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Example: Lower bound for Finding Max
Finding Max

Input: a list of n unsorted distinct numbers

Output: the maximum number in the list.

Lemma: If an algorithm makes at most n-2 comparisons, it is not correct.

Proof:
Let ALG be any algorithm that makes at most n-2 comparisons.

Let I be an arbitrary input instance of the problem.

Let x be the maximum element of I.

Since ALG makes at most n-2 comparisons, then it can label at most n-2 elements in I as losers.

Thus, there are at least 2 elements that are not labeled as losers. (One of them is x).

Let y be an element besides x that is not labeled as a loser.

Note that the algorithm does not compares x and y.  Otherwise, one of them will be labeled as a loser.

There are 2 cases.

Case 1: ALG returns an element other than x as the maximum for instance I.
Obviously, the algorithm is incorrect (for I).
Case 2: ALG returns x as the maximum for instance I.
Let I’ be an instance of the problem obtained from I by replacing y with a number z that is larger than x.

If we run ALG on I’, it will make the same sequence of comparisons and get the same sequence of answers.  (Note that if a comparison involves y (in I or z in I’), the answer is that y or z (is larger than the other element.)
Since ALG never makes a comparison between x and y (or between x and z), then it cannot distinguish between instances I and I’.

Thus, it must also return x as the maximum for instance I’, which is incorrect (for I’).

Thus, in either case, ALG is incorrect on some input instance.

QED.

Theorem: Any algorithm for Finding max makes at least n-1 comparisons in the worst case.

Proof:

From the lemma above, if an algorithm is correct, it must make as least n-1 comparisons.

QED.

Here is some notes about the proof above.  The statement that we want to proof is that “if an algorithm doesn’t make enough comparisons, it is incorrect”.  We begin by fixing an algorithm ALG and an instance I.  Note that ALG could be any algorithm, and I could be any input instance.  Then we consider 2 cases.  In case 1, ALG returns an incorrect answer for I.  This case is trivial.  Case 2 is where most of the work is.  In case 2, ALG returns a correct answer for I.  The idea is to identify a different instance I’ for which the algorithm returns an incorrect answer.  This instance I’ should be similar to I.  How similar?  Similar enough that ALG cannot distinguish I and I’.   For example, in the above proof, ALG never compares x and y.  Thus, we can change the relative value of x and y, and yet ALG cannot tell if the input instance it is working on is I or I’.

Many lower bound proofs follow the same proof structure.

