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Monte Carlo inference
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Monte Carlo approaches

* MC approximation:
— The probability is approximated using sample frequencies
— Example:
«—— H#samples with B=T,J =T

ﬁ(Bszjo):M
N <«— total # samples

O B
Generate sample in a
top down manner, following

* BBN sampling:

the links

* One sample gives one assignment of values to all variables
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BBN sampling example

P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) [0.002 0.998
P(A|B,E)
BE| T F
T T |0.95 0.05
T F | 0.94 0.06
F T |029 0.71
F F | 0.0010.999

PUIA) \ P(M|A)
Al T F Al T F

T 0.90 0.1
F| 0.05 0.95

-
oo
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BBN sampling example

P(B) P(E)
T F

T F
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998

P(A|B,E)

T F
0.95 0.05
0.94 0.06

0.29 0.71
0.001 0.999

m

P(JIA) \ P(MIA)
Al T F Al T F

T| 0.90 0.1
F| 0.05 0.95

m -
oo

CS 3750 Advanced Machine Learning




BBN sampling example

P(B) P(E)
T F T F
0.001 0.999 0.002 0.998
F P(A|B,E) F
E| T F
0.95 0.05

0.001 0.9

T
F | 0.94 0.06
T | 0.29 0.71
F

99

P(IA)

ATF\ Al T F

T | 0.90 0.1 T!10.7 0.3
F | 0.05 0.95 F| 0.00 0.99
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BBN sampling example
P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) [0.002 0.998
F P(A|B,E) F
B E T F
T T | 0.95 0.05
T F 0.94 0.06
F T 0.29 0.71
F F | 0.0010.999 | <==m
PAIA) \ P(M|A)
Al T F Al T F
F|0.05 0.95 F|0.01 0.99
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BBN sampling example

P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998
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T F | 0.94 0.06
F T | 0.29 0.71
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-
oo
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BBN sampling example

P(B) P(E)
T F

T F
Burglary )| 0.001 0.999 | ( Earthquake ) [0.002 0.998

P(A|B,E) F
T F

T | 0.95 0.05
F | 0.94 0.06
T | 0.29 0.71
F | 0.001 0.999

POIA) \ P(MIA)
AT F Al T F
T| 0.90 0.1
F | 0.05 0.95

m

m -
oo
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BBN sampling example

P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998

P(A|B,E) F

F 1
B E| T
/ Sample:
T T 0.9
T F |09 F F
FT|o0.2
F F | 0.0 F
P(J|A) \ F F
Al T F -
T 0.90 0.1 T107 03
F | 0.05 0.95 F| 0.01 0.99 ¢=
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Monte Carlo approaches

* MC approximation of conditional probabilities:
— The probability is approximated using sample frequencies

— Example:
N N «—— H#samples with B=T,J =T
P(B=T|J=T)=—1"0
NJ:T e

# samples with J =T

* Rejection sampling:
— Generate samples from the full joint by sampling BBN

— Use only samples that agree with the condition, the
remaining samples are rejected

* Problem: many samples can be rejected
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Likelihood weighting

* Avoids inefficiencies of rejection sampling
— Idea: generate only samples consistent with an evidence
(or conditioning event)
— If the value is set no sampling
* Problem: using simple counts is not enough since these may
occur with different probabilities
» Likelihood weighting:
— With every sample keep a weight with which it should
count towards the estimate

Wp_r

samples with B=T and J=T

P(B=T|J=T)=

Wpg

samples with any value of B and J=T

=X
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BBN likelihood weighting example

P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998
T P(A|B,E)
B E| T F
T T | 0.95 0.05
T F | 0.94 0.06
F T |0.29 0.71
F F | 0.0010.999
P(JIA) \ P(M|A)
Al T F Al T F
T|0.90 0.1 - Tl 07 03
F10.05 0.95 F| 0.01 0.99
J=T (set!!!) M =F (set!!!)
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BBN likelihood weighting example

Burglary

J=T (set 1))

P(B) P(E)
T F T F
0.001 0.999 Earthquake ) [0.002 0.998
P(A|B,E) F
B E T F
T T | 0.95 0.05
T F | 0.94 0.06
F T | 0.29 0.71
F F | 0.001 0.999
PUIA) \ P(MIA)
Al T F Al T F
T| 0.90 0.1 - T!10.7 0.3
F | 0.05 0.95 F| 0.00 0.99
M =F (set !!!
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BBN likelihood weighting example

Burglary

J=T (set!!!)

P(B) P(E)
T F T F
0.001 0.999 | ( Earthquake) |0.002 0.998
P(A|B,E) F
BE| T F
T T | 095 0.05
T F | 0.94 0.06 | <m=m
F T |029 071
F F | 0.001 0.999
P(IA) \ P(M|A)
Al T F Al T F
T| 0.90 0.1 - Tl 07 03
F|0.05 0.95 F|0.01 0.99

M=F (set!!)
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BBN likelihood weighting example

P(B) P(E)
T F T F
Burglary ) 0.001 0.999 | ( Earthquake ) |0.002 0.998
T P(A|B,E) F
/ BE| T F
T T |0.95 0.05
TY Alarm T F | 0.94 0.06
F T |02 071
F F | 0.0010.999
PAIA) \ P(M|A)
AN_F Al T F
T 0.1 - T|07 03
717005 0.95 F|o0.01 0.99
M =F (set!!!

J=T (set!!!
v

CS 3750 Advanced Machine Learning

BBN likelihood weighting example

Burglary

T

T

P(B) P(E)
T F T F
0.001 0.999 | ( Earthquake ) [0.002 0.998
P(A|B,E) F
/ BE| T F
T T |0.95 0.05
F T |02 071
F F | 0.0010.999
PAIA) \ P(M|A)
AN_F Al T F
T, 0.1 0.7 >
_F770.050.95 0701 0.99

F (set !!!

J=T (set!!!
v
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BBN likelihood weighting example

P(B)

T
T
P(JIA)

AN F Al T °F

T |,0.90 0.1 T10.7 %03

_F70.050.95 F 4001 0.99
J=T (set!!! =F (set !!!
S —— N d
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BBN likelihood weighting example

P(B) P‘E‘
- Evidence J=T,M=F

T in combination with B=T,E=F,A=T F
weight = 0.9%0.3=0.27

T
P(J|A) P(M|A)
ANT F
\ e S
T] 0.90 0.1 0.7 20.3
_F170.05 0.95 6701 0.99

J=T (set!!! =F (set !!!
R
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BBN likelihood weighting example

Second sample

P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) [0.002 0.998
F P(A|B,E)
B E T F
T T | 0.95 0.05
T F | 0.94 0.06
F T | 0.29 0.71
F F | 0.001 0.999
P(J|A) \ P(M|A)
Al T F Al T F
T| 0.90 0.1 - T10.7 0.3
F | 0.05 0.95 F| 0.01 0.99
J=T (set!!) M =F (set !!!
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BBN likelihood weighting example

Second sample

P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998
F P(A|B,E) F
B E| T F
T T | 0.95 0.05
T F | 0.94 0.06
F T | 0.29 0.71
F F | 0.0010.999
P(J|A) \ P(M|A)
Al T F Al T F
T|0.90 0.1 - Tl 07 03
F|0.05 0.95 F| 0.01 0.99
J=T (set!!!) M =F (set!!!)
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BBN likelihood weighting example

Second sample

Burglary

J=T (set 1))

P(B) P(E)
T F T F
0.001 0.999 Earthquake 0.002 0.998
P(A|B,E) F
B E T F
T T | 0.95 0.05
T F 0.94 0.06
F T 0.29 0.71
F F | 0.001 0.999 | <==m
PUIA) \ P(MIA)
Al T F Al T F
T 0.90 0.1 - T!10.7 0.3
F | 0.05 0.95 F| 0.00 0.99
M =F (set!!!
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BBN likelihood weighting example

Second sample
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P(B) P(E)
T F T F
Burglary )| 0.001 0.999 | ( Earthquake ) [0.002 0.998
F P(A|B,E) F
/ BE| T F
T T | 0.95 0.05
T F | 0.94 0.06
F T | 029 0.71
F F | 0.001 0.999
P(JIA) \ P(MIA)
T F Al T F
0.90 0.1 - T|07 0.3
b 0.95 F| 0.01 0.99
J=T (set!!!) M =F (set!!!
\—/




BBN likelihood weighting example

i
F

Second sample
P(B)

F

P(A|B,E)

PUJIA) P(M|A)
ANT F T F

m -
—|/>

-n

0\.00 0.1 . 0.3
J=T (set!!! = F (set !!!
v }Ml L (
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BBN likelihood weighting example

Second sample

P(B) P‘E‘

F P(A|B,
F
P(J|A)
ANT F A T F
T 0\.90 0.1 T\\oq\p:!)
F '0.05 0.95 F| 001,099

J=T (set ') =F (set !!
S ————
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BBN likelihood weighting example

Second sample

P(B) P(E)
T F T F
Burglary )| 0. 0.002 0.998
Evidence J=T,M=F
F in combination with B=F,E=F,A=F F
eight = 0.05%0.99=0.0495F
.95 0.05
FY Alarm 0.94 0.06
0.29 0.71
0.001 0.999
PUJIA) P(M|A)
ANT F T F
T| 0%0 0.1 = 03
F | 0.050.95 h
J =T (set !!1) =F (set !
\/ . .
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Likelihood weighting

* Assume we have generated the following M samples:

How to make the samples consistent?

Weight each sample by probability with which it agrees with the
conditioning evidence P(e).

<+— Weight 0.0495 <+ Weight 0.27

CS 3750 Advanced Machine Learning




Importance Sampling

an approach for estimating the expectation of a function f(x)
relative to some distribution P(X) (target distribution)

generally, we can estimate this expectation by generating
samples x[1], ..., x[M] from P, and then estimating

E,[f]= ﬁz £m])

However, we might prefer to generate samples from a different
distribution Q (proposal or sampling distribution) instead, since
it might be impossible or computationally very expensive to
generate samples directly from P.

Q can be arbitrary, but it should dominate P, i.e.
Q(x)>0 whenever P(x)>0
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Unnormalized Importance Sampling

Since we generate samples from Q instead of P,

we need to adjust our estimator to compensate for the incorrect
sampling distribution.
P (X)

E X)] =
peo [ f(X)]=Ey [ f(x )Q( )

So we can use standard estimator for expectations relative to Q.

Method: We generate a set of M samples D={x[1],...,x[M]}
from Q, and estimate:

: P(x m])
E = E
()= 7 Q( [m])
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Importance sampling

» This is an unbiased estimator: its mean for any data set is

precisely the desired value

w(x)=P(x)/Q(x) - aweighting function, or a correction
weight

We can estimate the distribution of the estimator around its

mean:asM —> o0

Ey [ f(XOWX)]-E, [ f(X)]c N(0;0,° / M)

where 6,7 =[Eqo [(f (W) 1= (Eg L (X)W(X)])?

0" =[E ) [(f XWX 1= (Epr £ (O
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Central limit theorem

Central limit theorem:

Let random variables X, X,,--- X, form a random sample
from a distribution with mean # and variance o 2, then if
the sample n is large, the distribution

> X,~N(nu,nc?) or lZ)(,.zN(,u,O'z/n)
n

i=1 i=1

Effect of increasing the sample size » on the sample mean:

i ™S =100 ou=
B ] (o}

\

V' on=50
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Importance sampling

* When f(X)=1, the variance is simply the variance of the
weighting function P(X)/Q(X). Thus, the more different Q is
from P, the higher is the variance of the estimator.

 In general, the lowest variance is achieved when
Q(X) | f(X)[P(X)

» We should avoid cases where our sampling probability
Q(X)<<P(X)f(X) in any part of the space, as these cases can lead
to very large or even infinite variance.

* Problem with unnormalized IS: P is assumed to be known
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