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Abstract

We consider the setting of a web server that receives requests for documents from clients, and
returns the requested documents over a multicast/broadcast channel. We compare the quality of
service (QoS) obtainable by optimal schedules under various models of the capabilities of the server
and the clients to send and receive segments of a document out of order. We show that allowing the
server to send segments out of order does not improve any reasonable QoS measure. However, the
ability of the clients to receive data out of order can drastically improve the achievable QoS under

some, but not all, reasonable/common QoS measures.

1 Introduction

We consider the setting of a web server that receives requests for documents from clients, and returns
the requested documents over a multicast/broadcast channel. Such a setting might arise for several
reasons. The server and the client may be on the same local area network, or wireless network,
where broadcasting is the basic form of communication. Or the the server may be using multicast
communication to provide better scalability. For example, to provide scalable data service the Hughes
DirecPC system[5] uses a broadcast satellite system and Digital Fountain [4] uses IP-multicast. If
multiple clients request the same document at approximately the same time, the server may aggregate
these requests, and multicast the document only once. One would expect that the ability to aggregate
requests would improve Quality of Service (QoS) for the same reason that proxy caches improve QoS,
that is, it is common for different users to make requests to the same document.

We formalize this problem in the following manner. (There is a concrete example instance in
next subsection that illustrates some of these concepts.) Request R;, 1 < i < n, is for document
Dyiy = Dj, 1 < j < m. We assume that at some level, say at the transport layer, the document
Dj is partitioned into p; equal sized segments. We assume that the transport layer can transmit one
segment from the server to all the clients in one unit of time. We assume that request R; is made by

a client, and immediately communicated to the server, at some time r;. The completion time C;(S)
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for this request in a schedule S is the earliest time that all of the segments of D; have arrived at the
requesting client after time r;.

There are two standard QoS measures for request R; in a schedule S. The flow time, or equiv-
alently user perceived latency, for this request is F;(S) = C;(S) — r;. The stretch for this request
is ST;(S) = F;(S)/p;. The motivation for considering stretch is that a human user may have some
feeling for the size of the requested document (for example the user may know that video documents
are generally larger than text documents) and may be willing to tolerate a larger response time for
larger documents. Usually the QoS measures for the requests are combined using an [, norm to get
a QoS measure for the collection of requests. The [, norm of the flow times for a particular schedule
Sis FP(9) = (30, Fip)l/p7 where 1 < p < oco. The most commonly used measure of system per-
formance is F'(1)(S)/n, the average flow time. Also of particular interest is F(°°)(S), the maximum
flow time. The [, norms for stretch, the average/total stretch, and maximum stretch are defined
similarly, and are denoted by ST®)(S), ST(M(S), ST(>)(S), respectively. When the schedule S is
understood we will drop it from our notation.

In the multicast pull setting, a new client might request a document in the middle of the server’s
transmission of that document to some other clients. Thus potentially this new client could buffer
the end of the document at the transport layer. For example, TCP buffers out of order segments.
In this case, after finishing the initial transmission of the document, the server need only retransmit
the start of the document to satisfy the request of the new client. It is obvious that such client-side
buffering can improve the QoS provided by the system.

However, this client buffering of the document may be difficult or impossible for the client to
accomplish. One example is the Go-Back-N recovery method that is implemented in the HDLC
protocol [12]; In Go-Back-N the receiver discards out of order packets in order to simplify its respon-
sibilities. In the HTTP protocol the client could not generally buffer the end of a broadcast because
the identification of the content of the broadcast is in the header. We assume that the client-side
transport layer guarantees in order delivery of segments to the application layer. When the client-side
transport layer receives a segment, it may either discard the segment, or pass up to the application
layer this segment along with any buffered segments that do not violate the transport layer’s in order
guarantee. There seem to be three natural models of client-side buffering, which we list from least

powerful to most powerful:

no buffering: When the client transport layer receives a segment, it must either immediately pass

the segment up to the application layer, or discard the segment.

cyclic buffering: When the client transport layer receives a segment while its buffer is empty, it
may buffer the segment. When the client transport layer receives segment k of a document

while its buffer is not empty, it may buffer the segment if segment £ — 1 mod p; is also buffered.

arbitrary buffering: When the client transport layer receives a segment, it may buffer the segment.

For the no buffering and arbitrary buffering models, the best algorithm on a client is fixed. If
a client cannot buffer, the best algorithm on the client is to discard all segments until it receives
segment 1, which it can then pass the segment up to the application layer. After segment ¢ has been
passed up to the application layer, it must discard all segments until it receives segment i + 1, and
so on. If a client can buffer arbitrarily, the best algorithm on the client is to buffer all segments of
the requested document that it receives. If a client can buffer cyclically, the best algorithm on the
client is unclear; it depends on the server model and/or server algorithm. After a client buffers a

segment of a document, the sequence of segments that the client can buffer become fixed. Thus, a



client may choose not to buffer a segment when its buffer is empty in the hope that a later sequence
of segments may satisfy the request faster.

In principle a server could transmit any segment of a document at any point of time. In practice,
a server that transmits documents sequentially would be easier to implement, have less overhead, and
thus have higher throughput. In the traditional unicast setting, where the server can not aggregate
responses, it is easy to see that the ability to transmit a document in an arbitrary order would not
improve any reasonable QoS measure. In the multicast setting, it is not at all clear whether the
ability of the server to transmit segments out of order can improve some reasonable QoS measure.
There seem to be three natural models of server-side transmission ordering, which we list from least

powerful to most powerful:

cyclic server ordering: The first segment of a document that the server sends must be the first
segment of that document. If the last segment of a document that the server sent was segment

i, then the next segment of this document that the server sends must be (i + 1) mod p;.

cyclic ordering with restart The first segment that the server sends must be the first segment
of the document. If the last segment sent was segment ¢, then the next segment must be
either segment (¢ + 1) mod p; or the first segment. That is, the server may restart sending the

document again, say if many new requests arrived for the document.

arbitrary server ordering: The server may send any segment at any time.

There is no obvious choice of the “right” model of server-side transmission ordering and client-side
buffering. Different models are appropriate under different settings, and researchers have analyzed al-
gorithms for multicast pull scheduling in various models. For example, in [3] it is stated without proof
that the server scheduling algorithm algorithm First-Come-First-Served (FCFS) is O(1)-competitive
for the objective function of minimizing the maximum flow time, under the assumption of cyclic
server ordering and cyclic client buffering. As another example, in [6] it was shown that the server
scheduling algorithm BEQUI, which broadcasts each document at a rate proportional to the num-
ber of requests for that document, is an O(1)-speed O(1)-approximation algorithm for average flow
time assuming no client-side buffering and cyclic server-side order. In this context, an s-speed c-
approzimation algorithm A has the property that for all inputs, the value of the objective function of
the schedule that A produces with speed s processors is at most ¢ times the optimal value of the ob-
jective function for speed 1 processors [9, 13]. Intuitively an O(1)-speed O(1)-competitive algorithm

is guaranteed to perform well if the system is not too heavily loaded.

1.1 An Example Instance of Multicast Pull Scheduling

To better understand the problem consider the instance shown in figure 1. There are two documents
(designated by the rectangles with two different fill patterns in the input). The first document is
of length 9, and the second document is of length 1 (designated by the horizontal lengths of the
rectangles in the input). The first document is requested at times 0 and time 7 (designated by the
horizontal positioning of the leftmost portion of the rectangles in the input). The second document
is requested at times 1, 3 and 5. Let us assume cyclic server ordering. Presumably the server starts
broadcasting the first document at time 0. At time 1, a request for the second document arrives
and the server must decide whether to continue broadcasting the first document, or preempt and
start broadcasting the second document. In the feasible schedules shown, the second document is

broadcast from time 5 to time 6, satisfying all of the requests for the second document with this



single broadcast. Consider time 10, when these schedules finish broadcasting the first document. If
there is no client-side buffering the server must again broadcast all 9 units of the first document The
average flow time for this schedule would then be (10 + 5+ 3 + 1 + 12)/5, where the flow times of
the individual requests in the numerator are ordered by increasing arrival times of the requests. If
client-side buffering is available, the server need only rebroadcast the first 7 segments of the first
document. The average flow time for this schedule would then be (10 +5 + 3 + 1+ 10)/5.

| = = |
V= = Z |

Input

1
o & |

0 5 10 15 20

Without client buffering
Schedules With client buffering

AN

AN

Figure 1: A example of the usefulness of client buffering

1.2 Our Results

Informally, the question that we address in this paper is, “How do the various models of server-side
and client-side capabilities affect the QoS provided by the system?” We primarily focus on comparing
the optimal schedules in the various models, which in some sense measures the inherent limit of the
QoS obtainable from the system. For example, one concrete question we address is “How much better
can the average flow time be in an optimal schedule when you have arbitrary server-side ordering and
arbitrary client-side buffering as compared to the average flow time for the optimal schedule with
cyclic server-side ordering and no client side buffering?” We give a reasonably complete comparison
of the QoS achievable in the various models of server/client capabilities for QoS measures that are
I, norms of flow time and stretch.

One natural question that arises when one reads the results in [3, 6] is whether these results carry
over to other models, e.g “Is FCFS still O(1) competitive if you have arbitrary server-side ordering
and arbitrary client-side buffering?” The results of our comparisons of optimal schedules can answer
these questions for the results in [3, 6], and for some reasonable collection of future results that
researchers might obtain. For example, if the QoS of the optimal schedule in a more powerful model
(that is, where the server/client have additional capabilities) is not much better then the QoS of the
optimal schedule in a weaker model, then one can conclude that a competitive online algorithm in
the weaker model is competitive in the stronger model. Obviously a competitive online algorithm
A in a stronger model is competitive in a weaker model, provided that A is implementable in this
weaker model. Where it is possible to do so, we give a general method for converting a general
online algorithm A in a stronger model, to a online algorithm B in a weaker model, in such a way
that there is little or no deterioration in the QoS for all inputs. We also note when such a general
transformation is not possible.

In section 2 we show that in all client models, it is the case that the optimal schedule with



cyclic server ordering dominates the optimal schedule with arbitrary server ordering; A schedule S
dominates a schedule T if the completion time of every request in S is no later than the completion
time of that request in 7. When the client cannot buffer, it is not generally possible to transform
an online server algorithm A in a stronger server model to an equally good online algorithm B in a
weaker server model. In contrast, for cyclic client-side buffering and arbitrary client-side buffering,
we can convert any online server algorithm using arbitrary ordering to one that is just as good but
uses only cyclic server ordering.

For optimal offline server, arbitrary server ordering provides no benefit above and beyond cyclic
server ordering under all reasonable QoS measures (those that are monotone in the completion times
of the requests). We thus assume cyclic server ordering for the rest of the paper. Given cyclic server
ordering, it is easy to see that the optimal schedule with cyclic client-side buffering dominates the
optimal schedule with arbitrary client-side buffering. Thus arbitrary buffering offers no advantages
over cyclic buffering. The rest of paper is then devoted to comparing cyclic client-side buffering with
no client-side buffering.

In section 3 we show that the optimal maximum flow time obtainable with client-side buffering is
no less than half of the optimal maximum flow time that is obtainable without client-side buffering.
We also show that the same result holds when the QoS measure is maximum stretch. Thus client-side
buffering doesn’t drastically improve the optimal maximum flow time or maximum stretch. And as
a consequence of this result, we can conclude that the result from [3], that FCFS is O(1)-competitive
with respect to maximum flow time, extends to all models considered here. We also show that this
bound of half is tight, that is, there are schedules where buffering reduces the value of the maximum
flow time and the value of the maximum stretch by a factor of two.

In contrast we show, in section 4, that for finite p, the I, norm of the flow times and stretches
in the optimal schedule with client-side buffering can be a factor of n®(1/?) less than those in the
optimal schedule with no client-side buffering. Thus for these QoS measures, client-side buffering
can vastly improve the QoS provided by the system. In particular we show that the value of F(),
STM and ST with client-side buffering can be at least a factor of n'/3 smaller than those with
no client-side buffering. Further, we show that F®), p > 1, can be at least a factor of n'/?? better,
and that ST(), p > 2, can be at least a factor of n'/? better, with client-side buffering than without
client-side buffering. We show that for these QoS measures, client-side buffering can improve the
the achievable QoS by at most a factor of n'/P. It is at least of academic interest to close the gap
between these upper and lower bounds. While we are not able to fully close the gap here, we make
some progress for average flow time. That is, for the case that p = 1, where the obvious upper bound
is n, we show that client side buffering can improve the average flow time by at most a factor of n'/2.

In section 5 we show that the optimal schedule with a 2-speed server (that is, it can transmit two
segments in unit time) assuming no client-side buffering dominates the optimal schedule for a 1-speed
server assuming client-side cyclic buffering. Thus there is at most an 2-speed difference between any
of the models. As a consequence of this result, we can conclude that the result from [6], that BEQUI
is an O(1)-speed O(1)-approximation algorithm, extends to all models considered here.

We try to summarize these many results (other than the resource augmentation result) in the
following figure and table. In figure 2, each small circle represents a model with characteristics
described by the corresponding vertical and horizontal descriptions. A solid edge between two models
signifies that the optimal schedule in the two models are equivalent. The label of each edge tells where

the result is stated and proved.
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Figure 2: Equivalence of the optimal schedule among models.

no client buffering

p=1 p=2 p=00
(total flow time (max flow time
or total stretch) or max stretch)
flow time | Q(n'/?), p=1(Thm 12) | Q(n'/?), p>2 (Thm 12) | > 2 — -2, (Thm 8)
<yn+1, p=1(Thm 15) | O(n'/?), p>2 (Thm 14) | <2 (Thm 7)
stretch | Q(n'/3), p=1,2 (Thm 13) | Q(n/P), p >3 (Thm 13) | > 2 — 2n1_2 (Thm 9)
O(n), p=1(Thm 14) | O(n'/?), p>2 (Thm 14) | <2 (Thm 7)

Table 1: Bounds on flow time and stretch between the optimal schedules with and without client-side

buffering



1.3 Additional Related Results

A nice introduction to multicast pull scheduling, and some experimental results, can be found in
[1]. In [3] it is shown that minimizing the maximum flow time can be approximated well offline,
under the assumption of cyclic server order and cyclic client buffering. There are also results in
the literature concerning the problem of minimizing the average flow time of non-preemptable unit
jobs, in part because unit jobs are easier to deal with combinatorially. This problem was shown to
be NP-hard in [7]. An offline O(1)-speed O(1)-approximation algorithm can be found in [10]. The
constants are improved in [7, 8]. A online variation of BEQUI is shown to be an O(1)-speed O(1)-
approximation algorithm in [6]. There has been a fair amount of research into push-based broadcast
systems, sometimes called broadcast disks, where the server pushes information to the clients without
any concept of a request, such as a TV broadcast [2, 11]. It seems that good strategies for push-based
systems have little to do with good strategies for pull-based systems.

2 Server-Side Ordering

We show that for all client models, the optimal schedule in the weakest server model dominates
the optimal schedule in the strongest server model. For client-side cyclic buffering and client-side

arbitrary buffering this is relatively straightforward to see.

Theorem 1 If the clients use either cyclic buffering, or arbitrary buffering, then the optimal schedule with
cyclic server ordering dominates the optimal schedule with arbitrary server ordering.

Proof: It is sufficient to explain how to turn a schedule S, with arbitrary server ordering, into a
schedule T', with cyclic server ordering, in such a way that none of the completion times increase.
For all times ¢, the document that T is broadcasting at the time ¢ is identical to the document that
S is broadcasting at the time ¢, although the segment within the document that S and T broadcast
at time ¢ may be different. The first time that S broadcasts any segment of a document D;, T
broadcasts the first segment of D;. This fixes 1’s schedule. To see that 1" doesn’t increase any
completion time note that a request R; for document D; can not complete in S until p; segments of
D; have been broadcast, which will be when R; completes in T'. ]

Note that the above construction can be carried out online. That is, if clients have some form of
buffering, then an online server algorithm A that uses arbitrary ordering can be converted to an online
server algorithm B that uses only cyclic ordering, with no loss of QoS on all inputs. Assuming that
the server uses cyclic ordering, the best client-side algorithm with cyclic buffering is now apparent;
A client should start buffering when it receives any segment of the requested document.

We now turn our attention to the case when there is no client-side buffering. It is easy to see
that allowing restarts will not improve the optimal offline schedule with cyclic ordering (any partial
attempts to broadcast a document before a restart may be omitted without increasing any completion

time).

Observation 2 If the clients cannot buffer, then the optimal schedule, with cyclic server ordering, domi-
nates the optimal schedule, with cyclic server ordering with restarts.

We are thus left to prove that arbitrary server ordering is no better than cyclic ordering with
restarts.



Theorem 3 If the clients cannot buffer, then the optimal schedule, with cyclic server ordering with restarts,
dominates the optimal schedule with arbitrary server ordering.

Proof: Consider an arbitrary schedule S with arbitrary server ordering. Let D; be an arbitrary
document. Initially, T is set to .S and ¢y is set to 0. In iteration k, we will transform T} _; into T}
so that (1) Ty follows the cyclic server ordering property for document D; up through some time
t, where t; > tp_1, (2) the last piece of D; is broadcast at time ¢, and (3) the completion time of
every request does not increase. We can repeat the procedure so that the the schedule follows the
cyclic server ordering property at any time and for any document.

We now describe the procedure for iteration k. Let C be the earliest time strictly greater than
tx—1 such that some requests to D; complete at time C' in Tj_1. Let W be the set of requests (to
D;) that complete at time C' in Ty_1. Let R; be the request in W with the largest release time.

Let U = {uy,...,up} be the set of times in the interval [max{t;_1 + 1,7}, C] at which Ty_; was
broadcasting a segment of D;. Since T}_; satisfies the cyclic server ordering property up through
time ¢,_1, then the client that issues R; cannot receive any segment of D; before time ¢,_; + 1. At
any rate, since R; completes at time C, then there are times in the interval [max{ty_1 + 1,7}, C] in
Tj—1 at which the p; segments of D; are broadcast in order. Let V = {vy, ... ,Upj} be the set of such
times. Note that V' C U. We may assume that u; < ... < up and v1 < ... < Up, -

We modify T} into T} by rearranging and removing broadcasts of segments of D; in the interval
[tk—1 + 1,u] as follows. In T}, broadcast the p; segments of D; in order at times uy, ..., u,,. Note,
these are also the segments that are broadcast in T;_; at the times in the set V. Now consider the
segments that are broadcast in Tj_1 at the times in the set U — V. Broadcast these segments in T}
at times uy, 41, ..., up in the same order that they are broadcast in Ty 1. In addition, if tx_1 +1 <1y,
remove any broadcast of any segment of D; in the interval [t 1 +1,u; —1]. Set £} to u,,. Note that
ty = up;, > ur +pj —1 > 1,1+ p;. This completes iteration k.

We now show that the modification in iteration k does not increase the flow time of any request.
First, the requests to other documents are not affected. Second, the requests in W are satisfied by the
broadcasts at times ui, ..., up,. Third, by definition of €', any request to D; that completes strictly
before time C' completes no later than time t;_;. Thus, they are not affected. Finally, consider any
request R; to D; that completes strictly after time C'. By definition of Ry, it is the case that r; < ;.
Thus, in Ty_1, R; does not store any of the segments in V. Otherwise, it would complete at time C,
which would be a contradiction. Therefore, in T}, R; can store none of the segments broadcast at
times wuq, ..., Uy, .

The remaining broadcasts (at times Upi 41y s up) of D; in Ty, are only moved later in time com-
pared to Tx_1. Thus, R; does not miss a chance to receive them. Also, any broadcast after time C

is not affected, thus the completion time of R; does not increase. [ ]

We can now conclude that in every client model, the QoS of the optimal schedule in the strongest
server model is no better than the QoS of the optimal schedule in the weakest server model. Assum-
ing cyclic server ordering, it is then easy to see that the optimal schedule with cyclic client buffering
dominates the optimal schedule for arbitrary client buffering. To see this note that since the docu-
ments are broadcast cyclically, the client doesn’t even have the opportunity to buffer an out of order

segment.

Observation 4 If the server uses cyclic ordering, then the optimal schedule, with cyclic client-side buffering
dominates the optimal schedule, with arbitrary client-side buffering.



The rest of the paper assumes cyclic server ordering and is devoted to comparing cyclic client-side
buffering (which we will simply refer to as buffering) and no client-side buffering.

As an aside we note that when the client does not have any buffering, it is not generally possible
to transform an online server algorithm A in a stronger server model to an equally good online
algorithm B in a weaker server model, as was the case when clients had some form of buffering.
We merely sketch the arguments here. First consider the case that A is an online server algorithm
that uses cyclic ordering with restart. Assume that A gets k requests for some document D;, and
immediately starts transmitting D;. If B doesn’t immediately start transmitting D; then it could
have much worse total flow time than A if the server becomes heavily saturated right after A finishes
transmitting D;. If B starts transmitting D; when A does, then assume that k? requests arrive for
Dj, and that as a result A starts broadcasting D; again from the beginning. The algorithm B can
not start retransmitting D; since it does not have the power of restart. Thus if the server becomes
saturated after A finishes D;, then B’s total time will be much worst than A’s flow time.

Now consider the case that A can transmit arbitrary segments, and B must use cyclic ordering with
restart. Assume that initially &% requests arrive for a document D;, and that A immediately begins
transmitting D;. To have any hope of being competitive with A, B must also immediately begin
transmitting D;. After time p;/2, k new requests arrive for D;, and A begins to start retransmitting
D; again from the beginning. If B does not immediately switch to transmitting D; again from the
beginning, then it can not satisfy all requests by time 3p;/2 even though A can. Thus if the system
become saturated at time 3p,/2 then B will not be competitive. On the other hand, if B switches to
rebroadcasting Dj, then A switches back to continuing its first broadcast of D;. B can not switch
back since it may only restart. Thus A satisfies the k2 requests before B does, and B won'’t be
competitive with respect to total flow time if the server becomes saturated right after time p;.

Before proceeding on to the next section we need to introduce some terms and notation.
Definition 5 The lifespan of a request R; in schedule S to be the time interval L;(S) = [r;, C;(S)].

Note that if there are two requests R; and R; for the same document with r; < r;, then C;(S) < C;(5)
since the segments that the client that issued R; has seen is a strict superset of the segments that
the client that issued R; has seen.

In a schedule with no client buffering, the transmissions of segments of a document D; in a

schedule S can be partitioned into broadcasts of D;.

Definition 6 A broadcast of a document D; begins with the transmission of the first segment of D; and
ends at the next time the last segment of D; is transmitted.

Thus the flow time for a request for D; in an unbuffered schedule is the time until the start of

the next broadcast of D; plus the duration of that broadcast.

3 Cyclic Buffering vs. No Buffering in [, Norms

In this section, we show that lack of client buffering does not greatly affect the QoS if the QoS measure
is maximum flow time or maximum stretch. More precisely, it at most doubles the maximum flow

time and maximum stretch. Further we show that this bound is tight.

Theorem 7 For any schedule S with cyclic client buffering, there exists an unbuffered schedule T' such
that both F()(T) < 2F(**)(S) and ST(>)(T) < 25T(>*)(S) hold.



Proof: Consider some arbitrary document D;. We determine when 7" broadcasts D; by iteratively
repeating the following process. Let R; be the latest request to D; that we have not previously
considered. There must be exactly p; times in L;(S) when S is broadcasting segments of D;; Let
ki, 1 <4 < pj, be the ith such time. Then at time k;, T" is broadcasting segment i of D;. Let R be
the set of requests to document D; that we have not previously considered, whose lifespan intersects
with L;(S). Request R; and the requests in R are removed from further consideration.

To see that the schedule T satisfies the desired conditions, consider a request I; for D; that was
selected at some iteration. Notice that Cy(T') = C;(S) by construction, and hence F;(T') = F;(5), and
ST (T) = ST;(S). Further for each request R, € R it is the case that C,(S5) < Cy(9) since 1, <1y
by the definition of R;. Since L,(S) and L;(S) overlap, it must then be the case that F,(T) <
F,(S) + Fi(S). Since requests R, and R, are for the same document ST, (T) < ST,(S) + ST;(S).
Hence, the flow time (stretch) of every request in T is at most the sum of the flow times (stretches)

of two requests in S. The claimed results then immediately follow. [ |
Next we show a matching lower bound.

Theorem 8 For all even n, there exists an instance I,, with n requests such that the maximum flow
time of the optimal unbuffered schedule is at least 2 — %_‘_2 times the maximum flow time of the optimal
buffered schedule. Similarly, with the same instance I,,, the maximum stretch of the optimal unbuffered
schedule is at least 2 — niﬁ times the maximum stretch of the optimal buffered schedule. Here n is the

number of requests in I,,.

Proof: First we describe how to construct I,,. A total of n/2 distinct documents will be requested.
Each of the documents has n + 2 segments. For i = 1,...,n/2, there are 2 requests to document
D;; request Ro;—1 arrives at time ro;—1 = (2n + 2)(¢ — 1), and request Rg; arrives at time rg; =
2n+2)(i —1) +n.

Consider the buffered schedule S where document D; is broadcast cyclically from time r9; 1 =
(2n +2)(i — 1) to time ro;11 = (2n + 2)i. Request Ro;—1 completes at time (2n + 2)(i — 1) + n + 2.
Request Ry; is completes at time (2n + 2)i. Thus, in S the flow time and stretch of each request is
n + 2 and 1, respectively.

We will show that every unbuffered schedule T has a request with flow time at least 2n + 2 and
stretch at least 2 — 2/(n + 2). First consider the case that there exist two requests Ro;—1 and Ry;
that are satisfied by the same broadcast B. In order to satisfy Ro;, B cannot begin before ry;. The
completion time of Ro;—1 can then be no earlier than r9; + n 4+ 2 = (2n 4 2)i. Then the flow time
of Ry;—1 in T is at least (2n + 2)i —rg;—1 = (2n + 2)i — (2n 4+ 2)(i — 1) = (2n + 2). Thus we have
established the desired result in this case.

Now consider the case that no two requests are satisfied by the same broadcast. There must then
be a total of n broadcasts in 7. Since all documents have n + 2 segments, some broadcast in T’
finishes no earlier than time n(n + 2). The latest release time is r, = (2n+2)(n/2 —1) +n = n? — 2.
Thus, there must be a request with flow time n(n + 2) — r, = 2n + 2.

In either case, there is a request with flow time 2n 4 2. Since all documents have n + 2 segments,
then there is a request with stretch (2n +2)/(n+2) =2 —2/(n + 2). [

It should be noted that one can improve the maximum stretch lower bound to 2 — 1/2"~2 at the

cost, of complicating the construction slightly.
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Theorem 9 For all n > 3, there exists an instance I,, with n request such that the maximum stretch of
the optimal unbuffered schedule is at least 2 — 2,%2 times the maximum stretch of the optimal buffered
schedule.

Proof Sketch: We only describe how to construct I,,, but omit the argument on computing the
stretch. A total of n — 1 distinct documents will be requested. For j = 1,...,n — 1, document D;
has 2"~ 177 segments. Request R; is to document D; and r; = 0. Requests R, through R, are
to documents Dy through D,,_1, respectively. They arrive back to back in order beginning at time
ro =272 — 1. n

4 Cyclic Buffering vs. No Buffering in [, Norms

In this section we first show that if p is a finite integer, then the [, norms of the flow times and
stretches of buffered schedules can be a factor of n®(/?) better than those of unbuffered schedules.

4.1 Lower Bounds

All lower bound instances to be presented have the same structure, which we now define formally.

This structure is depicted in Figure 3.

Definition 10 Let (k1,1,p1 ; ko, 1,p1 5 k3,ms,ps ; ka,myq,ps) denote an input instance for the broad-
cast scheduling problem where the requests are partitioned into four groups @1, @2, @3 and @4 as
follows:

e There are k; requests in @1, all of which arrive at time 0, and are to a document D; which has
length p;.

e There are ko requests in @2, all of which arrive at time p1/2, and are to document D;.

e There are ksmg requests in group Q3. From time p; to p1 + p3(mg — 1), there are ks requests to

a new document of length p3 every p3 time units.

e There are kymy requests in group Q4. From time p; + psms + p1/2 to time py + psms + p1/2 +
pa(my — 1) there are k4 requests to a new document of length p4 every py time units.

Note that all requests that arrive at different times are to distinct documents with the exception
of requests in ()1 and ()2 which are to the same document D;. Thus, the number of documents and

the number of requests, respectively, are

m = 1+m3+my (1)
n = k14 ks + kyms+ kgmy (2)

The structure of a schedule S with client-side buffering is shown in Figure 3. This schedule
will be used as an upper bound for the optimal schedule with client-side buffering. Except for the
requests for document D; at time p;/2, S starts broadcasting a document as soon as the requests
for that document arrive, and continues broadcasting the document without interruption until the
requests are satisfied. The requests for document Dy at time p; /2 arrive while document D; is being
broadcast. The clients that initiate these requests begin receiving and buffering the second half of
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the document immediately. The first half of the document is broadcast again in S between time

p1+maps and p; + maps + p1/2. The I, norm of flow time and stretch for S is calculated as follows:

FW(S) = (kip} + ko(p1 + maps)P + ksmaph + kamaph) /P (3)
ST®N(S) = (ki + ka(1 + maps/p1)P + kamg + kama)'/” (4)
pl astream of requests  (pl)/2 astream of requests
, |—doc. D1 [[IITTIATAATTNATT AT HEEEEEEEEENENEEEER
doc. D1
s D1 [[ITOmrrrmmmr o et e ey
T1 [ D1 ([t o LT PP g
T2 [ b1 ([Tt r r e e PP LLLTL
T3 D1 ([t o2 LTI ITTI] BT |
T4 D1 ([ o2 PP T T 1 I
15| D1 ([ o2 LTI TT T

Figure 3: The structure of lower bound input instances, buffered schedule S, and representative un-
buffered schedules T1,T5,T5, Ty and Ts.

Lemma 11 If I = (k1,1,p1 5 ko, 1,p1; ks, ms,p3 ; ka,ma,ps), then for any unbuffered schedule T for
I and for any integer p > 1,

F(p)(T):Q<min{k%/pm3p37 (kzms)'/Ppy, k;/pm4p47 (k3p1/p3) ' Pmypa, (k4m4)1/pp1})

and

1/p
k3p1
ST®(T) = 0 | min ki/pm3p3 (k3ms)'/Pp k‘%/pmz;m ( ) ) MaPs (kymy)t/Ppy
b1 ’ D3 ' p1 ’ p3 ’ 2

Proof: We consider flow first. Without loss of generality, we can assume that document D is
broadcast no more than twice in schedule T. We break the proof into cases. A representative
schedule for each case is shown in Figure 3. Intuitively, in any unbuffered schedule, many requests
from one of the groups will finish much later than that in schedule .S, which is a buffered schedule.
In schedules Ty, T5, T3, Ty, T, such groups are @1, Q3, Q2, @3, Q4, respectively.

We give an overview of the cases in the proof. If D; is broadcast only once (case 1), then there is
a contention between requests in groups @)1, @2, and (J3. Either groups ()1 and )2 will finish after

Q3 (case 1.1, schedule T7) or vice versa (case 1.2, schedule T3). If D; is broadcast twice (case 2),
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then there is contention between group Q2, Q3, and Q4. Either Q2 will finish last (case 2.1, schedule
T3), or Q3 will finish last (case 2.2.1, schedule Ty), or Q4 will finish last (case 2.2.2, schedule T5).

Case 1: In this case we assume that D; is broadcast once in T'. Let C; be the time that the server
finishes the broadcast of D; in T'. We consider two subcases.

Case 1.1: In this case we assume that F; = C; > p; +maps/2. Then FP)(T) is at least (ki FP)'/? >
(k1 (msps/2)P)/? = Q(ki/Pmaps). Schedule Ty in Figure 3 is a representative for this case.

Case 1.2: In this subcase we assume that C; < p; + mgps/2. Since D; is broadcast only once
in T, the server begins broadcasting D; no earlier than time p;/2. At time p;, requests in Qs
begin to arrive while there are at least p;/2 time units of document D, left to be broadcast. Since
Cy < p1 + m3ps/2, which is the time that the second half of requests in Q3 arrive, some requests
in @3 will be delayed. The order that the requests in @3 are serviced doesn’t affect the flow time
for these documents since each document has the same length. Thus we can assume, without loss
of generality, that requests in ()3 are serviced in T in the order that they arrive. and there are
an equal number of requests to each document. Thus, there are at least kz3ms/2 requests in Qs,
each of which has flow time at least p;/2. Based on the flow time of these requests, F(®)(T) is at
least ((ksms/2)(p1/2)P)/? = (ksms/2)"/P(p1/2) = Q((ksm3)'/Pp;). Schedule Ty in Figure 3 is a
representative for this case.

Case 2: In this case we assume that D; is broadcast twice in 7. Without loss of generality, we can
assume that the requests in ()5 are satisfied by the second broadcast of Dy in T. Let C5 be the time
that the server finishes the second broadcast of Dy in T. We break the proof into subcases.

Case 2.1: In this subcase we assume that Cy > 3p1/2+msps +myps/2. Thus, the flow time of each
request in Qs is Fy = Cy — p1/2. Based on this, FP)(T) is at least (ko FY)Y/P > (ko(maps/2)P)V/P =
Q(k;/pm4p4). Schedule T3 in Figure 3 is a representative for this case.

Case 2.2: In this subcase we assume that Cy < 3p1/2 + maps + maps/2. Let W3 be the set of
documents in Q3 whose broadcasts end at or after time 3p; /2 +msps +myps/2. We again break this
subcase into two further subcases.

Case 2.2.1: |W3| > p1/(4ps3). In this case the contribution of the requests in W3 to F®)(T) is at

least . X
P\ P k P
(kgpl (m4p4) > _q ( 3p1> maps
4ps3 2 D3

Schedule T} in Figure 3 is a representative for this case.

Case 2.2.2: In the final subcase we assume that |Ws| < p1/(4p3). Let Q123 = Q1 U Q2 U Q3 — W,
The total time needed to satisfy the requests in Q123 is at least 2p; + msps — |Wslps > 2p1 +
maps — p1/4 = 3p1/2 + maps + p1/4. At time 3p1/2 + maps, requests in Q4 begin to arrive, while
at least p1/4 time units more is needed to broadcast documents to satisfy the requests in @Qqa3.
Since all requests in Q123 are satisfied by time 3p; /2 + msps + myps/2 which is the time the second
half of requests in @4 begin to arrive, some requests in @4 will be delayed. The order that the
requests in 4 are serviced doesn’t affect the flow time for these documents since each document
has the same length and the same number of outstanding requests. Thus we can assume, without
loss of generality, that requests in ()4 are serviced in T in the order that they arrive. and there
are an equal number of requests to each document. Thus, there are at least kymy4/2 requests in
Q4, each of which has flow time at least p; /4. Based on the flow time of these requests, F(p)(T) is
at least ((kama/2)(p1/4)P)V/P = (kama/2)Y?(p1/4) = Q((ksma)'/Pp1). Schedule Ty in Figure 3 is a
representative for this case.
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Since F(®) (T') is asymptotically lower bounded by one of the cases considered above, the result
follows.

The argument for stretch is basically the same. Observe that ST;(T") = F;(T")/p; where p; is the
length of the document corresponding to request R;. Notice that each term in the statement of this
theorem is obtained by dividing the corresponding term by the number of segments of an appropriate

document. The lengths are p1, ps3, p1,p3, and pg, respectively. [ |
We now apply this lemma to get our lower bounds for flow time.
Theorem 12 For any integer p > 1, there exists an input instance I, such that

F®(T) _ Qm/3) = Q(n'/3) p=1

F(p) (S’) Q(n1/2p) P >9
where T is the optimal unbuffered broadcast schedule for I, and S is the optimal buffered broadcast

schedule for I,.

Proof: Input instance I, will be in the form described in Definition 10. F()(S’) is upper bounded
by F (1)(5 ) where S is the buffered schedule given in Figure 3. Let ¢ be a large positive integer. For

p = 1, the lower bound instance I; is defined as follows;
I= (21,62 t,1,6%; 1,3,1; 1,£3,1).

From Equalities (1) and (2), m =1+ +#3 =03 andn=1>-1+t-1+1-3+1-t3 = O(3).
From Equation (3), F()(S) = ©(t*). From Lemma 11, FM(T) = Q(t%). Thus, F(T)/FM(S) =
Q> /t4) = Q(t) = Q(m'/3) = Q(n'/?).

For p > 2, an instance I, is defined as follows;
I, = (P, 1,625 1,12 2273 43 15 42773 43 ¢).

From Equalities (1) and (2), m = 1+t3+t3 = O(t3) and n = tP- 1+ 1. 1+t2P73 .13 44277343 = O (¢?P).
From Equation (3),

FW(S) = (kip} + ko(p1 + msps)’ + ksgmaph + kamaph) /P
(tP12P 4 (12 + £3)P 4 4277343 2P 3¢3p) /P
= ot
From Lemma 11, F®)(T) = Q(t*). Thus, F®)(T)/F®)(S) = Q(t*/t3) = Q(t) = Q(m'/3) = Q(n'/?P)
for p > 2. [ |

We now turn our attention to lower bounds for stretch QoS measures.
Theorem 13 For any integer p > 1, there exists a input instance I, such that

ST?(T) Q(n'/3) p=1,2
ST (S) Q(n'/?) p>3

_ Q(ml/:’)) _

where T is the optimal unbuffered broadcast schedule for I, and S’ is the optimal buffered broadcast
schedule for I,,.
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Proof: Input instance I, will be in the form described in Definition 10. ST()(S’) is upper bounded
by ST™M(S) where S is the buffered schedule given in Figure 3. Let ¢ be a large positive integer. For

p =1, the lower bound instance I; is defined as follows;
I= (51,6 ¢t 1,6%; 1,1°,1; 1,45¢).

From Equalities (1) and (2), m = O(t%) and n = ©(t%). From Equation (4), ST™(S) = ©(t°). From
Lemma 11, STM(T) = Q(t3). Thus, STW(T)/STM(S) = Q(t3/t5) = Q(t?) = Q(m'/3) = Q(n'/3).
For p = 2, the lower bound instance I5 is defined as follows;

T=(t"8,1,%; 45, 1,¢%; 1,61 1,18 ¢2).

From Equalities (1) and (2), m = O(¢'®) and n = O(¢'®). From Equation (4), ST?)(S) = O(t?).
From Lemma 11, ST®)(T) = Q(¢'*). Thus, ST®)(T)/STP?(S) = Q(t'°/t°) = Q(t%) = Q(m'/?) =
Q(n'/3).

For p > 3, the lower bound instance I, is defined as follows;

[= (7P 142070 11,4200 1,450, 1 P 208 3D g2,
From Equalities (1) and (2), m = 1 4 3% + 3743 = O(t37+3) and n = PP - 1+ 1- 14+ 1 - 1% +

P =2r=3 . 3043 — ©(¢»"+7). From Equation (4),

1/p

m3p3 b
STP(S) = (ki+ko(1+ . + ksms + kamy
1

. 7. 1\7 : l/p
— (tp +p +1- (1 + t2p1> +1 .t3;l7 + P —2p—3 .t3p+3>

= <tp2+p+(1+tp+1)p+t3p+tp2+p)l/p
= ot

From Lemma 11, ST®)/(T) = Q(t?**2). Thus, ST®W)(T)/ST®)(S) = Q(?P+2/tr+1) = Q(tr+1) =
Q(m'/3) = Q(n'/?) for p > 3. [

4.2 Upper Bounds

Theorem 14 For any integer p > 1 and for any buffered broadcast schedule S for an input instance I
with n requests, there exists an unbuffered broadcast schedule T" for I such that

F@)\(T) ) ST®)(T)

S Sl /p i Sl 1/p

Fo(S) O(n''P) and STW(9) O(n''?)
Proof: The construction of T" from S is the same as in Theorem 7. Suppose R; and R are as defined
in Theorem 7. Define f(a) =1 for each a € R. Let X be the set of all requests that are considered
as R; during the construction. Let Y be the set of all other requests. Thus, for any request R, € X,
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Fo(T) = F,(S), and for any request R, € Y, F,(T) < F,(S) + Fy,(S), and f(y) € X. Then,

1/p 1/p
FO(T) = > FXT)+ ) FUT) < DD FRS) A+ D (Fy(S) + Frpy ()P
RoeX Ry€Yy R.€X Ry€Y
1/p

< D OERS)+ Y 2THER(S)+ FE L (9)

R,eX Ry€Y

1/p 1/p
< [n2emt YT FRS)+ DD 27 ER(S) < | m2rt > FP(S)
R,€X R,€Y 1<i<n

— 0(n1/p)p(p)(5)_

where the second inequality follows from the following inequality (u + v)? < 2P~!(uP + vP), which
is a consequence of the Cauchy-Schwartz inequality. The third inequality follows from the fact that
there are at most n — 1 requests in ¥ and f(y) € X for any R, € Y. The result for stretch follows

the same argument. [ ]

We can refine the result in the previous theorem for /; norm of the flow time. Specifically, we

show that client-side buffering can improve the average flow time by at most a factor of n'/2.

Theorem 15 For any buffered broadcast schedule S for an input instance I with n requests, there exists
F(T)

an unbuffered broadcast schedule 1" for I such that 7@ < Vvn+ 1.

Proof: Initially, T is set to equal to S and the flow time of each request is charged to itself, that is,
request R; is charged F;(S). Then T will be iteratively modified. A set of requests will be considered
in an iteration, but each request will be considered in exactly one iteration. Each request R; will be
charged at most an extra y/nF;(S) in the iteration that it is considered. This implies the result. It
remains to show how 7" is modified and how each request R; is charged in each iteration.

We now describe the procedure in each iteration. Let R; be the latest request that we have not
previously considered. Suppose Dj; is the document requested by R;. Let U be the set of requests
to document D; that we have not previously considered, whose lifespan intersects the lifespan of R;.
At the end of the iteration, all requests in U U {R;} are eliminated. Each iteration falls into one of
the following 2 cases.

Suppose |U U {R;}| < v/n. In the interval [r;, C;(S)], S spends p; time units on broadcasting
document D;. In T the document D; is broadcast beginning with the first segment during the
interval [r;, C;(S)] at the same times that D; is broadcast in S. All request in U U{R;} are satisfied
by this broadcast. The flow time of request R; does not increase by this modification. For any request
R; € U, its flow time increases by at most F;(S). There are at most y/n such requests. Thus, the
total increase is at most /nF;(S). We charge the increase to R;.

Now suppose |UU{R;}| > +/n. In T all broadcasts previously scheduled after time r; are further
delayed by p; time units, that is, a broadcast at time ¢ > r; is rescheduled to time ¢ + p;. Then T’
broadcasts document D; continuously from time r; to time r; + p; beginning with the first segment.
The flow time of request R; does not increase by this modification. For any request R; € U, its
flow time increases by at most p; < F;(S). We charge this to itself. The flow time of each request
that is pushed forward increases by at most p;. There are at most n — |[U U {R;}| < n — v/n such
requests. Thus, the total increase in flow time for these requests is at most (n — y/n)p;. We can

charge this increase to the requests in U U {R;}. Each request R; in U U {R;} is charged at most
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(‘Za{/gﬁ < (n_‘/\%ﬂ‘(s) = (v/n — 1)F;(S). Taking into account the increase of its own flow time,

each request R; € U U {R,} is charged at most by an extra y/nF;(S) in this iteration. [ ]

5 Resource Augmentation
In this section, we show that there is at most a 2-speed difference between any of the models.

Theorem 16 The optimal unbuffered schedule T" with a 2-speed server dominates the optimal buffered
schedule S for a 1-speed server.

Proof: We will assume that S broadcasts one segment every two time units, and T broadcasts one
segment every time unit. We construct 7' from S in the following manner. At every time unit,
T broadcasts the document that S is broadcasting. Since the server is broadcasting cyclically this
fixes T. Note that even though S and T broadcast the same document at any time, they may be
broadcasting different segments of the document since 7" has a faster server.

Consider any request R; for a document D; with p; segments. During the lifespan L;(S) of
request I; in schedule S, at least p; segments of D; must be broadcast in S. Thus, there must be at
least 2p; segments of D; in schedule T in L;(S). Since, D; is broadcast cyclically in T, there must
be p; segments of D; starting from the first segment to the last segment in order in this interval.
Thus, C;(T) < C;(S), and the result follows. [

Acknowledgments: The origination of the questions considered in this paper arose from discussions
with Jeff Edmonds. The observation that arbitrary server ordering is of no benefit when there is
client-side buffering is due to Jiri Sgall. A preliminary version of the paper appeared in the 2002
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