X to denote X(〈λi〉). Next we define R(〈λi〉) = infn≥2

λn

γn−1
, and we will use R to denote

R(〈λi〉).
To derive the best possible lower bound on the competitive ratio of any on-line algorithm

against this adversary, we need to find the set of values 〈λi〉 that minimize 2 −X. We will
show that the maximum possible value of X is 1/5 which is achieved when λn

γn−1
= 1 for all

n ≥ 2; that is, when R = 1.
We first observe that

∀n ≥ 2 λn ≤ 1−X

X
λn−1 − γn−1.(13)

This follows from equation (11) and the definition of X.
We next observe that

∀n ≥ 3 λn ≥ R(R + 1)γn−2.(14)

This can be derived as follows given the definitions of R and γn for n ≥ 1.

λn ≥ Rγn−1 ≥ R(λn−1 + γn−2) ≥ R(Rγn−2 + γn−2) = R(R + 1)γn−2.

Applying the transitive property to inequalities (12) and (13), we derive that following
inequality:

∀n ≥ 3 R(R + 1)γn−2 ≤ 1−X

X
λn−1 − γn−1

which can be rewritten as

∀n ≥ 2
λn

γn−1

≥ X

1− 2X
(R2 + R + 1)(15)

Combining inequality (14) and the definition of R as the infimum of λn

γn−1
for n ≥ 2, we

obtain

R ≥ X

1− 2X
(R2 + R + 1)

which can be rewritten as

XR2 + (3X − 1)R + X ≤ 0(16)

Since R must be real, we apply the quadratic equation and the constraint 0 < X < 1 to find
the maximum value of X that results in R being real.

(3X − 1)2 − 4 ·X ·X ≥ 0

The maximum value of X = 1/5 when R = 1. Therefore, we achieve the desired lower bound
of 2 − 1/5 = 9/5 on the competitive ratio of any on-line algorithm for the 2-client problem
on K∞.
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Theorem 2.10. For the average completion time cost metric, no on-line algorithm is (9
5
−ε)-

competitive for the 2-client problem on K∞ for all ε > 0.

Proof. The proof is the same as that of Theorem 2.9 because both clients complete at the
same time in both the optimal offline schedule and the on-line schedule.

3 Disk Scheduling Algorithms

In this section, we analyze in detail how commonly used disk scheduling algorithms perform
on the line(∞) and line(∆) metric spaces in a multithreaded environment. In particular,
we study how the performance of these algorithms is related to the number of threads in the
system. We prove that the elevator algorithm has a competitive ratio which is independent
of the number of threads in the system. On the other hand, all the greedy algorithms have
competitive ratios of 2k−1. This helps to explain why elevator type algorithms have superior
performance in heavily loaded systems. We close this section by describing how lower bound
results on cliques can be translated into lower bound results on lines.

While we are mostly interested in the line(∆) metric space since this most accurately
represents the disk scheduling problem, we try to prove results which are as general as
possible. Note that in the line(∆) metric space, distinct requests of each client are at least
distance 1 apart. Further note that any lower bounds of Ω(∆) for the line(∆) metric space
translate into unbounded lower bounds on the line(∞) metric space.

We first analyze EL, and we only consider the line(∆) and line(∞) metric spaces since
EL is not well defined for other metric spaces.

Theorem 3.1. On line(∆), ∆
2
≤ cEL ≤ ∆ for the total distance cost function.

Proof. To prove the upper bound on ELD(I), we first observe that OPT D(I) ≥ nmax(I)
because consecutive requests of each client are at least distance 1 apart. On the other hand,
EL serves at least one request from each client on each sweep, and each sweep is no longer
than ∆. Therefore ELD(I) ≤ nmax(I)∆. Thus cEL ≤ ∆.

We now show that cEL > ∆
2
− ε for all ε > 0. Consider the following input instance

consisting of two clients where client A and client B both generate n requests where n is
an even number. The server begins at position 0. The requests from client A alternate
between points 1 and 0 with the first request at position 1. The requests from client B
alternate between points ∆ and ∆ − 1 with the first request at position ∆. EL will service
one request from each client on each sweep. OPT will first service all requests from client
A and then it will service the requests from client B. It is easy to see that ELD(I) = n∆
whereas OPT D(I) = 2n− 1 + ∆. If we choose n > ∆2−∆

4ε
− ∆−1

2
, then cEL > ∆

2
− ε.

Theorem 3.2. On line(∆), 2∆
3
≤ cEL ≤ ∆ for the average completion time cost function.

Proof. To prove the upper bound on ELACT(I), we first observe that OPT ACT(I) ≥ n(I)
k

because consecutive requests of each client are at least 1 unit apart. On the other hand,
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EL serves at least one request from client i on each sweep and there are ni(I) requests from
client i. So the completion time of client i is at most ∆ni(I). Thus,

ELACT(I) ≤
∑k

i=1 ∆ni(I)

k
≤ ∆

n(I)

k
≤ ∆OPT ACT(I).

The lower bound follows from considering the same lower bound input instance used for
EL when the cost function is total distance. It is easy to see that ELACT(I) = n∆+(n−1)∆

2

whereas OPT ACT(I) = n+2n+∆
2

. If we choose n > 2∆2+3∆
9ε

− ∆
3
, then cEL > 2∆

3
− ε.

We now consider the three greedy algorithms, SDF , SEQ, andMP , on any metric space
and then focus on the line(∆) metric space. For SDF , Theorems 2.1 and 2.2 prove that
the competitive ratio of SDF is exactly 2k − 1 for both cost functions for any metric space
which contains line(∞). On line(∆), SDF has only slightly better performance. We now
prove similar results for both SEQ and MP .

Theorem 3.3. For the total distance cost function, cSEQ = 2k − 1.

Proof. We bound SEQD(I) by bounding the distance required to service each client of I. The
cost of servicing client 1 is D1. The cost of servicing client i for 2 ≤ i ≤ k is upperbounded
by δmax + Di where the first term is an upper bound of the cost incurred in transitioning
from client i− 1 to client i. Therefore

SEQD(I) ≤ D1 +
k∑

i=2

(δmax + Di) ≤ kDmax + (k − 1)δmax.

Applying Fact 2.1, we observe that SEQD(I) ≤ (2k− 1)OPT D(I), so the competitive ratio
of SEQ is at most 2k − 1. Again, this upper bound result extends to all metric spaces.
Furthermore, this bound is tight for any metric space which includes line(∞) as can be seen
by the same lower bound input instance for SDF (Figure 2).

Theorem 3.4. For the average completion time cost function, cSEQ = 2k − 1.

Proof. We bound SEQACT(I) by bounding the completion time of each client of I. For
1 ≤ i ≤ k, the completion time of client i is at most Di +

∑i−1
j=1 2Dj. This bound assumes a

worst-case scenario where the server must service client 1, return to its initial position, then
service client 2, return to its initial position, etc., before finally servicing client i. Thus, we
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obtain the following upper bound on SEQACT(I).

SEQACT(I) ≤
(

1

k

) ( ∑

1≤i≤k

[( ∑
1≤j<i

2Dj

)
+ Di

])

=

(
1

k

) (( ∑

1≤i≤k

∑
1≤j<i

2Dj

)
+

∑

1≤i≤k

Di

)

=

(
1

k

) (( ∑

1≤j≤k

∑

j<i≤k

2Dj

)
+

∑

1≤i≤k

Di

)

=

(
1

k

) ( ∑

1≤j≤k

(k − j)2Dj +
∑

1≤j≤k

Dj

)

=

(
1

k

) ( ∑

1≤j≤k

(2k − 2j + 1)Dj

)

≤
(

1

k

) ( ∑

1≤j≤k

(2k − 1)Dj

)

= (2k − 1)

(
D

k

)

From Fact 2.2 we can conclude

SEQACT(I) ≤ (2k − 1)OPT ACT(I)

Again, this upper bound holds for any metric space, and this bound is tight in any metric
space that includes line(∞) as can be seen by the same lower bound input instance for SDF
(Figure 3).

Theorem 3.5. On line(∞), cMP = 2k − 1 for the total distance cost function.

Proof. We define the outlying requests to be the rightmost and leftmost requests in the
system. On a line it is easy to see that MP will move the server towards the nearest
outlying request.

Because the server’s motion is determined only by the outlying requests, we will bound
MPD(I) by bounding the distance the server can move before the outlying requests change.
The outlying requests will change whenever an outlying request is serviced or a new request
appears that lies to the right or left of all other requests. Clearly this can only happen after
some request ri,j has been serviced. There are three cases to consider when there is a change
in the outlying request. The first case is that j < ni and ri,j+1 is the new outlying request.
The second case is j < ni and ri,j+1 is not the new outlying request. The third case is that
j = ni, that is ri,j is a terminal request.
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If ri,j+1 is the new outlying request, then the nearest outlying request is at most a distance
di,j from the server, and the server cannot move farther than di,j before the outlying requests
change. This is true because if the server moves a distance of di,j it will reach the nearest
outlying request, at which time the outlying requests will change. It is worth noting that
the server does not necessarily move towards ri,j+1.

If ri,j+1 is not the new outlying request, then ri,j must have been an outlying request,
and the server is now to the right or the left of all requests. Therefore the nearest outlying
request is the nearest request, and is at most a distance di,j from the server. As in the first
case, this means that the server cannot move farther than di,j before the outlying requests
change.

If j = ni, then the new outlying request can be any outstanding request. However the
nearest outlying request cannot be farther than δmax from the server, and the server cannot
move farther than δmax before the outlying requests change again.

Because changes in the outlying requests happen at most once for each request that is
serviced, the total cost from the first two cases is at most

∑k
i=1

∑ni−1
j=0 di,j =

∑k
i=1 Di. The

total cost from the third case is at most (k − 1)δmax. Therefore

MPD(I) ≤
k∑

i=1

Di + (k − 1)δmax

≤ kDmax + (k − 1)δmax

≤ (2k − 1)OPT D(I)

We show that this bound is tight by observing that MP will service the requests of the
input instance in Figure 2 in the same order that SDF would.

We do not have a similar upper bound proof for MP in an arbitrary metric space, but
we note that in an arbitrary general metric space, MP has to solve a Traveling Salesman
Problem of size k to determine each move. Given that MP can do no better than the 2k−1
ratio achievable by the simple SDF algorithm, it does not seem worthwhile to implement
this more complex algorithm.

Theorem 3.6. On line(∞), 2k − 1 ≤ cMP ≤ (k − 1)(2k − 1) for the average completion
time cost function.

Proof. When the cost function is total distance, the behavior of MP is determined only
by the distance between the server and the outlying requests. When the cost function
is average completion time, the number of requests on either side of the server is also a
factor. Consider the extreme case where the nearest request is dl units to the left of the
server, and the remaining k − 1 requests are dr units to the right of the server. The cost
of moving to the nearest request first is (kdl + (k − 1)(dl + dr))/k. The cost of moving to
the farther requests first is (kdr + (dl + dr))/k. If MP moves to the farther requests, then
(kdr + (dl + dr))/k ≤ (kdl + (k − 1)(dl + dr))/k. This implies that dr ≤ (k − 1)dl. It follows
that, on each move, MP will move at most k − 1 times as far as the the nearest request.
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We will use this fact and the argument used in the proof of Theorem 2.2 to conclude that
the average completion time of MP is at most (k− 1)(2k− 1) times the average completion
time of OPT .

Assume that the clients are labeled according to the order that MP will services their
last requests. If a move starts from request ri,j where j < nj, then the distance to the nearest
request is at most di,j. The distance that MP will move is at most (k − 1)di,j. Using an
argument similar to that in the proof of Theorem 2.2, we can prove an upper bound on the
cost of a move from request ri,ni

to the nearest request of (k−i
k

)(Di + mini<j≤k Dj). The cost
of the move from request ri,ni

incurred by MP is at most (k − 1) times this amount. The
average completion time of MP can be computed the same way as in Theorem 2.2, and the
upper bound follows.

The lower bound input instance is the same as the lower bound input instance for SDF
(Figure 3).

In Section 2 we showed that on line(∞) for the greedy algorithms SDF and SEQ, that
if the the cost function is total distance or average completion time, then cCF

A > 2k − 1 − ε
for all ε > 0. We can use the same arguments to show that on line(∆), cCF

A > 2k − 1 − ε
where ε is a function of ∆ and k.

Corollary 3.1. For the greedy algorithms SDFand SEQ on line(∆), cD
A ≥ 2k−1− 3k2−5k+2

∆+k−1

and cACT
A ≥ 2k − 1− 2k3+4k2−10k+4

2∆+k2+k−2
.

Proof. For total distance consider the input instance described in Figure 2. Let the server’s
initial position be k−1 instead of the origin and shift the positions of the requests accordingly.
For this instance, OPT D = ∆ + k − 1 and the total distance is:

AD = ∆ +

(
k−1∑
i=1

2(∆− k + i) + 1

)
= (2k − 1)OPT D − (3k2 − 5k + 2)

For average completion time consider the input instance described in Figure 3. Let
the server’s initial position be k − 1 and shift the positions of the requests accordingly.
OPT ACT = 2∆+k2+k−2

2k
and the average completion time is:

AACT = ∆− k + 1 +

(
k−1∑
i=1

2(∆− k + 1) + i

)
= (2k − 1)OPT ACT − (k3 + 2k2 − 5k + 2)

k

Finally, we consider the FCFS algorithm. The only upper bounds we have are trivial
upper bounds that apply to any algorithm which does not idle the server when requests
are available for service. Note by idling we include changing the server’s direction before
reaching an available request and moving the server away from all available requests. Our
lower bounds for the FCFS algorithm are derived from the same input instance used to
derive lower bounds for the EL algorithm.



39

Lemma 3.1. For any input instance I and any non-idling algorithm A on line(∆), cA ≤ k∆
for the total distance cost function.

Proof. For any non-idling algorithm A, AD(I) ≤ n(I)∆ ≤ knmax(I)∆. Because consecutive
requests of each client must be at least distance 1 apart, OPT D(I) ≥ nmax(I). Thus the
result follows.

Corollary 3.2. On line(∆), cD
FCFS ≤ k∆ and cACT

FCFS ≤ k2∆.

Proof. The total distance upper bound follows immediately from Lemma 3.1. The average
completion time upper bound follows from Lemma 3.1 and Fact 2.3.

Corollary 3.3. On line(∆), cD
FCFS ≥ ∆

2
and cACT

FCFS ≥ 2∆
3

.

Proof. Both lower bound results follow from observing that FCFS will service the requests
of the lower bound instance described in Theorem 3.1 in the same order that EL would.

4 Maximum response time on a Line

In this section we analyze the maximum response time cost function. We first prove a general
lower bound of of Ω( 3

√
∆) that applies to any algorithm which faces only two clients on

line(∆). This implies that no algorithm has a bounded competitive ratio on the continuous
line metric space, line(∞). We also show that several greedy algorithms such as SDF and
SEQ have unbounded competitive ratios, even on line(∆). Finally, we show that algorithms
such as EL and FCFS do have bounded competitive ratios on line(∆).

4.1 Lower Bounds

Theorem 4.1. On line(∆) for ∆ ≥ 20, no on-line algorithm is better than Ω( 3
√

∆)-competitive
for the maximum response time cost function, even when the input has only two clients.

Proof. Let m be the smallest integer such that m d√m e ≥ ∆/2 and m d√m e + m ≤ ∆.
From lemma A.3, m exists for ∆ ≥ 20. Our lower bound input uses the line segment
[−m d√m e ,m].

Our lower bound argument utilizes two symmetric input instances I1 and I2. In both I1

and I2, we will refer to the two clients as client A and client B, and we refer to the requests
from client A as ai and the requests from client B as bi.

In input I1, client A has a total of 3m− 1 requests. For 1 ≤ i ≤ m, ai is at point i. The
final 2m − 1 requests alternate between the origin and point m, starting and ending with
the origin. Client B has a total of m+ d√m e− 1 requests. For 1 ≤ i ≤ m, bi is at point −i.
For 1 ≤ i ≤ d√m e − 1, request bm+i is at point −(i + 1)m. Input instance I1 is depicted in
Figure 7. Input I2 is identical to input I1 except client A generates requests to the left of
the origin and client B generates requests to the right of the origin.
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−dm√me −2m −m −2 −1 1 2 m
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√

me−1 bm+1 bm b2 b1 a1 . . . am. . .

am+1

a3m−1 a3m−2

...
...

...

0

. . . a2

am+2

Figure 7: Lower bound input instance I1

The optimal offline solution for input instance I1 is as follows: the server moves right to
point m and then moves left to service one request of client B. This pattern is repeated m
times. Finally, the server moves left to point −m d√m e. For input instance I2, the server
does the same pattern of movement but moves left in place of moving right and vice versa.
It is easy to verify that OPT (I1) = OPT (I2) = 4m−1 (request bm). The arrows in Figure 7
depict the server’s movement for input I1.

We now show that for any on-line algorithm A, max(A(I1),A(I2)) ≥ 2m
√

m. An on-line
algorithm A cannot determine if an input instance is I1 or I2 until the server reaches point
m or point −m. Without loss of generality, we assume A’s server reaches point −m before
point m in which case the adversary chooses the input instance to be I1 with client A on the
right side of the origin. Thus request bm is serviced before request am.

There are now two possibilities forA. Either the final request of client B is serviced before
the final request of client A or vice versa. In the first case, since all requests from A are at
or to the right of the origin, then there must be a time, between servicing two consecutive
requests from A (or before servicing the first one), when the server moves from the origin
to point −m d√m e and back to the origin. Thus, in this case, the maximum response
time is at least 2m d√m e ≥ 2m

√
m. In the second case, note the server is currently at

point −m before request am has been serviced. Therefore, finishing client A will require the
server to make m trips from the origin to point m and back. Furthermore, there are only
d√m e − 1 <

√
m requests of client B left to be serviced. Since client A finishes before

client B, this means there must be some request of client B which must wait while the server
makes at least

√
m trips from the origin to point m and back to the origin. Thus, in this

case, the maximum response time again is at least 2m
√

m. Thus, A(I1) ≥ 2m
√

m.
Combining these results, we get a lower bound on the competitive ratio of any on-line

algorithm of 2m
√

m
4m−1

>
√

m
2

. The theorem follows from observing that from the choice of m,

2(m− 1)
⌈√

m− 1
⌉

< ∆ ≤ 2m d√m e, i.e., ∆ = Ω(
√

m
3
).

On the continuous line metric space line(∞), this result improves as follows.
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Corollary 4.1. On line(∞), no on-line algorithm is better than Ω(
√

nmax(I))-competitive
for the maximum response time cost function, even when the input has only 2 clients. Thus,
no on-line algorithm is competitive on line(∞) for the maximum response time cost function.

Proof. On line(∞), we can embed input instance I1 and I2 of the proof of Theorem 4.1 for
arbitrarily large values of m. The specific value of the lower bound follows from observing
that nmax(I1) = nmax(I2) = 3m− 1.

4.2 Analysis of Disk Scheduling Algorithms.

Because of Corollary 4.1, we restrict our attention to the line(∆) metric space for the rest
of this section.

Theorem 4.2. On line(∆), cSDF and cSEQ are unbounded for the maximum response time
cost function, even when the input has only two clients.

Proof. Consider the following input instance I where k = 2. The second client generates a
single request at point d > 2 and the first client generates a sequence of 2n requests that
alternate between points 0 and 1. Assuming the server is initially at position 0, the SDF
algorithm will service all of the first client’s requests before servicing the second client’s
request. Therefore SDF(I) = 2n + d. Meanwhile, OPT (I) = 2d − 1. Since n can be
arbitrarily large, the competitive ratio can be unbounded. The same example results in an
unbounded competitive ratio for the SEQ algorithm.

In order to analyze the remaining algorithms, it is helpful to make the following obser-
vation. A trivial input instance is one in which all of the requests are located at the server’s
original position. Clearly any algorithm can serve this instance with a maximum response
time of 0. For all other input instances, the cost of any algorithm is at least 1. In particular,
for any non-trivial input instance I, OPT (I) ≥ 1.

Theorem 4.3. On line(∆), 2∆−1
3

≤ cEL ≤ 2∆ − 1 for the maximum response time cost
function.

Proof. Clearly, the longest any request must wait to be served by EL is 2∆ − 1. This case
can happen if a new request appears on an endpoint of the line just after the server has left
that endpoint. Combining this with the fact that OPT (I) ≥ 1, it follows that cEL ≤ 2∆−1.

For the lower bound, consider the two client input instance I in Figure 8. Assuming that
the server is at position 1 and going to the right, EL(I) = 2∆− 1. Meanwhile OPT (I) = 3
and the result follows. Note, this configuration can be reached even if we assume the server
starts in the middle of the line. For example, if the server starts at position ∆/2, we place
the ith request of both clients at position ∆/2− i for 1 ≤ i ≤ ∆/2 and the ∆/2 + 1st request
of both clients at position 1. After servicing these requests, the server will be at position 1
and moving to the right, so the lower bound example applies.
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r2,1 r1,1 r1,2 r1,3 r1,4−1· · ·r1,4 r1,5

0 1 2 3 4 5 6 4

Figure 8: Worst Case Input for EL

Corollary 4.2. On line(∆), cMP ≥
(

2∆−1
3

)
for the maximum response time cost function.

Proof. The lower bound input instance is the same as the one depicted in Figure 8 assuming
that ties are broken to MP ’s detriment. If we wish to eliminate ties, then we can alter the
input instance slightly by having the server begin at position 2, the first request of client 2
is still at position 0, and the ith request of client 1 is at position i + 2 for 1 ≤ i ≤ ∆ − 2
resulting in a lower bound of

(
2∆−2

5

)
.

Theorem 4.4. On line(∆), max(Ω(min(k, ∆)), Ω(
√

∆)) ≤ cFCFS ≤ k∆ for the maximum
response time cost function.

Proof. We first show that FCFS(I) ≤ k∆. This follows from observing that the FCFS
server will, at the latest, prioritize a request r after prioritizing the k − 1 requests of other
clients that are available when request r arrives. Furthermore, once a request is prioritized,
it will take at most ∆ time to service it. Therefore cFCFS ≤ k∆.

To see the lower bound of Ω(min(k, ∆)), consider the input instance I illustrated in
Figure 9. Without loss of generality, we assume that k and ∆ are even and that k ≤
∆. The clients are numbered according to the priority assigned to them by FCFS. The
single requests for odd numbered clients are located at positions 0 through k

2
− 1 starting

at position k
2
− 1, and the single requests for even numbered clients are located at positions

∆− k
2
+1 through ∆ starting at position ∆− k

2
+1. Clearly, FCFS(I) = Ω(k∆). Meanwhile,

OPT (I) = 3∆/2. Thus, the result follows. Note this lower bound input instance generalizes

r3,1 r1,1 r2,1 r4,1. . .rk−1,1 . . . rk,1

Figure 9: Ω(k) Lower Bound Instance for FCFS

to clients with more than 1 request. For example, the first n requests of all clients could
oscillate between the two middle points with the final requests as in the figure.

To see the lower bound of Ω(
√

∆), consider the input instance I illustrated in Figure 10
with 2 clients. Let n1 = m and n2 = 2m− 1. The ith request of client 1, r1,i, is at position
2 + (i − 1)y for 1 ≤ i ≤ m. Choose y and m such that 2 + (m − 1)y = ∆ so that the
mth request of client 1, r1,m, is at position ∆. The requests from client 2 alternate between
position 0 and position 1 starting at position 0.
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r2,2n r1,1 r1,3 · · ·

0 1 2 2+y 2+2y

r2,2n+1

2+(m-1)y

r1,mr1,2

Figure 10: Ω(
√

∆) Lower Bound Instance for FCFS

Assume without loss of generality that FCFS initially services the first request of client
1 (otherwise we simply add 2 more requests to client 2). FCFS will behave as follows. Each
time the server moves left, it is to service a client 2 request at position 0. It will then move
right to pick up the next request of client 1, picking up one request of client 2 at position 1
for free. The maximum response time is the response time for the last request from client
2, which is 2∆− 1. Therefore FCFS(I) = 2∆− 1. The optimal solution is to service all of
the requests from client 2 first, so OPT (I) = max(2m + 1, y). Thus the competitive ratio
of FCFS on this input instance is

2∆− 1

max(2m + 1, y)

If we choose y = 2m + 1 and remember the fact that 2 + (m − 1)y = ∆, it follows that
cFCFS = Ω(

√
∆).

5 The k-client problem with non-zero processing times

Prior to this section, we have assumed that client requests can be processed in zero time.
In this section, we consider what effects non-zero processing times have on this problem.
We make the following assumptions about the processing of requests. First, we assume a
non-preemptive environment. Once the server begins processing a request, it cannot stop
until the request is completely processed. Second, we assume a nonclairvoyant model where
the server does not know the processing time of a request until that request is completed.
Finally, we assume that client requests cannot be processed in parallel, even if they are
located at the same position.

Since we have processing times, we define a new cost function, maximum completion
time. Without processing times, maximum completion time and total distance are identical
assuming the server never idles unnecessarily. However, with processing times, these two cost
functions are different, and maximum completion time is more relevant. In this section, we
primarily focus on the maximum completion time and average completion time cost functions
and mostly ignore the total distance cost function as processing times have no effect on the
distance the server has moved.

Our main conclusions are the following. If an algorithm A does not skip over requests,
and if A is c-competitive for the maximum completion time cost function where c ≥ k when
there are no processing times, then A will be no worse than c-competitive for the maximum
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completion time cost function when there are non-zero processing times. The same is also
true of the average completion time cost function. One interesting point is that the FCFS
algorithm becomes easier to analyze since it will no longer pick up intermediate requests for
free. We take advantage of this by proving some strong lower bounds on the performance of
the FCFS algorithm.

5.1 Definitions and Notation

Let I be an input instance of the k-client problem with non-zero processing times.

• Let xi,j ≥ 0 denote the processing time of request ri,j ∈ I.

• Let xmax = max1≤i≤k,0≤j≤ni
xi,j, the maximum processing time of any request.

• Let Xi(I) =
∑ni

j=0 xi,j, the time required just to process all the requests of client i,

• Let X(I) =
∑k

i=1 Xi(I), the time required to process all requests of all k clients.

• Let Xmax(I) = max1≤i≤k Xi(I).

• Let ti,j = di,j−1 + xi,j, the minimum time required to process request ri,j once request
ri,j−1 has been completed for 1 ≤ j ≤ ni.

• Let tmax(I) = max1≤i≤k,0≤j≤ni
ti,j.

• Let Ti(I) =
∑ni

j=0 ti,j = Di(I)+Xi(I). This term represents the minimum time required
to service client i (ignoring all other clients).

• Let Tmax(I) = max1≤i≤k Ti(I)

• Let T (I) =
∑k

i=1 Ti(I) = D(I) + X(I).

• Let I0 be the equivalent input instance where xi,j = 0 for all i, j. That is, I0 is the
equivalent input instance for the basic k-client problem.

We will typically omit I when the input instance referred to by I is not ambiguous.
Consider any algorithm A for the k-client problem with non-zero processing times and

cost function CF. We let cCF
A denote the competitive ratio of algorithm A for the basic

k-client problem for cost function CF with all processing times equal to 0; that is, cCF
A =

supI0
ACF(I0)

OPT CF(I0)
. We then define cCF

p,A to be the competitive ratio of algorithmA for the k-client

problem with non-zero processing times for cost function CF; that is, cCF
p,A = supI

ACF(I)

OPT CF(I)
.

When the cost function is not ambiguous, we will drop the CF superscript.
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5.2 Maximum Completion Time cost function

We first observe that we can divide the time spent by any algorithm A into two components:
times when the server is moving and times when the server is stationary and processing a
request. This is captured in the following fact.

Fact 5.1. For all algorithms A and all input instances I, AT (I) = AD(I) + X(I).

We define a non-skipping algorithm to be an algorithm which always processes a request
it is in position to serve; that is, it never skips over a request and leaves it unprocessed.
The algorithms SDF , EL, and the optimal maximum completion time algorithm are non-
skipping algorithms, whereas SEQ and FCFS are not non-skipping algorithms. We observe
the following fact about AD(I) for any non-skipping algorithm A.

Fact 5.2. For all non-skipping algorithms A and all input instances I, AD(I) = AD(I0).

This leads us to the following conclusion about cp,A for any non-skipping algorithm A.

Theorem 5.1. For all non-skipping algorithms A cT
p,A ≤ cD

A.

Proof. For any input instance I, use Fact 5.1 and Fact 5.2 to conclude that that AT (I) =
AD(I0) + X(I) and OPT T (I) = OPT D(I0) + X(I). Thus, for all input instances I,
AT (I)

OPT T (I)
= AD(I0)+X(I)

OPT D(I0)+X(I)
≤ AD(I0)

OPT D(I0)
since X(I) ≥ 0 and AD(I0) ≥ OPT D(I0). Thus

the result follows.

Corollary 5.1. The SDF algorithm is (2k − 1)-competitive for the maximum completion
time cost function, even when non-zero processing times are allowed.

In analyzing specific skipping algorithms, we see that the competitive ratio of the SEQ
algorithm, cp,SEQ, is still 2k−1 whereas the competitive ratio of the FCFS algorithm, cp,FCFS ,
is much worse depending on our assumptions about the relationship between distances and
processing costs.

Theorem 5.2. The SEQ algorithm is (2k − 1)-competitive for the maximum completion
time cost function, even when non-zero processing times are allowed.

Proof. The proof is essentially identical to the proof of Theorem 3.3 replacing Di with Ti.

Theorem 5.3. There exists an input instance I on line(∆) with only 2 clients where
FCFSD(I)

OPT D(I)
and FCFST (I)

OPT T (I)
are unbounded given that consecutive requests of a client may be

located in the same position and our restriction that requests cannot be serviced in parallel.

Proof. Consider an input instance I on line(∆) with two clients where each client has n
requests. Request r1,i for 1 ≤ i ≤ n is located at position 1 while request r2,i for 1 ≤ i ≤ n
is located at position ∆. Furthermore, xi,j = ε for 1 ≤ i ≤ 2 and 1 ≤ j ≤ n. Note FCFS
will process I alternating service between the 2 clients. Thus, FCFSD(I) = 2n∆ while
OPT D(I) = ∆. Since n can be arbitrarily large, the total distance cost function result
follows. If we consider the maximum completion time cost function, we have OPT T (I) =
∆ + 2nε whereas FCFST (I) = 2n∆ + 2nε. Since ε can be chosen so that 2nε = ∆ where n
can be arbitrarily large, the maximum completion time cost function result follows.
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Finally, because of Fact 5.1 and the existence of non-skipping algorithms, we cannot
improve our lower bound argument using input instances where requests have non-zero pro-
cessing times. That is, if we consider adversary strategies which utilize some input instances
{Ii} with non-zero processing times to derive a lower bound, we can derive the same lower
bound by replacing input instances {Ii} with input instances {I0

i }.

5.3 Average Completion Time cost function

We now consider the average completion time cost function. We again will analyze algorithms
by breaking down time into two components: those times when the server is moving and
those times when the server is processing a request. Let AACT

m (I) denote the component
of AACT(I) that corresponds to times when the server is moving and AACT

x (I) denote the
component of AACT(I) that corresponds to times when the server is processing a request.
By definition then, we have the following fact.

Fact 5.3. For all algorithms A and all input instances I, AACT(I) = AACT
m (I) +AACT

x (I).

We first observe the following bounds on AACT
x (I) for any algorithm A.

Fact 5.4. For all algorithms A and all input instances I, X(I)
k
≤ AACT

x (I) ≤ X(I).

We then observe the following for any non-skipping algorithm A.

Fact 5.5. AACT
m (I) = AACT(I0).

We also observe the following fact for OPT , the optimal average completion time algo-
rithm. Note that the optimal average completion time algorithm may actually be a skipping
algorithm and may be different than the optimal maximum completion time algorithm.

Fact 5.6. OPT ACT
m (I) ≥ OPT ACT(I0).

Putting together the previous series of facts, we can conclude the following.

Theorem 5.4. For any non-skipping algorithm A with a competitive ratio without processing
times cA ≥ k for the average completion time cost function, its competitive ratio cp,A with
non-zero processing times for the average completion time cost function is equal to cA.

Proof. For any input instance I, using Facts 5.3, 5.4, and 5.5 we find the following upper
bound on AACT(I).

AACT(I) = AACT
m (I) +AACT

x (I)

= AACT(I0) +AACT
x (I)

≤ cAOPT ACT(I0) + X(I)
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Using Facts 5.3, 5.4, and 5.6, we find the following lower bound on OPT ACT(I).

OPT ACT(I) = OPT ACT
m (I) +OPT ACT

x (I)

≥ OPT ACT(I0) +
X(I)

k

Clearly if cA ≥ k, then AACT(I)

OPT ACT(I)
≤ cA for all input instances I, and the result follows..

Corollary 5.2. The SDF algorithm is (2k−1)-competitive for the average completion time
cost function, even when non-zero processing times are allowed.

Theorem 5.5. The SEQ algorithm is (2k − 1)-competitive for the average completion time
cost function, even when non-zero processing times are allowed.

Proof. The proof is essentially identical to the proof of Theorem 3.4 replacing Di with Ti.

Corollary 5.3. There exists an input instance I on line(∞) with only 2 clients where
FCFSACT(I)

OPT ACT(I)
is unbounded given that consecutive requests of a client may be located in the

same position and our restriction that requests cannot be serviced in parallel.

Proof. The result follows from considering the same input instance I used in Theorem 5.3.

When considering the maximum completion time cost function, we could not prove a
better lower bound with non-zero processing times. However, the situation is quite different
with the average completion time cost function. We can prove a much stronger lower bound
than we were able to in the zero processing time setting.

Theorem 5.6. For any on-line algorithm A, cACT
p,A ≥ k.

Proof. Suppose all k clients have only a single request located at the original server position
where the request of one client has length n and the other k − 1 requests have length 1.
We can assume the on-line algorithm A first processes the request of length n. Since we
have assumed a non-preemptive scheduling model, this request must be completely processed
before any of the other requests begin. Thus, AACT(I) > kn whereas OPT first processes
the k− 1 requests of length 1 so OPT ACT(I) ≤ k2 +n. Since n can be arbitrarily large, cp,A
asymptotically approaches k.

6 Multiple Servers

We now consider the k-client l-server problem where there are l servers instead of only a
single server. We consider two models. In the first model, all servers reside in the same metric
space, and any server can service any request. This model is the natural generalization of
the classic l-server problem to include multiple clients. We also consider the case where the
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servers reside in separate metric spaces and client requests can appear in any metric space.
This model is suitable for modeling a multiple surface disk system where each head can serve
a single surface.

Our main result is a general technique for combining any algorithm for the l-server prob-
lem with the k-client SEQ algorithm to produce a competitive k-client l-server algorithm.
This result applies to both multiple server models. Note, we return to assuming that all
requests have zero processing time and thus can be serviced for free. With respect to lower
bounds, we cannot prove any better lower bounds for this generalized problem than simply
those which hold for the k-client problem and the l-server problem.

6.1 The Total Distance and Maximum Completion Time cost func-
tions with multiple servers

In this multiple server context, as in the non-zero processing time context, the total distance
cost function and the maximum completion time cost function are not equivalent. The total
distance function corresponds to the sum of the distances moved by each of the l servers.
On the other hand, the maximum completion time cost function corresponds to the time
required to process all k clients. These may differ in the multiple server setting because more
than one server may be moving at the same time.

The following lemmas capture useful relationships between the performance of algorithms
with respect to the maximum completion time and total distance cost functions.

Lemma 6.1. For any algorithm A and any input instance I,

AT (I) ≤ AD(I) ≤ lAT (I)

Proof. The lower bound follows from the observation that no time elapses unless at least
one of the servers is moving. The upper bound follows from the fact that at most l servers
can be moving at any time. Again, we are assuming that there is at least one request in the
system at all times until all requests have been serviced and that the algorithm never idles
all its servers when outstanding requests exist.

Lemma 6.2. Any algorithm A that is a strongly c-competitive algorithm with respect to the
total distance cost function is at worst lc-competitive and at best 1

l
c-competitive with respect

to the maximum completion time cost function.

Proof. The upper bound result, cT
A ≤ lcD

A, follows from applying Lemma 6.1 to observe that
for any input instance I, AT (I) ≤ AD(I) and lOPT T (I) ≥ OPT D(I). The lower bound
result, cT

A ≥ 1
l
cD
A, follows from applying Lemma 6.1 to observe that for any input instance I,

lAT (I) ≥ AD(I) and OPT T (I) ≤ OPT D(I).
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6.2 The A-SEQ Algorithm

We now describe how we compose any competitive algorithm A for the l-server with the
SEQ k-client algorithm to produce A-SEQ, a competitive algorithm for the k-client l-server
algorithm.

Definition 6.1. The A-SEQ algorithm arbitrarily orders the clients from 1 to k and devotes
all l servers to servicing the current client using the l-server algorithm A.

For analysis purposes, we assume all l servers move back to their initial positions imme-
diately after each client has been completely served. We derive the following results on the
competitive ratio of A-SEQ for the total distance cost function.

Theorem 6.1. If A is c-competitive for the l-server problem, then A-SEQ is (2k − 1)c-
competitive for the k-client l-server problem for the total distance cost function.

Proof. For any input instance I, let the clients be numbered according to the order that
A-SEQ prioritizes them. Furthermore, remember that Ii is the set of requests of client i for
1 ≤ i ≤ k.

We first observe thatA-SEQD(I) ≤ AD(Ik)+
∑k−1

i=1 2AD(Ii) =
∑k

i=1AD(Ii)+
∑k−1

i=1 AD(Ii).
This follows from noting that the cost for A-SEQ to return the servers to their initial posi-
tions after completing client i for 1 ≤ i ≤ k − 1 is at most AD(Ii).

We next observe that AD(Ii) ≤ cOPT D(Ii) = cDi(I) ≤ cDmax(I) for 1 ≤ i ≤ k. This
follows from the fact that A is c-competitive for the l-server problem and the definitions of
Di(I) for 1 ≤ i ≤ k and Dmax(I).

Combining the two previous observations, we get A-SEQD(I) ≤ (2k−1)cDmax(I). Since
OPT D(I) ≥ Dmax(I), the result follows.

Corollary 6.1. If A is c-competitive for the l-server problem, then A-SEQ is (2k − 1)lc-
competitive for the k-client l-server problem for the maximum completion time cost function.

Proof. This follows immediately from Theorem 6.1 and Lemma 6.2.

Theorem 6.2. If A is c-competitive for the l-server problem, then A-SEQ is (2k − 1)lc-
competitive for the k-client l-server problem for the average completion time cost function.

Proof. For any input instance I, we assume the clients are numbered according to the order
in which A-SEQ prioritizes them.

We first observe that the completion time of client i is at most 2
∑i−1

j=1AD(Ij) +AD(Ii)

for 1 ≤ i ≤ k. We next observe that AD(Ii) ≤ cOPT D(Ii) = cDi(I) for 1 ≤ i ≤ k. This
follows from the fact that A is c-competitive for the l-server problem and the definition of
Di(I) for 1 ≤ i ≤ k. Combining the previous two observations, we obtain the fact that the

completion time of client i is at most c
(
2
∑i−1

j=1 Dj(I) + Di(I)
)
.
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Thus, we derive the following upper bound on A-SEQACT(I).

A-SEQACT(I) ≤
(

1

k

) k∑
i=1

c

(
2

i−1∑
j=1

Dj(I) + Di(I)

)

≤
(

1

k

)
c

k∑
i=1

(2k − 2i + 1)Di(I)

≤
(

1

k

)
c

k∑
i=1

(2k − 1)Di(I)

≤ c(2k − 1)

(
1

k

) k∑
i=1

Di(I)

= c(2k − 1)

(
D(I)

k

)

Meanwhile, the optimal algorithm cannot complete the requests of client i sooner than
OPT T (Ii) ≥ Di(I)

l
for 1 ≤ i ≤ k. Therefore

OPT ACT(I) ≥
(

1

k

) k∑
i=1

Di(I)

l
=

(
1

l

)(
D(I)

k

)
.

Combining the upper bound on A-SEQACT(I) and the lower bound on OPT ACT(I) leads
to the result.

6.3 Implications

We first apply the above results to the work function algorithm which is (2l−1)-competitive
for the l-server problem [21].

Corollary 6.2. For the k-client l-server problem, the work function-SEQ algorithm is (2k−
1)(2l−1)-competitive for the total distance cost function, (2k−1)(2l−1)l-competitive for the
maximum completion time cost function, and (2k − 1)(2l − 1)l-competitive for the average
completion time cost function.

Proof. This result follows from the result of [21], Theorems 6.1 and 6.2, and Corollary 6.1.

We now consider the problem where there are l distinct metric spaces, each containing
a single server. Any request of any client can appear in any metric space. Figure 11 is a
possible input sequence for 4 clients and 3 servers.

We define the SEQ algorithm for the k-client l-server problem with l separate metric
spaces to be the simple generalization of the SEQ algorithm for the k-client problem in a
single metric space where a server does not move unless a request from the current client is
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r3,1

r1,2

r3,2

r2,1

r1,1

r2,2

r4,1

r4,2

Figure 11: Multiple Servers in Separate Metric Spaces

in its metric space. Again, for analysis purposes, we assume that the servers move back to
their initial positions whenever the current client has been completely processed.

Lemma 6.3. For the total distance cost function, the SEQ algorithm is optimal for the
1-client l-server problem with l separate metric spaces.

Proof. The key observation is that at any time, there is only one request in the system,
and only one server can service that request. Since a server does not move when there are
no requests in its metric space, that server will move no more than it must to service the
client.

This lemma and the results from the previous subsections leads to the following corollary.

Corollary 6.3. For the k-client l-server problem with l separate metric spaces, the SEQ
algorithm is (2k − 1)-competitive for the total distance cost function, (2k − 1)l-competitive
for the maximum completion time cost function, and (2k − 1)l-competitive for the average
completion time cost function.

Proof. This follows from Lemmas 6.3, Theorems 6.1 and 6.2, and Corollary 6.1.

7 Conclusion

We have defined the k-client problem to model multi-threaded systems where multiple pro-
cesses compete for scarce system resources. When we restrict our attention to the line metric
space, this problem models the disk scheduling problem in a multi-threaded environment.
We have tight results on the performance of many commonly studied disk scheduling algo-
rithms which help explain why elevator type algorithms perform well in practice, particularly
when the system is heavily loaded. Our results are essentially identical for the total distance,
maximum completion time, and average completion time cost functions. Several open prob-
lems remain including closing the gap between the 2k− 1 upper bound and the lg k

2
+1 lower

bound for the total distance and average completion time cost functions when k ≥ 3.
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A Appendix

Definition A.1. B(n) is the set of non-negative integers such that
∑

b∈B(n) 2b = n.

Lemma A.1.
∑

b∈B(n) 2b(b′ − b) < n where b′ = max B(n).

Proof. Let Bn = |B(n)|, and let b1 < b2 < ... < bBn be the elements of B(n).

∑

b∈B(n)

2b(b′ − b) =
∑

1≤i≤Bn

2bi(bBn − bi)

=
∑

1≤i≤Bn−1

2bi(bBn − bi)

=
∑

1≤i≤Bn−1

2bi

∑
i+1≤j≤Bn

(bj − bj−1)

=
∑

1≤i≤Bn−1

∑
i+1≤j≤Bn

2bi(bj − bj−1)

=
∑

1≤i<j≤Bn

2bi(bj − bj−1)

=
∑

2≤j≤Bn

∑
1≤i≤j−1

2bi(bj − bj−1)

≤
∑

2≤j≤Bn

∑
1≤i≤j−1

2bi2(bj−bj−1−1) because x ≤ 2x−1 for all integers x

=
∑

2≤j≤Bn

∑
1≤i≤j−1

2bj+bi−bj−1−1

=
∑

2≤j≤Bn

(
2bj · 2−(bj−1+1) ·

∑
1≤i≤j−1

2bi

)
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<
∑

2≤j≤Bn

2bj · 2−(bj−1+1) · 2bj−1+1

=
∑

2≤j≤Bn

2bj

<
∑

1≤j≤Bn

2bj

=
∑

b∈B(n)

2b

= n

Lemma A.2. n lg n <
∑

b∈B(n) 2b(b + 2) ≤ n lg n + 2n.

Proof.

n lg n = (
∑

b∈B(n)

2b)(lg
∑

b∈B(n)

2b)

< (
∑

b∈B(n)

2b)(lg 2b′+1) where b′ = max B(n)

=
∑

b∈B(n)

2b(b′ + 1)

=
∑

b∈B(n)

2b(b + 1 + b′ − b)

=
∑

b∈B(n)

2b(b + 1) +
∑

b∈B(n)

2b(b′ − b)

<
∑

b∈B(n)

2b(b + 1) +
∑

b∈B(n)

2b by Lemma A.1

=
∑

b∈B(n)

2b(b + 2)

∑

b∈B(n)

2b(b + 2) ≤
∑

b∈B(n)

2b(b′ + 2) where b′ = max B(n)

= (b′ + 2)
∑

b∈B(n)

2b

= (b′ + 2)n

≤ (lg n + 2)n because 2b′ ≤
∑

b∈B(n)

2b = n

= n lg n + 2n
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Lemma A.3. For any integer ∆ ≥ 20, there exists an integer m such that g(m) ≤ ∆ ≤
2f(m) where f(m) = m d√m e and g(m) = m d√m e+ m.

Proof. First, observe that g(5) = 20 < 30 = 2f(5). Given an integer ∆ ≥ 20, let y be the
real number such that 2f(y) = ∆. Let m = dye. If we can show that g(x + 1) ≤ 2f(x) for
all real x ≥ 5, then g(m) = g(dye) ≤ g(y + 1) ≤ 2f(y) = ∆ = 2f(y) ≤ 2f(dye) ≤ 2f(m)
for all ∆ ≥ 20, and the result follows. It remains to show that g(x + 1) ≤ 2f(x) for all real
x ≥ 5.

g(x + 1)

f(x)
=

(x + 1)(
⌈√

x + 1
⌉

+ 1)

x d√x e

≤
(

1 +
1

x

) ⌈√
x + 1

⌉
+ 1

d√x e
≤

(
1 +

1

x

) (
1 +

1

d√x e +
1

d√x e
)

≤
(

1 +
1

5

) (
1 +

2⌈√
5

⌉
)

for x ≥ 5

=

(
1 +

1

5

)(
1 +

2

3

)
= 2

where the second inequality follows from the following.
For all x > 0,

x + 1 ≤ x + 2
√

x + 1√
x + 1 ≤ √

x + 1⌈√
x + 1

⌉
≤ ⌈√

x
⌉

+ 1
⌈√

x + 1
⌉

d√x e ≤ 1 +
1

d√x e .


