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Lecture 15

Latent variable models
Variational approximations.
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Cooperative vector quantizer

Latent variables (s): binary vars
Dimensionality k

Observed variables x: real valued vars
Dimensionality d
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Cooperative vector quantizer

s: k binary vars

Model:
Latent var s;:
~ Bernoulli distribution
parameter: T;

P(Si |7z.i) = ”iSi(l_”i)FS‘

x: d real valued vars

Observable variables x:

~ Normal distribution i e Yk
parameters: W, w=| "™
P(x|s)=N(Ws,X)
Wy e Wy

We assume Y = o/
Joint for one instance of x and s:

P(x,5|0)=(27) 5" exp{— !

20

S (x— Ws) (x— Ws)}ﬁ 77 (1— )0
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Cooperative vector quantizer

Our ObjeCtive: s: k binary vars
* Learn the parameters of the model
W, r, 0

* One can use the data likelihood

x: d real valued vars

or loglikelihood and optimize ..

Learning if x and s are observable

Log likelihood:

N

> log P(x",s" @)=

n=l1

N k
D> —dlogo - 21—2()((”) ~Ws") (x™ = Ws ")+ > 5" log 7, + (1-5," ) log(1 - 7,) + ¢
=1 o

n i=1

Solution: nice and easy
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Cooperative vector quantizer

Our objective:

s: k binary vars

* Learn the parameters of the model
W, n, o

* One can use the data likelihood

x: d real valued vars

or loglikelihood and optimize ..

Learning if only x are observable

Log likelihood of data:

N N
logP(D|©)=)" logP(x" (@)=Y log) P(x",s"|©)
n=l

n=l {s")

Solution: does not let us benefit from the decomposition

EM: used to work in such cases ...
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EM
Let H—be a set of all variables with hidden or missing values
P(H,D|0©,5)=P(H|D,0,5)P(D[0,5)
log P(H,D|0©,¢)=1log P(H |D,0,&)+1og P(D|0,¢)
log P(D0©,8)=1log P(H,D|0,{)-log P(H |D,0,¢)
1t Log-likelihood of data

Average both sides with P(H | D,0',§) for @'

Eppe log P(D|0,$) = Eype log P(H,D |0, 5)_EH\D,®' log P(H | D,©,$)

log P(D|©,£)=F(@®|0")=E(®|0")+H(®|0O")

Log-likelihood of data
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EM algorithm

Algorithm (general formulation)
Initialize parameters @
Repeat
Set ®'=0
1. Expectation step
E©]0") =(log P(H,D|0,&))
2. Maximization step
® =argmax E£(O |©")

until no or small imf)arovement in® (=0")

P(H|D,®")

Problem: posterior P(H|D,0',%) is defined over 2k
probabilities
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EM algorithm

Posterior P(H|D,0',&) for our model

N
P(H ‘ D,@') :HP(S(n) |X("),®’)

n=1

— Each data point n=1, ...N requires us to calculate 2¥
probabilities

— Ifk is larger then this is a bottleneck!!!
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Variational approximation

Let H—be a set of all variables with hidden or missing values
Derivation

log P(D|©,&) =log P(H,D |0©,5)—log P(H |D,0,¢)
== Log-likelihood of data

Average both sides with O(H|A)
Ey, logP(D|0®,&) = E,, logP(H,D|©,%) —Ey; log P(H |©,&)
+Ey,; logQ(H | A) = Eyy , log Q(H | A)
log P(D[0,¢)=F(P,Q)+KL(Q,P)
Log-likelihood of data
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Variational approximation
log P(D[0,8) = Ey), log P(H,D|0,8) - E;;), log P(H | ©,¢)
+Ey, logO(H | A1) - Ey, logO(H | 1)

log P(D|0,&)=F(Q,0)+KL(Q,P)
F(Q,0)=)Y O(H|A)log P(H,D|0©,&)~> O(H | A)log O(H | 1)
{H} {H}

KL(Q,P) =Y O(H | )[log O(H | )~ log P(H | D,0)]

{H}

Approximation: maximize F(Q,0)
Parameters: ©,1

Why? log P(D|0,5) 2 F(Q,0)

Maximization of F pushes up the lower bound on the log-likelihood
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Variational approximation

+ Comparison:
— EM uses the true posterior P(H |D,0',¢)

— Variational EM uses a surrogate posterior O(H | 1)
EM:

log P(D[0©,8)=E, e log P(H,D|0,8)—E, o log P(H | D,0,$)

Variational EM:

log P(D|0,¢) = Eyp log P(H,D|0,&) - Eyp log Q(H | 1)
+Ey, 10gQ(H|/1)—EH|,1 log P(H | ©,¢&)

log P(D[©,5) = F(P,Q)+ KL(Q, P)
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Variational EM

Let H—be a set of all variables with hidden or missing values

* E step:
— Optimize
F(Q,0) withrespectto A while keeping ® fixed
* M step
— Optimize
F(Q,0) withrespect to ® while keeping As

Note: if  Q(H) 1s the posterior then the variational EM
reduces to the standard EM
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Variational EM

* So what is the deal?
— Why should we use the variational EM?
* Hope:
— If we choose Q(H | A) well the optimization of both
A and O will become easy
* A well behaved choice for Q(H | 1)
— the mean field approximation
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Mean Field Approximation

Assumption:
* ((H|A) is the mean field approximation.
* Variables in the Q(H) distribution are independent
variables H,.
* Q is completely factorized:
OH M) =]]0/(H,|2%)
* For our CVQ model '
» Hidden variables are binary sources

OH M) = [ToG™ [2™)

n=I,.N

o™ 12" = [Toe" 14"

i=l,.d

ALY o
Q(S,.(") Mi(m) _ Zi(n)“ (1_/11_(;1))1 50
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Mean Field Approximation

Functional F for the mean field:

F(0,0)=> O(H|A)log P(H,D|©,8)~> O(H | A)log O(H | 2)

{H} {H}

Assume just one data point x and corresponding s :

f o
0(s12)
+<i s; log 7, +(1—si)1og(1—7z'l.)> 2)
= 0(s4)
—<Zk: s;log A4, +(l—s,)10g(l—/1,.)> 3)
= 0Gs14)
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Mean Field Approximation

Functional F. Part 1:

<— st ) (x~ ﬁs,-wi)> -
=1 0(sl4)

_ <_dlog
=<_

<Si>Q(s,\/1,) - li <Sisj>Q(SM) = ﬂiﬂ’j + 5:‘1‘ (ﬂ’i _ﬂ'iz)

st) (x— ZSI-W,-)>
0(s12)
{x X— 22(slw,)x+22slslwl W }>
0(s12)

i=l j=1

1 , k Kk
o {x x—2;< >Q( M)w,)x+zz; < >Q(v\/1) ; W‘/}

i=l j=
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Mean Field Approximation

Functional F. Part 2:

M»

k
<ZS,.logir,.+(1—sl.)log(l—7ri)> =D (S )iy 1087 +(1=(s,) ., )logl-7)
O(s12)

i=1 1

M»

ﬂ"i IOgﬂi + (1 - /1; ) IOg(l - ”i)

i

Functional F. Part 3:

k k
<Zs,. log 4, +(1-s,)log(1- z,.)> = Alog A, +(1-4)log1-2,)
oGl =l

i=1
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Mean Field Approximation

Functional F:

1

2
o

S 4,468, -2, w,

J=1

k
|:XTX— 2> AW )X+
in1

k
=—dlogo -
g > .

i

k
+> A logz, +(1-2)log(l-7)

i=1
k
+ A log A, +(1-2)log(1-4,)

i=1

Parameters: W, , O
Mean field parameters: 4
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Mean Field Approximation

Functional F (for all data points):

N
F(0.0)=Y (logP(x",s" | ©)) ~(1og 0" | A)) oo,

— (s 1AM
1 ; k kK k 21
— —dloga—ﬁ X(n) X(n) _zzli(n)wi)x(n) +ZZ ﬂ,-(n)lj(n) +§l'j(ﬂ'i(ﬂ) _Ai(n) ) . wj
o i=1

i=l j=1

k
+> 4" logm, +(1- 4" log(-,)

i=1

k
+> 4" log 4" +(1-2"")log(1- 14"

i=1

Parameters: W, , O
Mean field parameters: A=A ,A® . A®

|

CS 2750 Machine Learning

Variational EM: E step

Optimization of the functional F with respect to A:

a 1 1 T T /1
—  F=—x->Aw)w — W W +log——%— —Jog—*
oA, 02( _,;’ AW, 207 " " gl—ﬂu gl—/iu
0

t —F=0
se o
A, = L(X—Z:/%w)rw _ w w +log— 2
(0 g 0_2 =~ SRR u 202 u u g —ﬂ'u

1
gx)=——
l+e

Defines a fixed point equation

Iterate a set fixed point equations for all indexes u=1..k and for all n
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Variational EM: M step

Optimization of the functional F with respect to ©.
Start with m:

For N data points

8 ul n 1 n
—F=) A,/ log——-(1-4,)log
aﬂ-u n=1 ﬂ-u - ﬂ-u )
0
t —F=0
se oz,
N
ZZ (n)
P Closed form solution
“ N
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Variational EM: M step

Optimization of the functional F with respect to ©.

Parameters w:

0 ul 1
——F = ——2"x," 42X "2 w, +22"w,, |=0
GWW n=1 20— J#V
Wi W . Wy
Wy, W=(w, w, w,)
W =
W e . W,

For each variable v:
The equations define a set of k linear equations that can be solved
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Bayesian CVQ Model

[ENE) o .

"

K
y= ZSka +& Bayesian model:
P Distributions over parameters

K
P(y | Sae) ~ N{Zskwkarla

k=1
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Model Specification

o3 [F A b

O .
X={x.,X,....X,} observed data
S={s,....5} latent sources
T={T}, Ty..., T} probability of s, = 1
W={w, w,,...w} DxK weight matrix
V=015 Vaseoos Yot Variance of W
T Precision of noise
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Priors

cfp oof afp

aNoRNe P(n)zl_K[Beta (7 la, )

N(Wk |0a7/k)

1

P(W) =

K
k=

K
P(y) = H Gamma (}/k la,,b,

k=1

P(z) = Gamma (7 |c,,d.)
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Variational approximation

» Approximation: loglikelihood of data

log P(X) = 1ogj P(X,0)d0
4
= log L;P(X,H, 0)do

= log LZP(X,H | 9)P(O)d0

P(X,H|O)PO) ., _

F
O(H.0) Q)

> _LZQ(H,H) log

Where Q is a distribution with different parameterization
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Variational approximation

» Approximation: loglikelihood of observable data
log P(X) = F(Q)+ KL(Q(H,0),P(H,0))

* Optimization of F(Q) is pushing up the lower bound on the
loglikelihood of observable data

* How to choose Q ?

O(H,0) = 0,(0)Q,, (H)

* Then:
FO-=] QH(H){Z o (H)log%}d@
+[,0,010e2 D a0 K disance

P(0)
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Variational Bayes approximation

» Evaluation of Q(H, 6) is intractable
* Meanfield approximation

K P
o0 =] o] @)
k=1 i=l1

» Allows analytical evaluation of F(Q)
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VB learning

Learn Model with an EM like algorithm

(1) VBE — Optimize Q(H)
Estimate state of latent variables

Q*, (H)oc exp<10gP(D’H | 9)>Qe(9)

(2) VBM - Optimize Q(®)
Estimate parameters

0%, (6) < PO)exp(log P(D, H |0)),,
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