CS3150 homework solution.
There are a total of 70 points, not 65 points.

Problem 1. (10 points)

Helping an old lady cross the street.  This problem is straight forward, and most people got it completely correct.
Problem 2. (10 points)

Consider the following statement: “When a game has a mixed-strategy Nash equilibrium, a player’s equilibrium mixture yields the same expected payoff against each of the other player’s pure strategies.”  Is it true or false?  Explain and/or give an example.

This problem checks your understanding of mixed-strategy Nash equilibrium.  First let’s make sure that we understand the statement above.  For the sake of the discussion, suppose there are only 2 players, and suppose player X is the first player mentioned in the statement above, and player Y is the “other player(s)”.  Suppose player X plays his optimal mix.  The problem asks if the expected payoff of player X changes when player Y changes from one pure strategy to another.  The correct answer is FALSE.

This should be compared with a slightly different statement: “If player X plays his optimal mixed strategy, then the expected payoff of player Y is the same no matter which strategy player Y chooses, pure or mixed”.  As we learn in class, this statement is TRUE.
Problem 3. (10 points)

Find the mixed-strategy equilibrium for the game in Problem 1.  This is straight forward.  Some note here is that there are two kinds of curves, a payoff curve and a best response curve.   In a payoff curve of player A, the x axis is the mixture of strategy of player B, and the y axis is the expected payoff of player A.  In a best response curve of player A, the x axis is the mixture of strategy of player B, and the y axis is the mixture of strategy of player A. 
Problem 4. (20 points)

A game is a zero-sum game if the sum of the payoffs of all players is 0 for any outcome.  Consider the following zero-sum game where the entries represent the payoff of the row player.

	
	COLUMN

	
	LEFT
	RIGHT

	ROW
	HIGH
	0
	x

	
	LOW
	y
	z


The numbers x, y, and z are all positive.  What relations between these numbers (for example, x<y<z) must hold for each of the following cases to arise?

(a) At least one of the players has a dominant strategy.

(b) No players has a dominant strategy, but there is a pure-strategy Nash equilibrium.

(c) There is no pure-strategy Nash equilibrium, but there is a mixed-strategy Nash equilibrium.

(d) Given that case (c) holds, give a formula (in terms of x,y, and z) for Row’s probability of choosing HIGH.

This question is more subtle than you think.  Only 1 student made correct reasoning.
(a) There are 2 (overlapping) cases, (1) ROW has a dominant strategy and (2) COLUMN has a dominant strategy. 
Case 1: ROW has a dominant strategy.

Since y>0, then LOW is a best response for ROW when COLUMN plays LEFT.  Thus, LOW is the only strategy that potentially is ROW’s dominant strategy. (HIGH can never be ROW’s dominant strategy.)   Thus, LOW must be a best response for ROW when COLUMN plays RIGHT also.  That is, z >= x.

Case 2: COLUMN has a dominant strategy.

With a similar argument, since 0>-x, RIGHT can never be COLUMN’s dominant strategy.  To make sure LEFT is a best response for COLUMN when ROW plays LOW,  -y >= -z, or equivalently, y<=z.

The correct answer is the union of conditions from cases 1 and 2, that is x <= z or y <=z.  (Note that y>0 and x>0 from the assumption of the game).

(b) To make sure that no player has a dominant strategy, the condition in part (a) must not hold, that is, it must be the case that x > z and y > z.

Next, consider the best response for each player in each situation.

If COLUMN plays LEFT, then ROW’s best response is LOW because y > 0.

If COLUMN plays RIGHT, then ROW’s best response is HIGH because x > z.

If ROW plays HIGH, then COLUMN’s best response is LEFT because 0 > -x.

If ROW plays LOW, then COLUMN’s best response is RIGHT because -z > -y.

Next, consider each of the 4 outcomes.
(HIGH,LEFT) is not a Nash equilibrium because ROW can do better by playing LOW.

(LOW,LEFT) is not a Nash equilibrium because COLUMN can do better by playing RIGHT.

(LOW,RIGHT) is not a Nash equilibrium because ROW can do better by playing HIGH.

(HIGH,RIGHT) is not a Nash equilibrium because, COLUMN can do better by playing LEFT.

None of them is a Nash equilibrium.  Thus, there is no relation among x,y,z such that Nash equilibrium exists but no player has a dominant strategy.

(c) For this part, many of you used results to part (a) and (b) to argue that a Nash equilibrium in the pure strategy does not exist.  This reasoning is not entirely correct.  To use the results in parts (a) and (b), we need some additional reasoning.  In general (with 3 or more players), however, you need a different argument.  The difference in these arguments is whether or not a Nash equilibrium exists when one of the players has a dominant strategy.
From what we learn in class, a Nash equilibrium in mixed strategy always exists.  Thus, we only have to make sure that a Nash equilibrium in the pure strategy does not exist.
Let’s first look at the argument that uses the solution from part (b).

This game is a 2-player game.  Suppose the ROW player has a dominant strategy, say LOW.  The game table can be shrunk by removing the top row of the payoff.  Since this is a 2-player game, there is only 1 more player, COLUMN, who needs to choose his action.  One of his strategies, LEFT or RIGHT, will be his optimal action.  Suppose it is LEFT.  Thus, (LOW,LEFT) is a Nash equilibrium.  In fact, for any 2-player game, if one player has a dominant strategy, a Nash equilibrium always exists.  From part (b), if no player has a dominant strategy, a Nash equilibrium does not exists.  Combining this, a Nash equilibrium exists if and only if a player has a dominant strategy.  Now, to make sure that a Nash equilibrium (in pure strategy) does not exists, you negate the result in part (a), that is, Not(x <= z or y <=z).  Or equivalently, x > z and y > z.
For games with 3 or more players, it is not always true that when a player has a dominant strategy, a Nash equilibrium in pure strategy always exists.  Consider the matching-pennies game.  This game is a 2-player game, and it does not have a Nash equilibrium.  I’ll modify the game to be a 3-player game such that a player has a dominant strategy, yet a Nash equilibrium does not exist.  There are 3 players, X,Y, and Z.  Players X and Y have the same set of actions and payoffs as in the original matching-pennies game no matter what player Z does.  Player Z has 2 actions WATCH and STUDY (which correspond to Z WATCHing X and Y play the matching-pennies game or STUDYing for his final exam).  Z has payoff 0 if he WATCHes and 5 if he STUDIES, no matter what X and Y do.  With some thought, it can be seen that Z has a dominant strategy (STUDY), but the game does not have a Nash equilibrium.
WATCH



STUDY
	
	H
	T

	H
	-1,1,0
	1,-1,0

	T
	1,-1,0
	-1,1,0

	
	H
	T

	H
	-1,1,5
	1,-1,5

	T
	1,-1,5
	-1,1,5


Now let’s return to our problem.  Let’s look that an argument for part (c) that does not require the solution from part (a) and (b).
Mixed-strategy Nash equilibrium always exist.  Thus, all we have to do is to make sure that pure-strategy Nash equilibrium does not exist.  This means that for any action profile, there must be at least one player that is not “content” with his payoff.  There are 4 action profiles, (HIGH,LEFT), (HIGH,RIGHT), (LOW,LEFT), (LOW,RIGHT)  or HL, HR, LL, LR for short.
HL cannot be a Nash equilibrium because 0<y.  ROW will not be content and will change his strategy from HIGH to LOW.

HR cannot be a Nash equilibrium because –x<0.  COLUMN will not be content and will change his strategy from RIGHT to LOW.

To make sure that LL is not a Nash equilibrium, we have to make sure that the payoff for one or more player is worse than that with an alternate strategy.  This is not possible to do with the ROW player because y>0, that is, he prefers LOW to HIGH.  Our only choice is to make sure that COLUMN prefers RIGHT to LEFT, that is, -z > -y, or equivalently, z < y.

To make sure that LR is not a Nash equilibrium, we have to make sure that the payoff for one or more player is worse than that with an alternate strategy.  This is not possible to do with the COLUMN player because from the previous case, -z > -y, that is, he prefers RIGHT to LEFT.  Our only choice is to make sure that ROW prefers HIGH to LOW, that is, x > z.

The answer is: y > z and x > z.

(d) This part is straight forward.  The answer is (y-z)/(x+y-z).
Problem 5. (20 points)

Pizza stores.

For part (2), the set of outcome C should be the “sales” of both stores, that is, C is the set of ordered pair (QD, QP) where QD represents the sales of Pete’s and QP represents Danny’s sales.

Also, g is a mapping from an action profile to an outcome.  The function g can be defined as g(PP, PD) = (QP , QD).   The parameter of the utility function u has to be in variables QP and QD only and not on PP and PD.   However, that is not a problem since we have QP and QD as functions of PP and PD. We can state PP and PD as functions of QP and QP.  
uP(QP,QD) = YP = QD(PD -3) = QD((3/2)(36-2QD-QP-3)

uD(QP,QD) = YD = QP(PP -3) = QP((3/2)(36-2QP-QD-3)

For part (6), the goal is to maximize YP+YD.  To find the prices that leads to the maximum, you need to differentiate YP+YD on variables PD and PP, equating the results to 0 and solve for PD and PP.  The answer is PD = PP = 13.5
