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Abstract

Partially observable Markov decision processes (POMDPSs) mvide an elegant math-
ematical framework for modeling complex decision and planimg problems in stochastic
domains in which states of the system are observable only iricectly, via a set of imperfect
or noisy observations. The modeling advantage of POMDPs, haever, comes at a price |
exact methods for solving them are computationally very exgnsive and thus applicable
in practice only to very simple problems. We focus on e cient approximation (heuristic)
methods that attempt to alleviate the computational proble m and trade o accuracy for
speed. We have two objectives here. First, we survey variougapproximation methods,
analyze their properties and relations and provide some newnsights into their di erences.
Second, we present a number of new approximation methods andovel re nements of ex-
isting techniques. The theoretical results are supported kg experiments on a problem from
the agent navigation domain.

1. Introduction

Making decisions in dynamic environments requires carefuévaluation of the cost and ben-
e ts not only of the immediate action but also of choices we ma have in the future. This
evaluation becomes harder when the e ects of actions are stihastic, so that we must pur-
sue and evaluate many possible outcomes in parallel. Typidly, the problem becomes more
complex the further we look into the future. The situation becomes even worse when the
outcomes we can observe are imperfect or unreliable indicats of the underlying process
and special actions are needed to obtain more reliable infonation. Unfortunately, many
real-world decision problems fall into this category.

Consider, for example, a problem of patient management. Theyatient comes to the
hospital with an initial set of complaints. Only rarely do th ese allow the physician (decision-
maker) to diagnose the underlying disease with certainty, e that a number of disease options
generally remain open after the initial evaluation. The physician has multiple choices in
managing the patient. He/she can choose to do nothing (wait ad see), order additional tests
and learn more about the patient state and disease, or procekto a more radical treatment
(e.g. surgery). Making the right decision is not an easy task The disease the patient su ers
can progress over time and may become worse if the window of pprtunity for a particular
e ective treatment is missed. On the other hand, selection ¢ the wrong treatment may
make the patient's condition worse, or may prevent applyingthe correct treatment later.
The result of the treatment is typically non-deterministic and more outcomes are possible.
In addition, both treatment and investigative choices come with di erent costs. Thus, in
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a course of patient management, the decision-maker must cafully evaluate the costs and
bene ts of both current and future choices, as well as their hteraction and ordering. Other
decision problems with similar characteristics | complex t emporal cost-benet tradeo s,
stochasticity, and partial observability of the underlyin g controlled process | include robot
navigation, target tracking, machine mantainance and rephcement, and the like.

Sequential decision problems can be modeled dglarkov decision processes (MDPS)
(Bellman, 1957; Howard, 1960; Puterman, 1994; Boutilier, an, & Hanks, 1999) and their
extensions. The model of choice for problems similar to pagént management is thepartially
observable Markov decision process (POMDP) (Drake, 1962; Astrom, 1965; Sondik, 1971;
Lovejoy, 1991b). The POMDP represents two sources of unceatinty: stochasticity of the
underlying controlled process (e.g. disease dynamics in thpatient management problem),
and imperfect observability of its states via a set of noisy tservations (e.g. symptoms,
ndings, results of tests). In addition, it lets us model in a uniform way both control and
information-gathering (investigative) actions, as well as their e ects and cost-bene t trade-
0 s. Partial observability and the ability to model and reas on with information-gathering
actions are the main features that distinguish the POMDP from the widely known fully
observable Markov decision process (Bellman, 1957; Howard, 1960).

Although useful from the modeling perspective, POMDPs havethe disadvantage of be-
ing hard to solve (Papadimitriou & Tsitsiklis, 1987; Littma n, 1996; Mundhenk, Goldsmith,
Lusena, & Allender, 1997; Madani, Hanks, & Condon, 1999), ad optimal or -optimal solu-
tions can be obtained in practice only for problems of low comlexity. A challenging goal in
this research area is to exploit additional structural properties of the domain and/or suitable
approximations (heuristics) that can be used to obtain goodsolutions more e ciently.

We focus here on heuristic approximation methods, in partiailar approximations based
on value functions. Important research issues in this area the design of new and e cient
algorithms, as well as a better understanding of the existig techniques and their relations,
advantages and disadvantages. In this paper we address botbf these issues. First, we
survey various value-function approximations, analyze tkeir properties and relations and
provide some insights into their di erences. Second, we preent a number of new methods
and novel re nements of existing techniques. The theoretial results and ndings are also
supported empirically on a problem from the agent navigation domain.

2. Partially Observable Markov Decision Processes

A partially observable Markov decision process (POMDP) describes a stochastic control
process with partially observable (hidden) states. Formaly, it corresponds to a tuple

(S;A; ;T;0;R)where S is a set of states,A is a set of actions, is a set of observations,
T:S A S! [0 1]is a set of transition probabilities that describe the dynamic behavior

of the modeled environment,O:S A I [0;1] is a set of observation probabilities that
describe the relationships among observations, states anactions, andR:S A S! R

denotes a reward model that assigns rewards to state transibns and models payo s asso-
ciated with such transitions. In some instances the de nition of a POMDP also includes an
a priori probability distribution over the set of initial states S.
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Figure 1: Part of the in uence diagram describing a POMDP model. Rectangles correspond
to decision nodes (actions), circles to random variables {ates) and diamonds to
reward nodes. Links represent the dependencies among theraponents. s;; a;; o
and ry denote state, action, observation and reward at timet. Note that an action
at time t depends only on past observations and actions, not on states

2.1 Objective Function

Given a POMDP, the goal is to construct a control policy that maximizes an objective (value)

function. The objective function combines partial (stepwise) rewads over multiple steps
using various kinds of decision models. Typically, the modks are cumulative and based on
expectations. Two models are frequently used in practice:

. . . . . P . .
afinite-horizon model in which we maximizeE ( tT:o r¢), wherer, is a reward obtained
at time t.

e . . . , - P
an infinite-horizon discounted model in which we maximizeE (' L, 'r), where 0<
< 1is a discount factor.

Note that POMDPs and cumulative decision models provide a rth language for modeling
various control objectives. For example, one can easily maal goal-achievement tasks (a
speci ¢ goal must be reached) by giving a large reward for a tansition to that state and
zero or smaller rewards for other transitions.

In this paper we focus primarily on discounted in nite-hori zon model. However, the
results can be easily applied also to the nite-horizon case

2.2 Information State

In a POMDP the process states are hidden and we cannot observilhem while making a
decision about the next action. Thus, our action choices arebased only on the informa-
tion available to us or on quantities derived from that infor mation. This is illustrated in
the inuence diagram in Figure 1, where the action at time t depends only on previous
observations and actions, not on states. Quantities summaeing all information are called
information states. Complete information states represent a trivial case.
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Figure 2: Inuence diagram for a POMDP with information stat es and corresponding
information-state MDP. Information states (1; and l+1) are represented by
double-circled nodes. An action choice (rectangle) depersdonly on the current
information state.

Definition 1 (Complete information state). The complete information state at time t (de-
noted |1 £) consists of:

a prior belief by on states in S at time 0;

a complete history of actions and observations fog; ag; 01;@1; ;0 1;a 1,09 Start-
ing from time t = 0.

A sequence of information states de nes a controlled Markovprocess that we call an
information-state Markov decision process or information-state MDP. The policy for the
information-state MDP is de ned in terms of a control function : | ! A mapping
information state space to actions. The new information stde () is a deterministic function
of the previous state (; 1), the last action (a; 1) and the new observation ©):

lt= (It ;0@ 1):

ol A !l isthe update function mapping the information state space, observations
and actions back to the information space! It is easy to see that one can always convert
the original POMDP into the information-state MDP by using ¢ omplete information states.
The relation between the components of the two models and a @tch of a reduction of a
POMDP to an information-state MDP, are shown in Figure 2.

2.3 Bellman Equations for POMDPs

An information-state MDP for the in nite-horizon discount ed case is like a fully-observable
MDP and satis es the standard xed-point (Bellman) equatio n:

( N )
V(I):rr;gnA( (1;a)+ P(S1;a)v (19 (1)

| 0

1. In this paper, T denotes the generic update function. Thus we use the same symbol even if the information
state space is di[erknt.

36



Value-Function Approximations for POMDPs

: . o P
Here,V (1) denotes the optimal value function maximizing E ( tlzo ry) for state I . (I;a)
is the expected one-step reward and equals

X X X
(Ia)= (s;@)P(sjl) = R(s;a;s)P(sYs; a)P(sjl):
s2S s2Ss02s

(s; @) denotes an expected one-step reward for state and action a.
Since the next information statel °= (I; 0; a) is a deterministic function of the previous
information state |, action a, and the observationo, the Equation 1 can be rewritten more
compactly by summing over all possible observations :

( )
X X
V (1) = max (s;a)P(sjl) + P(ojl;a)V ( (I;0;a)) : (2)
azA
s2S 02
The optimal policy (control function) ;11 A selects the value-maximizing action
( X X )
(1) =argmax (s;a)P(sjl)+ P(ojl;a)V ( (I;0;a)) : 3)
2A  gg 02

The value and control functions can be also expressed in termofaction-value functions
(Q-functions)

V('):n;%l:A(Q(lia) (1) =argmax Q (I;a);

Q (l;a)= (s;a)P(sjl)+ X P(ol;a)V ( (I;0;a)): 4)
s2S 02

A Q-function corresponds to the expected reward for chosing axed action (a) in the rst
step and acting optimally afterwards.

2.3.1 Sufficient Statistics

To derive Equations 1|3 we implicitly used complete informa tion states. However, as
remarked earlier, the information available to the decision-maker can be also summarized
by other quantities. We call them su Lcieht information states. Such states must preserve
the necessary information content and also the Markov propgy of the information-state
decision process.

Definition 2 (Su Lcieht information state process). Let | be an information state space
and | A 'l be an update function defining an information process |; =
(It 1;a 1;0r). The process is su Lcieht with regard to the optimal control when, for any
time step t, it satisfies
P(sijlt) = P(sil )
P(ajlt 18 1)= P(ojl ¢ pia 1);
where 1€ and IE ; are complete information states.

It is easy to see that Equations 1 | 3 for complete information states must hold also for
su cient information states. The key benet of su cient sta tistics is that they are often
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easier to manipulate and store, since unlike complete histies, they may not expand with
time. For example, in the standard POMDP model it is su cient to work with belief states
that assign probabilities to every possible process stateAstrom, 1965).2 In this case the
Bellman equation reduces to:

(X X X )

V (b) = max (s;a)b(s) + P(ojs;ab(s)V( (b;0;d) ; (5)
2A o 02 s2S

where the next-step belief statet’is

bYs)= (b;0;9(s) = P(OjS;a)x P(sja; s9b(sY:
s02s

= 1=P(ojb;d is a normalizing constant. This de nes a bhelief-state MDP which is a
special case of a continuous-state MDP. Belief-state MDPs r& also the primary focus of
our investigation in this paper.

2.3.2 Value-Function Mappings and their Properties

The Bellman equation 2 for the belief-state MDP can be also reritten in the value-function
mapping form. Let V be a space of real-valued bounded function¥ : 1! IR de ned on
the belief information spacel ,andleth:1 A B! IR be dened as

X X X
h(b;a; V) = (s;a)b(s) + P(ojs; a)b(s)V( (b;0;3):

s2S 02 s2S

Now by de ning the value function mapping H : V!V as (HV)(b) = max a2 a h(b; a; V),
the Bellman equation 2 for all information states can be writen asV = HV : It is well
known that H (for MDPSs) is an isotone mapping and that it is a contraction under the
supremum norm (see (Heyman & Sobel, 1984; Puterman, 1994)).

Definition 3 The mapping H is isotone, if V;U2V and V U implies HVY  HU.

Definition 4 Let k:k be a supremum norm. The mapping H is a contraction under the
supremum norm, if for all V;U2V, kHV HUKk kV Uk holds for some 0 < 1.

2.4 Value lteration

The optimal value function (Equation 2) or its approximatio n can be computed usingdy-
namic programming techniques. The simplest approach is thevalue iteration (Bellman,
1957) shown in Figure 3. In this case, the optimal value fundbn V can be determined
in the limit by performing a sequence of value-iteration steps V; = HV; 1, whereV, is the
ith approximation of the value function (ith value function).® The sequence of estimates

2. Models in which belief states are not su [cieht include POMDPs with observation and action channel
lags (see Hauskrecht (1997)).

3. We note that the same update Vi = HV; 1 can be applied to solve the finite-horizon problem in a
standard way. The di[erknce is that V; now stands for the i-steps-to-go value function and Vo represents
the value function (rewards) for end states.
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Value iteration (POMDP , )
initialize V forall b2 1 ;
repeat
Vo v,
updateV  HVOforall b21 ;
until sup,jV(b) VYb)j
return V;

Figure 3: Value iteration procedure.

converges to the unique xed-point solution which is the direct consequence of Banach's
theorem for contraction mappings (see, for example, Puterran (1994)).

In practice, we stop the iteration well before it reaches thelimit solution. The stopping
criterion we use in our algorithm (Figure 3) examines the maxmum di erence between value
functions obtained in two consecutive steps | the so-called Bellman error (Puterman, 1994;
Littman, 1996). The algorithm stops when this quantity fall s below the threshold . The
accuracy of the approximate solution (th value function) with regardto V can be expressed
in terms of the Bellman error .

Theorem 1 Let =sup,jVi(b) Vi 1(b)j= kVi V; 1k be the magnitude of the Bellman
error. Then kV; V k —andkV; 1 V k 31— hold.

Then, to obtain the approximation of V with precision the Bellman error should fall
below &),

2.4.1 Piecewise Linear and Convex Approximations of the Value Function

The major di culty in applying the value iteration (or dynam ic programming) to belief-
state MDPs is that the belief space is in nite and we need to conpute an updateV; = HV; 1
for all of it. This poses the following threats: the value function for the ith step may not
be representable by nite means and/or computable in a nite nhumber of steps.

To address this problem Sondik (Sondik, 1971; Smallwood & Sulik, 1973) showed that
one can guarantee the computability of theith value function as well as its nite description
for a belief-state MDP by considering only piecewise lineaand convex representations of
value function estimates (see Figure 4). In particular, Sonlik showed that for a piecewise
linear and convex representation ofV; 1, Vi = HV; 1 is computable and remains piecewise
linear and convex.

Theorem 2 (Piecewise linear and convex functions). Let Vg be an initial value function
that is piecewise linear and convex. Then the ith value function obtained after a finite
number of update steps for a belief-state MDP is also finite, piecewise linear and convex,
and is equal to: X
Vi(b)=max  b(s) i(s);
i2 i
s2S
where band ; are vectors of size jSj and ; is a finite set of vectors (linear functions) ;.
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Vi(b)

0 1 bs)

Figure 4: A piecewise linear and convex function for a POMDP vith two process states
fs1;s,0. Note that b(s1) =1  b(sy) holds for any belief state.

The key part of the proof is that we can express the update for he ith value function
in terms of linear functions ; 1 dening V; 1:

8 " # 9
<X X X X =

Vi(b) = max . (s;a)b(s)+ max P(sGajs;a)b(s) i 1(sh. : (6)
a2A - us 2 112 i1ms o5 :

This leads to a piecewise linear and convex value functioty; that can be represented by
a nite set of linear functions ;, one linear function for every combination of actions and
permutations of ; 1 vectors of sizej j. Let W = (a;foy; 1*.0;fop; 12,00 fo s 1%l g)
be such a combination. Then the linear function correspondig to it is de ned as

X X .
Y= (sia)+ P(s%qjs;a) 1°4(s9: 7
02 sR2S
Theorem 2 is the basis of the dynamic programming algorithm ér nding the optimal
solution for the nite-horizon models and the value-iteration algorithm for nding near-

optimal approximations of V for the discounted, in nite-horizon model. Note, however,
that this result does not imply piecewise linearity of the optimal ( xed-point) solution V .

2.4.2 Algorithms for Computing Value-Function Updates

The key part of the value-iteration algorithm is the computation of value-function updates
Vi = HV; 1. Assume anith value function V; that is represented by a nite number of linear
segments ( vectors). The total number of all its possible linear functions isjAjj ; 1j! | (one
for every combination of actions and permutations of ; 1 vectors of sizej j) and they can
be enumerated inO(jAjjSj3 i 1j! !) time. However, the complete set of linear functions
is rarely needed: some of the linear functions are dominatetly others and their omission
does not change the resulting piecewise linear and convexruation. This is illustrated in
Figure 5.
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Vi (b)

~ redundant linear
~ . function

N
~

0 1 b(s)

Figure 5: Redundant linear function. The function does not dominate in any of the regions
of the belief space and can be excluded.

A linear function that can be eliminated without changing th e resulting value function
solution is called redundant. Conversely, a linear function that singlehandedly achiees the
optimal value for at least one point of the belief space is cé¢d useful.*

For the sake of computational e ciency it is important to mak e the size of the linear
function set as small as possible (keep only useful linear fictions) over value-iteration steps.
There are two main approaches for computing useful linear foctions. The rst approach is
based on a generate-and-test paradigm and is due to Sondik 9Z1) and Monahan (1982).
The idea here is to enumerate all possible linear functions rst, then test the usefulness
of linear functions in the set and prune all redundant vectors. Recent extensions of the
method interleave the generate and test stages and do earlyrpning on a set of partially
constructed linear functions (Zhang & Liu, 1997a; Cassanda, Littman, & Zhang, 1997,
Zhang & Lee, 1998).

The second approach builds on Sondik's idea of computing a e$ul linear function for a
single belief state (Sondik, 1971; Smallwood & Sondik, 197%3which can be done e ciently.
The key problem here is to locate all belief points that seed seful linear functions and
di erent methods address this problem di erently. Methods that implement this idea are
Sondik's one- and two-pass algorithms (Sondik, 1971), Chegis methods (Cheng, 1988), and
the Witness algorithm (Kaelbling, Littman, & Cassandra, 1999; Littman, 1996; Cassandra,
1998).

2.4.3 Limitations and Complexity

The major di culty in solving a belief-state MDP is that the ¢ omplexity of a piecewise
linear and convex function can grow extremely fast with the rumber of update steps. More
speci cally, the size of a linear function set de ning the function can grow exponentially (in

the number of observations) during a single update step. The, assuming that the initial

value function is linear, the number of linear functions de ning the ith value function is

O(Aj 1" %),

4. In defining redundant and useful linear functions we assume that there are no linear function duplicates,

i.e. only one copy of the same linear function is kept in the set I';.
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The potential growth of the size of the linear function set isnot the only bad news. As
remarked earlier, a piecewise linear convex value functioiis usually less complex than the
worst case because many linear functions can be pruned awaydng updates. However,
it turned out that the task of identifying all useful linear f unctions is computationally
intractable as well (Littman, 1996). This means that one faes not only the potential
super-exponential growth of the number of useful linear fumtions, but also ine ciencies
related to the identi cation of such vectors. This is a signi cant drawback that makes the
exact methods applicable only to relatively simple problens.

The above analysis suggests that solving a POMDP problem is mintrinsically hard
task. Indeed, nding the optimal solution for the nite-hor izon problem is PSPACE-hard
(Papadimitriou & Tsitsiklis, 1987). Finding the optimal so lution for the discounted in nite-
horizon criterion is even harder. The corresponding decisin problem has been shown to be
undecidable (Madani et al., 1999), and thus the optimal soltion may not be computable.

2.4.4 Structural Refinements of the Basic Algorithm

The standard POMDP model uses a at state space and full transtion and reward matrices.
However, in practice, problems often exhibit more structure and can be represented more
compactly, for example, using graphical models (Pearl, 198, Lauritzen, 1996), most often
dynamic belief networks (Dean & Kanazawa, 1989; Kjaerul , 1992) or dynamic in uence
diagrams (Howard & Matheson, 1984; Tatman & Schachter, 1990° There are many ways
to take advantage of the problem structure to modify and improve exact algorithms. For
example, a re nement of the basic Monahan algorithm to compat transition and reward
models has been studied by Boutilier and Poole (1996). A hyhd framework that combines
MDP-POMDP problem-solving techniques to take advantage ofperfectly and partially ob-
servable components of the model and the subsequent valuerfation decomposition was
proposed by Hauskrecht (1997, 1998, 2000). A similar appra# with perfect information
about a region (subset of states) containing the actual unddying state was discussed by
Zhang and Liu (1997b, 1997a). Finally, Castanon (1997) an®ost (1998) explore techniques
for solving large POMDPs that consist of a set of smaller, resurce-coupled but otherwise
independent POMDPs.

2.5 Extracting Control Strategy

Value iteration allow us to compute anith approximation of the value function V;. However,
our ulimate goal is to nd the optimal control strategy ;11 Aorits close approximation.
Thus our focus here is on the problem of extraction of controlstrategies from the results of
value iteration.

2.5.1 Lookahead Design
The simplest way to de ne the control function : 1! A from the value function V; is via
greedy one-step lookahead: )

(b) = arg max X (s;a)b(s) + X P(ob;aVi( (b;0;3)
a2A o 02

5. See the survey by Boutilier, Dean and Hanks (1999) for di [erent ways to represent structured MDPs.
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Vi(b)

0 b L b(s,)

Figure 6: Direct control design. Every linear function de ning V; is associated with an
action. The action is selected if its linear function (or Q-function) is maximal.

As V; represents only theith approximation of the optimal value function, the question
arises how good the resulting controller really iS The following theorem (Puterman, 1994;
Williams & Baird, 1994, Littman, 1996) relates the accuracy of the (lookahead) controller
and the Bellman error.

Theorem 3 Let = kV; V; 1k be the magnitude of the Bellman error. Let V"4 be the
expected reward for the lookahead controller designed for Vi. Then kV\*A V k  2—.

The bound can be used to construct the value-iteration routne that yields a lookahead
strategy with a minimum required precision. The result can be also extended to thek-
step lookahead design in a straightforward way; withk steps, the error bound becomes

LA (k) 2 K
KV, V k T

2.5.2 Direct Design

To extract the control action via lookahead essentially reqiires computing one full update.
Obviously, this can lead to unwanted delays in reaction times. In general, we can speed up
the response by remembering and using additional informatin. In particular, every linear
function de ning V; is associated with the choice of action (see Equation 7). Thaction is a
byproduct of methods for computing linear functions and no etra computation is required
to nd it. Then the action corresponding to the best linear fu nction can be selected directly
for any belief state. The idea is illustrated in Figure 6.

The bound on the accuracy of the direct controller for the in nite-horizon case can be
once again derived in terms of the magnitude of the Bellman ewor.

Theorem 4 Let = kV; V; 1k be the magnitude of the Bellman error. Let VPR be an
expected reward for the direct controller designed for V. Then kVPR Vv k .

The direct action choice is closely related to the notion of ation-value function (or
Q-function). Analogously to Equation 4, the ith Q-function satis es

Vi(b) = max Qi(b; a);

6. Note that the control action extracted via lookahead from V; is optimal for (i + 1) steps-to-go and the
finite-horizon model. The main di[erknce here is that V; is the optimal value function for i steps to go.
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Figure 7: A policy graph ( nite-state machine) obtained aft er two value iteration steps.
Nodes correspond to linear functions (or states of the nitestate machine) and
links to dependencies between linear functions (transitios between states). Every
linear function (node) is associated with an action. To ensue that the policy can
be also applied to the in nite-horizon problem, we add a cyck to the last state
(dashed line).

X
Qi(b;a = R(b;a) + P(ojb;@Vi 1( (b;a;0):
02
From this perspective, the direct strategy selects the actbn with the best (maximum) Q-
function for a given belief state”

2.5.3 Finite-State Machine Design

A more complex re nement of the above technique is to remembe for every linear function
in Vi, not only the action choice but also the choice of a linear fustion for the previous
step and to do this for all observations (see Equation 7). As he same idea can be applied
recursively to the linear functions for all previous steps,we can obtain a relatively complex
dependency structure relating linear functions inV;;V; 1; Vp, observations and actions
that itself represents a control strategy (Kaelbling et al., 1999).

To see this, we model the structure in graphical terms (Figue 7). Here di erent nodes
represent linear functions, actions associated with hodesorrespond to optimizing actions,
links emanating from nodes correspond to di erent observatons, and successor nodes corre-
spond to linear functions paired with observations. Such gaphs are also callegolicy graphs
(Kaelbling et al., 1999; Littman, 1996; Cassandra, 1998). @e interpretation of the depen-
dency structure is that it represents a collection of nite-state machines (FSMs) with many
possible initial states that implement a POMDP controller: nodes correspond to states of
the controller, actions to controls (outputs), and links to transitions conditioned on inputs

7. Williams and Baird (1994) also give results relating the accuracy of the direct Q-function controller to
the Bellman error of Q-functions.
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(observations). The start state of the FSM controller is chosen greedily by selecting the
linear function (controller state) optimizing the value of an initial belief state.

The advantage of the nite-state machine representation ofthe strategy is that for the
rst i steps it works with observations directly; belief-state updates are not needed. This
contrasts with the other two policy models (lookahead and diect models), which must keep
track of the current belief state and update it over time in order to extract appropriate
control. The drawback of the approach is that the FSM controller is limited to i steps
that correspond to the number of value iteration steps perfemed. However, in the in nite-
horizon model the controller is expected to run for an in nite number of steps. One way
to remedy this de ciency is to extend the FSM structure and to create cycles that let us
visit controller states repeatedly. For example, adding a gcle transition to the end state of
the FSM controller in Figure 7 (dashed line) ensures that thecontroller is also applicable
to the in nite-horizon problem.

2.6 Policy Iteration

An alternative method for nding the solution for the discou nted in nite-horizon problem
is policy iteration (Howard, 1960; Sondik, 1978). Policy iteration searches ta policy space
and gradually improves the current control policy for one ormore belief states. The method
consists of two steps performed iteratively:

policy evaluation: computes expected value for the current policy;
policy improvement: improves the current policy.

As we saw in Section 2.5, there are many ways to represent a cwoal policy for a
POMDP. Here we restrict attention to a nite-state machine m odel in which observations
correspond to inputs and actions to outputs (Platzman, 1980 Hansen, 1998b; Kaelbling
et al., 1999)8

2.6.1 Finite-State Machine Controller

A nite-state machine (FSM) controller C = (M; ;A; ;; ) fora POMDP is described
by a set of memory statesM of the controller, a set of observations (inputs) , a set of
actions (outputs) A, a transition function : M I M mapping states of the FSM to
next memory states given the observation, and an output funtion : M ! A mapping
memory states to actions. A function :l1g! M selects the initial memory state given
the initial information state. The initial information sta te corresponds either to a prior or
a posterior belief state at time tg depending on the availability of an initial observation.

2.6.2 Policy Evaluation

The rst step of the policy iteration is policy evaluation. T he most important property
of the FSM model is that the value function for a speci ¢ FSM strategy can be computed
e ciently in the number of controller states M. The key to e cient computability is the

8. A policy-iteration algorithm in which policies are defined over the regions of the belief space was described
first by Sondik (1978).
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Figure 8: An example of a four-state FSM policy. Nodes repremnt states, links transi-
tions between states (conditioned on observations). Everynemory state has an
associated control action (output).

fact that the value function for executing an FSM strategy from some memory statex is
linear (Platzman, 1980).°

Theorem 5 Let C be a finite-state machine controller with a set of memory states M.
The value function for applying C from a memory state x 2 M, VC(x; b), is linear. Value
functions for all x 2 M can be found by solving a system of linear equations with jSjjM |
variables.

We illustrate the main idea by an example. Assume an FSM contoller with four memory
statesf Xy1; Xo; X3; X409, as in Figure 8, and a stochastic process with two hidden stasS =
fs1;s,0. The value of the policy for an augmented state spac& M satis es a system of
linear equations

X X

V(xy;81) = (s1; (X1)+ P(o;9s1; (Xx1))V( (X1;0);9)
% %° _

V(X1;82) = (S2; (X1)+ P(o;9s2; (Xx1))V( (X1;0);9)
% %° _

V(xz;s1) = (s1; (X2))+ P(o;9s1; (x2))V( (X2;0);9)
02 s2S
X X

V(Xs82) = (S2; (Xa))+ P(o;9s2; (X4)V( (Xs4;,0);9);
02 s2S

where (X) is the action executed inx and (x;0) is the state to which one transits after

seeing an input (observation)o. Assuming we start the policy from the memory state xy,

the value of the policy is: X

VE(xiih) = V(xg;9)h(s):
s2S

9. The idea of linearity and e [cieht computability of the value functions for a fixed FSM-based strategy
has been addressed recently in di [erknt contexts by a number of researchers (Littman, 1996; Cassandra,
1998; Hauskrecht, 1997; Hansen, 1998b; Kaelbling et al., 1999). However, the origins of the idea can be
traced to the earlier work by Platzman (1980).
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Thus the value function is linear and can be computed e ciently by solving a system of
linear equations.

Since in general the FSM controller can start from any memorystate, we can always
choose the initial memory state greedily, maximizing the eyected value of the result. In
such a case the optimal choice function is de ned as:

— Cry- .
(b) = argmax V= (x; b);
and the value for the FSM policy C and belief stateb is:
VE(b) = max VE(x;b)= VE( (b);b):
X

Note that the resulting value function for the strategy C is piecewise linear and convex and
represents expected rewards for followin@. Since no strategy can perform better that the
optimal strategy, V¢ V must hold.

2.6.3 Policy Improvement

The policy-iteration method, searching the space of contrélers, starts from an arbitrary ini-
tial policy and improves it gradually by re ning its nite-s tate machine (FSM) description.
In particular, one keeps modifying the structure of the controller by adding or removing con-
troller states (memory) and transitions. Let C and C%be an old and a new FSM controller.
In the improvement step we must satisfy

vCih VE(b forall b21 ;

9b2 1 such that VC(b) > V (b):

To guarantee the improvement, Hansen (1998a, 1998b) propesd a policy-iteration algo-
rithm that relies on exact value function updates to obtain a new improved policy struc-
ture.1? The basic idea of the improvement is based on the observatiothat one can switch
back and forth between the FSM policy description and the pieewise-linear and convex
representation of a value function. In particular:

the value function for an FSM policy is piecewise-linear andconvex and every linear
function describing it corresponds to a memory state of a comoller;

individual linear functions comprising the new value function after an update can be
viewed as new memory states of an FSM policy, as described ireftion 2.5.3.

This allows us to improve the policy by adding new memory staes corresponding to linear
functions of the new value function obtained after the exactupdate. The technique can be
re ned by removing some of the linear functions (memory staes) whenever they are fully
dominated by one of the other linear functions.

10. A policy-iteration algorithm that exploits exact value function updates but works with policies defined
over the belief space was used earlier by Sondik (1978).
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Figure 9: A two-step decision tree. Rectangles correspondot the decision nodes (moves
of the decision-maker) and circles to chance nodes (moves tfe environment).
Black rectangles represent leaves of the tree. The reward foa specic path
is associated with every leaf of the tree. Decision nodes arassociated with
information states obtained by following action and obsenation choices along the
path from the root of the tree. For example, b;.; is a belief state obtained by
performing action a; from the initial belief state b and observing observationo;.

2.7 Forward (Decision Tree) Methods

The methods discussed so far assume no prior knowledge of tivgtial belief state and treat
all belief states as equally likely. However, if the initial state is known and xed, methods
can often be modi ed to take advantage of this fact. For examge, for the nite-horizon
problem, only a nite number of belief states can be reachedrom a given initial state. In
this case it is very often easier to enumerate all possible hktories (sequences of actions and
observations) and represent the problem using stochastic etision trees (Rai a, 1970). An
example of a two-step decision tree is shown in Figure 9.

The algorithm for solving the stochastic decision tree bagially mimics value-function
updates, but is restricted only to situations that can be reached from the initial belief state.
The key di culty here is that the number of all possible traje ctories grows exponentially
with the horizon of interest.

2.7.1 Combining Dynamic-Programming and Decision-Tree Techniques

To solve a POMDP for a xed initial belief state, we can apply two strategies: one con-
structs the decision tree rst and then solves it, the other lves the problem in a backward
fashion via dynamic programming. Unfortunately, both these techniques are ine cient, one
su ering from exponential growth in the decision tree size,the other from super-exponential
growth in the value function complexity. However, the two techniques can be combined in
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a way that at least partially eliminates their disadvantages. The idea is based on the fact
that the two techniques work on the solution from two di eren t sides (one forward and the
other backward) and the complexity for each of them worsens adually. Then the solution
is to compute the completekth value function using dynamic programming (value iteration)
and cover the remaining steps by forward decision-tree expasion.

Various modi cations of the above idea are possible. For exaple, one can often replace
exact dynamic programming with two more e cient approximat ions providing upper and
lower bounds of the value function. Then the decision tree mat be expanded only when
the bounds are not su cient to determine the optimal action c hoice. A number of search
techniques developed in the Al literature (Korf, 1985) combned with branch-and-bound
pruning (Satia & Lave, 1973) can be applied to this type of prdolem. Several researchers
have experimented with them to solve POMDPs (Washington, 196; Hauskrecht, 1997,
Hansen, 1998b). Other methods applicable to this problem a& based on Monte-Carlo
sampling (Kearns, Mansour, & Ng, 1999; McAllester & Singh, B99) and real-time dynamic
programming (Barto, Bradtke, & Singh, 1995; Dearden & Boutilier, 1997; Bonet & Ge ner,
1998).

2.7.2 Classical Planning Framework

POMDP problems with xed initial belief states and their sol utions are closely related to
work in classical planning and its extensions to handle statastic and partially observable
domains, particularly the work on BURIDAN and C-BURIDAN pla nners (Kushmerick,
Hanks, & Weld, 1995; Draper, Hanks, & Weld, 1994). The objecive of these planners is
to maximize the probability of reaching some goal state. Howver, this task is similar to
the discounted reward task in terms of complexity, since a dicounted reward model can
be converted into a goal-achievement model by introducing a absorbing state (Condon,
1992).

3. Heuristic Approximations

The key obstacle to wider application of the POMDP framework is the computational
complexity of POMDP problems. In particular, nding the opt imal solution for the nite-
horizon case is PSPACE-hard (Papadimitriou & Tsitsiklis, 1987) and the discounted in nite-
horizon case may not even be computable (Madani et al., 1999)One approach to such
problems is to approximate the solution to some -precision. Unfortunately, even this
remains intractable and in general POMDPs cannot be approxinated e ciently (Burago,
Rougemont, & Slissenko, 1996; Lusena, Goldsmith, & Mundhek 1998; Madani et al.,
1999). This is also the reason why only very simple problemsan be solved optimally or
near-optimally in practice.

To alleviate the complexity problem, research in the POMDP area has focused on various
heuristic methods (or approximations without the error parameter) that are more e cient. 11
Heuristic methods are also our focus here. Thus, when refdg to approximations, we mean
heuristics, unless speci cally stated otherwise.

11. The quality of a heuristic approximation can be tested using the Bellman error, which requires one exact
update step. However, heuristic methods per se do not contain a precision parameter.
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The many approximation methods and their combinations can ke divided into two often
very closely related classesvalue-function approximations and policy approximations.

3.1 Value-Function Approximations

The main idea of the value-function approximation approachis to approximate the optimal

value function V : 1! IR with a function ¥ : 1! IR de ned over the same information
space. Typically, the new function is of lower complexity (recall that the optimal or near-

optimal value function may consist of a large set of linear functions) and is easier to compute
than the exact solution. Approximations can be often formulated as dynamic programming
problems and can be expressed in terms of approximate valuemnction updates B. Thus,

to understand the di erences and advantages of various apmximations and exact methods,
it is often su cient to analyze and compare their update rule s.

3.1.1 Value-Function Bounds

Although heuristic approximations have no guaranteed precsion, in many cases we are
able to say whether they overestimate or underestimate the ptimal value function. The
information on bounds can be used in multiple ways. For examfe, upper- and lower-
bounds can help in narrowing the range of the optimal value function, elimination of some
of the suboptimal actions and subsequent speed-ups of exaatethods. Alternatively, one
can use knowledge of both value-function bounds to determia the accuracy of a controller
generated based on one of the bounds (see Section 3.1.3). &l$n some instances, a lower
bound alone is su cient to guarantee the control choice that always achieves an expected
reward at least as high as the one given by that bound (Sectior.7.2).

The bound property of di erent methods can be determined by examining the updates
and their bound relations.

Definition 5 (Upper bound). Let H be the exact value-function mapping and B its ap-
proximation. We say that B upper-bounds H for some V when (BV)(b)  (HV)(b) holds
for every b2 1 .

An analogous de nition can be constructed for the lower bourd.

3.1.2 Convergence of Approximate Value Iteration

Let B be a value-function mapping representing an approximate upate. Then the ap-
proximate value iteration computes the ith value function as ¥ = #¥% ;. The xed-point
solution ¢ = MY or its close approximation would then represent the intendel output of
the approximation routine. The main problem with the iterat ion method is that in general
it can converge to unique or multiple solutions, diverge, oroscillate, depending ont? and
the initial function . Therefore, unique convergence cannot be guaranteed for arbitrary
mapping B and the convergence of a speci ¢ approximation method must b proved.

Definition 6 (Convergence of B). The value iteration with B converges for a value func-
tion Vo when limpp  ("Vp) exists.
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Definition 7 (Unique convergence of B). The value iteration converges uniquely for V
when for every V 2V, limn;  (B™V) exists and for all pairs V;U 2V, limp; (B"V) =
limny  (BNU).

A su cient condition for the unigue convergence is to show that B be a contraction. The
contraction and the bound properties of® can be combined, under additional conditions, to
show the convergence of the iterative approximation methodo the bound. To address this
issue we present a theorem comparing xed-point solutions btwo value-function mappings.

Theorem 6 Let H; and H, be two value-function mappings defined on Vi and Vs, such that
1. H4, Hy are contractions with fixed points V, , V,;
2.V, 2Voand HoV,  HiV, =V, ;
3. H» is an isotone mapping.

Then V, V; holds.

Note that this theorem does not require that V1 and V, cover the same space of value
functions. For example, Vo can cover all possible value functions of a belief-state MDP
while V; can be restricted to a space of piecewise linear and convex lug functions. This
gives us some exibility in the design of iterative approximation algorithms for computing
value-function bounds. An analogous theorem also holds fothe lower bound.

3.1.3 Control

Once the approximation of the value-function is available, it can be used to generate a
control strategy. In general, control solutions correspom to options presented in Section
2.5 and include lookahead, direct (Q-function) and nite-state machine designs.

A drawback of control strategies based on heuristic approxhations is that they have
no precision guarantee. One way to nd the accuracy of such sategies is to do one exact
update of the value function approximation and adopt the realt of Theorems 1 and 3 for
the Bellman error. An alternative solution to this problem is to bound the accuracy of
such controllers using the upper- and the lower-bound appmimations of the optimal value
function. To illustrate this approach, we present and prove(in the Appendix) the following
theorem that relates the quality of bounds to the quality of a lookahead controller.

Theorem 7 Let ¥y and ¥ be upper and lower bounds of the optimal value function for
the discounted infinite-horizon problem. Let = sup,jYu(b) VL (b)j = k¥ ¥k be
the maximum bound di [erence. Then the expected reward for a lookahead controller ¥~

constructed for either ¥, or ¥, , satisfies kP2 V k ((12 L.

3.2 Policy Approximation

An alternative to value-function approximation is policy a pproximation. As shown earlier,
a strategy (controller) for a POMDP can be represented usinga nite-state machine (FSM)
model. The policy iteration searches the space of all posdib policies (FSMs) for the opti-
mal or near-optimal solution. This space is usually enormos, which is the bottleneck of the
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method. Thus, instead of searching the complete policy spag we can restrict our attention
only to its subspace that we believe to contain the optimal séution or a good approxima-
tion. Memoryless policies (Platzman, 1977; White & Scherer 1994; Littman, 1994; Singh,
Jaakkola, & Jordan, 1994), policies based on truncated higiries (Platzman, 1977; White &
Scherer, 1994; McCallum, 1995), or nite-state controllets with a xed number of memory
states (Platzman, 1980; Hauskrecht, 1997; Hansen, 1998a998b) are all examples of a
policy-space restriction. In the following we consider orny the nite-state machine model
(see Section 2.6.1), which is quite general; other models nébe viewed as its special cases.

States of an FSM policy model represent the memory of the combller and, in general,
summarize information about past activities and observatons. Thus, they are best viewed
as approximations of the information states, or asfeature states. The transition model of
the controller ( ) then approximates the update function of the information-state MDP
( ) and the output function of an FSM ( ) approximates the control function ( ) mapping
information states to actions. The important property of th e model, as shown Section
2.6.2, is that the value function for a xed controller and x ed initial memory state can be
obtained e ciently by solving a system of linear equations (Platzman, 1980).

To apply the policy approximation approach we rst need to decide (1) how to restrict
a space of policies and (2) how to judge the policy quality.

A restriction frequently used is to consider only controlles with a xed number of
states, say k. Other structural restrictions further narrowing the space of policies can
restrict either the output function (choice of actions at di erent controller states), or the
transitions between the current and next states. In generalany heuristic or domain-related
insight may help in selecting the right biases.

Two di erent policies can yield value functions that are better in di erent regions of
the belief space. Thus, in order to decide which policy is thebest, we need to de ne the
importance of di erent regions and their combinations. There are multiple solutions to this.
For example, Platzman (1980) considers the worst-case mease and optimizes the worst
(minimal) value for all initial belief states. Let Cbe a space of FSM controllers satisfying
given restrictions. Then the quality of a policy under the worst case measure is:

maxmin max V(x; b):

C2C w2l x2Mc
Another option is to consider a distribution over all initia | belief states and maximize the
expectation of their value function values. However, the ma@t common objective is to choose
the policy that leads to the best value for a single initial bdief state by:

max max V (x; bp):

C2C x2M ¢
Finding the optimal policy for this case reduces to a combin#orial optimization problem.
Unfortunately, for all but trivial cases, even this problem is computationally intractable.
For example, the problem of nding the optimal policy for a memoryless case (only cur-
rent observations are considered) is NP-hard (Littman, 199). Thus, various heuristics are
typically applied to alleviate this di culty (Littman, 199 4).
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Figure 10: Value-function approximation methods.

3.2.1 Randomized Policies

By restricting the space of policies we simplify the policy gtimization problem. On the
other hand, we simultaneously give up an opportunity to nd t he best optimal policy, replac-
ing it with the best restricted policy. Up to this point, we ha ve considered only deterministic
policies with a xed number of internal controller states, t hat is, policies with deterministic
output and transition functions. However, nding the best d eterministic policy is not al-
ways the best option: randomized policies, with randomized output and transition functions,
usually lead to the far better performance. The application of randomized (or stochastic)
policies to POMDPs was introduced by Platzman (1980). Essetially, any deterministic
policy can be represented as a randomized policy with a singlaction and transition, so
that the best randomized policy is no worse than the best detaministic policy. The di er-
ence in control performance of two policies shows up most ofh in cases when the number
of states of the controller is relatively small compared to hat in the optimal strategy.

The advantage of stochastic policies is that their space isdrger and parameters of
the policy are continuous. Therefore the problem of nding the optimal stochastic policy
becomes a non-linear optimization problem and a variety of ptimization methods can be
applied to solve it. An example is the gradient-based approeh (see Meuleau et al., 1999).

4. Value-Function Approximation Methods

In this section we discuss in more depth value-function appoximation methods. We fo-
cus on approximations with belief information space'? We survey known techniques, but
also include a number of new methods and modi cations of exting methods. Figure 10
summarizes the methods covered. We describe the methods byaans of update rules they

12. Alternative value-function approximations may work with complete histories of past actions and obser-
vations. Approximation methods used by White and Scherer (1994) are an example.
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Figure 11: Test example. The maze navigation problem: Maze2

implement, which simpli es their analysis and theoretical comparison. We focus on the fol-
lowing properties: the complexity of the dynamic-programming (value-iteration) updates;

the complexity of value functions each method uses; the ahitly of methods to bound the

exact update; the convergence of value iteration with appragimate update rules; and the
control performance of related controllers. The results otthe theoretical analysis are illus-
trated empirically on a problem from the agent-navigation domain. In addition, we use the
agent navigation problem to illustrate and give some intuitions on other characteristics of
methods with no theoretical underpinning. Thus, these resits should not be generalized
to other problems or used to rank di erent methods.

Agent-Navigation Problem

Maze20 is a maze-navigation problem with 20 states, six aatins and eight observations.
The maze (Figure 11) consists of 20 partially connected room (states) in which a robot
operates and collects rewards. The robot can move in four dactions (north, south, east
and west) and can check for the presence of walls using its ssors. But, neither \move"
actions nor sensor inputs are perfect, so that the robot can md up moving in unintended
directions. The robot moves in an unintended direction with probability of 0.3 (0.15 for
each of the neighboring directions). A move into the wall ke@s the robot in the same
position. Investigative actions help the robot to navigate by activating sensor inputs. Two
such investigative actions allow the robot to check inputs fpresence of a wall) in the north-
south and east-west directions. Sensor accuracy in detectiy walls is 0.75 for a two-wall
case (e.g. both north and south wall), 0.8 for a one-wall casénorth or south) and 0.89 for
a no-wall case, with smaller probabilities for wrong percefions.

The control objective is to maximize the expected discountd rewards with a discount
factor of 0.9. A small reward is given for every action not leaing to bumping into the wall
(4 points for a move and 2 points for an investigative action) and one large reward (150
points) is given for achieving the special target room (indcated by the circle in the gure)
and recognizing it by performing one of the move actions. Afer doing that and collecting
the reward, the robot is placed at random in a new start position.

Although the Maze20 problem is of only moderate complexity wth regard to the size
of state, action and observation spaces, its exact solutioris beyond the reach of current
exact methods. The exact methods tried on the problem inclué the Witness algorithm
(Kaelbling et al., 1999), the incremental pruning algorithm (Cassandra et al., 199732 and

13. Many thanks to Anthony Cassandra for running these algorithms.
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Figure 12: Approximations based on the fully observable vesion of a two state POMDP
(with states s1; $2): (a) the MDP approximation; (b) the QMDP approximation.
Values at extreme points of the belief space are solutions dhe fully observable
MDP.

policy iteration with an FSM model (Hansen, 1998b). The main obstacle preventing these
algorithms from obtaining the optimal or close-to-optimal solution was the complexity of
the value function (the number of linear functions needed todescribe it) and subsequent
running times and memory problems.

4.1 Approximations with Fully Observable MDP

Perhaps the simplest way to approximate the value function br a POMDP is to assume
that states of the process are fully observable (Astrom, 195; Lovejoy, 1993). In that case
the optimal value function V for a POMDP can be approximated as:

X
V(b= b(s)Vmoe (S); (8)

s2S

where Vy,pp (S) is the optimal value function for state s for the fully observable version of
the process. We refer to this approximation as to theMDP approximation. The idea of
the approximation is illustrated in Figure 12a. The resulting value function is linear and
is fully de ned by values at extreme points of the belief simdex. These correspond to the
optimal values for the fully observable case. The main advatage of the approximation
is that the fully observable MDP (FOMDP) can be solved e cien tly for both the nite-
horizon problem and discounted in nite-horizon problems* The update step for the (fully
observable) MDP is:

8 9

< X =

VMPP (s) = max . (s;a)+ P(sYs; a)VMPP (89
' s2s '

14. The solution for the finite-state fully observable MDP and discounted infinite-horizon criterion can be
found e Cciehtly by formulating an equivalent linear programming task (Bertsekas, 1995)
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4.1.1 MDP Approximation

The MDP-approximation approach (Equation 8) can be also desribed in terms of value-
function updates for the belief-space MDP. Although this step is strictly speaking redundant
here, it simpli es the analysis and comparison of this apprach to other approximations.

Let ¥ be a linear value function described by a vector MPP corresponding to values
of VMPP (59 for all states s°2 S. Then the (i + 1)th value function ¥i,; is

2 3
bu® = | w9maxt (sa+ | P(Isa) MPP (95
s2S azA s2s
= (Hwpp ¥)(b):

V..1 is described by a linear function with components

( )
X
MDP (g) = vMPP (s) = max  (s;a)+ P(sYs;a) MPP (8%
s2S

The MDP-based rule Hypp can be also rewritten in a more general form that starts from
an arbitrary piec