CS 3750 Machine Learning
Lecture 19

Latent variable models
Variational approximations.
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Cooperative vector quantizer

Latent variables (s): binary vars
Dimensionality k

Observed variables x: real valued vars
Dimensionality d
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Cooperative vector quantizer

Model: s: k binary vars
Latent var s;:
~ Bernoulli distribution
parameter: T;

P(Si |7z.i) = ”iSi(l_”i)FS‘

x: d real valued vars
Observable variables x:

~ Normal distribution MO
parameters: W, w=| "™
P(x|s)=N(Ws,X)
We assume ¥ = o7 Yo Y

Joint for one instance of x and s:

k
P(x,5|0)=(27)"* " exp{— 21 S(x—Ws)' (x— Ws)}H ' (1=m) ™
o i=1
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Cooperative vector quantizer

Our objective:

s: k binary vars

* Learn the parameters of the model
W, nt, 6

* One can use the data likelihood
or loglikelihood and optimize ..

x: d real valued vars
Learning if x and s are observable

Log likelihood:

N
Z log P(x",s" | @) =

n=l1

M=

k
—dlogo —2%()((") “Ws") ' (x™ = Ws ")+ > 5 log 7, + (1-5,") log(1 - 7,)
o

i=1

n

Solution: nice and easy
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Cooperative vector quantizer

Our objective:

s: k binary vars

* Learn the parameters of the model
W, n, o

* One can use the data likelihood

x: d real valued vars

or loglikelihood and optimize ..

Learning if only x are observable

Log likelihood of data:

N N
logP(D|©)=)" logP(x" (@)=Y log) P(x",s"|©)
n=l

n=l {s")

Solution: does not let us benefit from the decomposition

EM: used to work in such cases ...
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EM

Let H—be a set of all variables with hidden or missing values
Derivation

P(H,D|0©,5)=P(H|D,0,5)P(D]0,$)
log P(H,D|0®,{)=1log P(H |D,0,{)+1og P(D|0,¢)
log P(D|0®,¢)=1log P(H,D|®,)—-log P(H | D,0,¢)

== Log-likelihood of data
Average both sides with P(H | D,0',§) for @'
EypelogP(D]©,8) = Ey o log P(H,D[©,8) - Ey ), o log P(H | D, O, &)
log P(D]©,E)=F(@®|0")=EO|0")+H(O|0")

Log-likelihood of data
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EM algorithm

Algorithm (general formulation)
Initialize parameters @
Repeat
Set ®'=0
1. Expectation step
E©]0") =(log P(H,D|0,&))

2. Maximization step
® =arg max £(O |0O")
(©]

P(H|D,®")

until no or small improvementin @ (© = ©")

Problem: posterior P(H|D,0',%) is defined over 2k
probabilities
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EM algorithm

Posterior P(H|D,0',&) for our model

N
P(H|D,®) =[] P(s" |x",0"

n=1

— Each data point n=1, ...N requires us to calculate 2¥
probabilities

— Ifk is larger then this is a bottleneck!!!
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Variational approximation

Let H—be a set of all variables with hidden or missing values
Derivation

log P(D|©,&) =log P(H,D |0©,5)—log P(H |D,0,¢)
== Log-likelihood of data

Average both sides with O(H|A)
Ey, logP(D|0®,&) = E,, logP(H,D|©,%) —Ey; log P(H |©,&)
+Ey,; logQ(H | A) = Eyy , log Q(H | A)
log P(D[0,¢)=F(P,Q)+KL(Q,P)
Log-likelihood of data
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Variational approximation
Let H—be a set of all variables with hidden or missing values
logP(D|0,8)=E,, logP(H,D[0©,8)-E, , log P(H|0,S)
+Ey), logO(H | A) = Eyy, 1og O(H | A)
log P(D|0,¢) = F(Q,0)+KL(Q,P)
F(Q,®)={;Q(H|/t)IOgP(H,DI@,é)—%Q(HIi)IOgQ(HM)

KL(Q.P)=> Q(H | V)log Q(H | 1) ~log P(H | D, ©)]

{H}

Approximation: maximize F(Q,0)
Parameters: 0,1
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Variational EM

Let H—be a set of all variables with hidden or missing values

* E step:
— Optimize
F(Q,0) withrespectto A while keeping ® fixed
* M step
— Optimize
F(Q,0) withrespect to ® while keeping As

Note: if Q(H) 1is the posterior then the variational EM
reduces to the standard EM
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Variational EM

* So what is the deal?
— Why should we use the variational EM?
* Hope:
— If we choose Q(H |A) well the optimization of both
A and O will become easy
» A well behaved choice for Q(H | 1)

— Use mean field approximation
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Mean Field Approximation

Assumption:
* (Q(H|A) is the mean field approximation.
* Variables in the Q(H) distribution are independent
variables H,.
» Q is completely factorized:
O(H [4)= H Qi(Hi |/1i)
* For our CVQ model '
 Hidden variables are binary sources

Os| ) =[] 0:(s:14)
O(s, | A)=2"(1-2)""
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Mean Field Approximation

Functional F for the mean field:

F(Q,0)=)Y O(H | A)log P(H,D|©,&)~> O(H | A)log O(H | 1)

{H} {H}

F(0.0)=(logP(x,5]®)),,,, ~(log0(s| 1)),

:<—dloga— lz(x—Ws)T(x—Ws)> (1)
2o 0(s12)
+<Zk: s; log 7, +(1—sl.)log(1—7z,.)> (2)
=1 O(s|2)
—<Zk: s, log A, +(1—sl.)10g(1—/1i)> 3)
=1 0(s14)
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Mean Field Approximation

Functional F. Part 1:

<—dlog —ﬁsiw,-f(x—ﬁs,wi)> -

:<_ -
.

o =4 <Sis./'>Q(sI1) =4y +6,( = 40)

k k
_Zsiwi)T(X_Zsiwi)>
i=1 i=1 O(slA)
1 r k k _k r
= [x x—22(siwi)x+22sisjwi wj}
o(sl)

i=1 i=1

~.

=1 j=1

1 r k k k
- {x x—2;< >Qm;)wl)x+zz < >QW) iw}}
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Mean Field Approximation

Functional F. Part 2:

i=1 i=1

k k
<Zsl. logr, +(1-s,)log(l —7r,.)> Z( > o) logrz, +(1 —<s[>Q(M))log(l —-7;)
O(s12)

k
=Y Alogm, +(1-4)log(l—1,)
i=1

Functional F. Part 3:

k k
<Zs,. log A, +(1—s,.)1og(1—/1,.)> = Alog A, +(1-2)log(1- 1)
O(s]2)

i=1 i=1
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Mean Field Approximation

Functional F:

F(0.0)=(logP(x,5]®)),,,, ~(log0(s| 1)),

k&
252 Z [ﬂ‘iﬂ’j + 51‘]‘ (ﬂ‘i - ﬂiz)]wirwj
o =1 =l

1

k
=—dlogo - ! |:XTX—2221.W[)X+
i=1
k
+ A logz, +(1-4)log(l-1,)
i=1
k
+ A log A, +(1-2)log(1-4,)

i=1

Parameters: W, , O
Mean field parameters: A
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Mean Field Approximation

Functional F (for all data points):
N

n=l1
—dl I | oo 2"/1(»1) R et [ﬂ(")/l(") 5. (A" ﬂw)z]wf
- Ogo-_zazx X_Ziwi)x +Zz i j+[/(i_i )iwj
i=l1

=l j=l

k
+3 A" logm, +(1-2")log(l- )

i=1

k
+2,4" 1og 2" +(1-2") log(1-2")

i=1

Parameters: W, , O
Mean field parameters: A= AV, 1@, ... AV
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Variational EM: E step

Optimization of the functional F with respect to A:

0

1 1 T T /1
— F=—x-)Aw)w — W 'w +log—“— —log—"
oA, 02( jZJ R 207 " gl—ﬂu g1—/1u
0
t —F=0
se o
A = i(x—z/lw)Tw _ w.'w +log— T
u g 0_2 ~ U u 202 u u gl—ﬂ'u
1
gx)=——
l+e

Defines a fixed point equation

Iterate a set fixed point equations for all indexes u=1..k
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Variational EM: M step

Optimization of the functional F with respect to ©.
Start with m:

0 1 1
—F=1,log——-(1-4,)log For 1 data point
7, 7, (-7,)
iF—i A" L—(1—/1”)1 :
or, & 0g 7 « )108 (-z,) ForN data points
0
t —F=0
se oz,
N
z/l (n)
ro=al Closed form solution
! N
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Variational EM: M step

Optimization of the functional F with respect to ©.
Parameters w:

0 S m_ () 5 ()
aW—F: —T.J /1\) xu +2Z/1V /1_[ Wuj +2j‘kuv :0
uy n=l1 J#V
Wi Wi Wik
w,, W=(w,w, W)
W =
Wi Wk

For each variable v:
The equations define a set of k linear equations that can be solved
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Mean Field approximation

Let H—be a set of all variables with hidden or missing values

* E step:
— Optimize KL(Q.P)=> O(H | A)logQ(H | A)-log P(H | D,©)]

{H}

log P(D|©,8)=F(P,0)+KL(Q,P)
F(P,0)=) O(H|A)log P(H,D|©,%)~> O(H| A)log Q(H | 2)
(H} {H}

KL(Q.P)=> Q(H | )log Q(H | 1) -log P(H | D, )]

{H}

Approximation: maximize F(P,Q)
Parameters: 0,1
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