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Overview

Query Types

Complexity of answering queries

Simple Inferences for chain, loop n/ws

Variable Elimination




Query |: Conditional Probability

Given evidence: E=e
Query: Y

P(Y=y|E=e) = P(Y=y, E=e) / P(E=¢)
P(Y=y, E=e) = 2, P(Y=y, E=e, w); W=X-Y-E

P(E=e) = Z, P(Y=y, E=e)

Query |I: Most Probable Explanation

Given evidence: E=e

Find: most likely assignment to ALL non-
evidence variables; W=X-E

MPE(W|E=e) = max, P(w, E=e)

MPE(A,W-A|E=e) != max P(A|E=e)




Query lll: Maximum A Posteriori

Given evidence: E=e

Find: most likely assignment to only SOME non-
evidence variables; Y=X-E-Z

MAP(Y|E=e) = maxy 2, P(y,z|E=e)

Non-monotonic:
MAP(Y1|E) '= MAP(Y1,Y2|E=¢e)

General Case of MPE

Summary

Probability Query
Find: P(Y|E=e)

MPE
Find: max, P(w|E=e); W=X-E

MAP
Find: max, P(y|E=e); Y=X-E-Z




Complexity

Given BN B over X, where x ¢ val(X)
Probability Query

Decide: P(X=x)>0 NP-complete
Compute: P(X=x) #P-complete
MPE:

If there exists x such that P(x)>6  NP-complete

MAP: NP-hard

#P (Sharp-P)

NP problems:

are there any solutions that satisfy given
constraints?

e.g. 3SAT problem, subset-sum problem

#P
How many solutions?
e.g. how many solutions satisfy a CNF formula
how many subsets of set Saddto T




TSP-Shortest

TSP-C

Graph

Isomorphism

#TSP-C

HORNSAT

Background (from wikipedia)

P: solvable in polynomial time

P-complete: subclass of P, which all problems in P
can be reduced to in polynomial time

NP: solution can be guessed or verified in polynomial
time

NP-Hard: every NP is reducible to, in poly-time

NP-complete: subclass of NP which is NP-Hard

if you solve a NP-complete problem in poly-time, you can
solve all NP problems in poly-time




Theorem 6.2.1

Decision problem P(X=x)>0 is NP-
complete

Simple Chain

P(B) = 22 P(a) P(BJa)
P(C) = v P(b) P(C|b)

k2 multiplications, k(k-1) additions
P(Xn) = an-1...zx22x1 P(X1’X2""Xn-1ixn)
takes O(k")




Loop

-~

@ @
(G’

p(W) = £,5.%, p(WIr.s) p(rlc) p(sic) p(c)
= 5.5, p(WIr,s) Z, p(ric) p(slc) p(c)
= 2.5, p(Wr,s) 7(r,s)

* 2.2, p(WIr.s) p(r) p(s)

Factor Product

al b1 c2 | 0.5*0.6

al b2 c1 0.2*0.3

al | bt | 05 al | b2 | c2 | 0.2%04
al b2 0.2 b1 c1 0.1 a2 b1 c1 0.1*0.1
a2 | b1 | 0.1 b1 2 | 06 a2 | b1 | c2 | 0.1°06

a2 | b2 | 03 b2 o1 03 a2 | b2 | ¢l | 0303

a2 b2 c2 | 0.3*0.4

a3 b1 0.2 b2 c2 0.4

a3 b1 c1 0.2*0.1

a3 b2 0.4 a3 b1 c2 | 0.2*0.6

a3 b2 c1 0.4*0.3

a3 b2 c2 0.4*0.4

a(x,y,z) = a1(x,y) . 22(y,z)




Factor Product

al | b1 | ¢t | 0.5%0.1

al b2 c1 0.2*0.3

al | b1 | 05 al | b2 | c2 | 02704
al | b2 | 02 b1 1 0.1 a2 | b1 | ¢1 | 0101
a2 | b1 | 04 b1 | c2 | 06 a2 | b1 | ¢ | 0106
a2 | b2 | 03 b2 | ¢ | 03 a2 | b2 | o1 | 0.3703
— o a2 | b2 | c2 | 0304

ad | b1 | 02 c : a3 | b1 | ¢t | 02701
a3 b2 04 a3 b1 c2 | 0.2*0.6
a3 | b2 | ¢1 | 04703

a3 | b2 | c2 | 0404

a(x,y,z) = a1(x,y) . 82(y,2)

al b1 c1 0.5*0.1

al | b1 | c2 | 05706

al | b1 | 05 al | b2 | c2 | 0.2%0.4
al | b2 | 02 b1 ¢ 0.1 a2 | b1 | ¢t | 0.170.1
a2 | b1 | 01 b1 | c2 | 06 a2 | bt | c2 | 0106
a2 | b2 | 03 b2 | c1 | 03 a2 | b2 | cf ] 0303
- > o a2 | b2 | c2 | 0304

a3 | b1 | 02 c : a3 | b1 | ¢l | 02%0.1
a3 | b2 | 04 a3 | b1 | c2 | 0.2°06
a3 | b2 | ¢1 | 04703

a3 b2 c2 0.4*0.4

2(x,y,z) = a1(x,y) . 22(y,z)




Factor Product

al | b1 | ¢ | 05%0.1
al | b1 | c2 | 056
al b2 c1 0.2*0.3

al | b2 | 02 b1 ¢ 0.1 a2 | b1 | ¢ | 0.1%0.1
a2 | b1 | 01 b1 c2 0.6 a2 | b1 | c2 | 0.1"06
a2 | b2 | 03 b2 e 0.3 a | b2 | cf | 0303
> 5 5 a2 | b2 | c2 | 0304
a3 | b1 ] 02 c : a3 | b1 | c1 | 0204
ad | bz | 04 a3 | b1 | c2 | 0.2%06
a3 | b2 | ¢1 | 04%03
a3 | b2 | c2 | 04704
a(x,y,z) = a1(x,y) . 82(y,2)
at b1 ct 0.2
at b1 2 0.35
at b2 e 0.4
at b2 2 0.15
al c1 0.6
a2 b1 ¢t 05 > - o5
a2 b1 c2 0.1 a2 c1 0.8
a2 b2 ci1 0.3 a2 c2 0.3
a2 b2 c2 0.2 a3 | ot 04
a3 c2 0.7
a3 b1 ct 0.25
a3 b1 c2 0.45
a3 b2 ¢ 0.15
a3 | b2 | c2 0.25 8(x) = Z, a(x,y)




Properties
Commutative
21.02 = 2.91

S5, 8=%55 0

Associative
(¢1.02).063 = 21.(22.93)

2, 2102 =01 2, @2 if X ¢ scope[a1]

Variable Elimination

p(d) = Zczbza p(a,b,c,d)

= Zczbza Qa Qb gc gd

...assuming

scopela,]={a}, scope[o,]={a,b}, scope[a ]={b,c}
scope[a,]={c,d}

= Zczbgcgd Za Qagb

= chd Zbgc Za gagb




Sum-Product

coherence intelligence

Cont...

p(C$dsi:galsssjsh)

= p(c) p(i) p(dc) p(gli.d) p(s|i) p(llg) p(ll.s)
p(hlg.j)

= g(c) a(i) a(d,c) a(g,i,d) a(s,i) a(l,9) (j,l,s)
e(h,g.j)




Cont...

p(J) = 22:292,2,2,42 2(c) a(i) e(d,c) 8(g,i,d)
o(s,i) 2(1,9) a(.l,s) 2(h,g.j)

Eliminating c,
=¥ 2242, 22 @(i) @(g,i,d) a(s,i) a(l,9) a(,l,s)
@(h.g,j) 2. (c)a(d,c)

= 55 5,5, 5.5 0(i) 8(g,i,d) o(s,i)) 2(,9) (j,l,s)
o(h,g,j) 2(d)

Cont...

Eliminating d,

= Z|ZSZQZhZi Q(I) ﬂ(S,i) ﬂ(l,g) ﬁ(j,I,S) ﬂ(h,g,j)
Zd q(d) @(g,i,d)

= zIzszgzhzi Q(I) Q(S’i) Q(|7g) @(j,I,S) Q(h’g’j)
79,1)

Eliminating i,

= zIzszgzh @(l,g) Q(j,l,S) Q(h,g,j) zi @(I) Q(S,i)
7(9.,i)

= Z|ZSZQZh @(l,g) @(j,l,S) ﬂ(h,g,j) 'I(S’g)




Cont...

Eliminating h,
=222 0(1,9) a(.l,s) a(s,9) Z, 2(h,g,j)

=2,2.242(1,9) 2(.1,8) 1(s,9) (9g.j)
Eliminating g,

=22, 9(j,l,8) Zg2(1,9) 1(s,9) 19.j)
= 2,2, 9(,1,s) l,s,))

Eliminating s,

=2, 1(j,1)

Eliminating |,

= a(j)

Restricted Factors - when given evidence

Used for calculating conditional prob. queries
' _ _P(Y',UZM)_ P(Y',Uzu)
PY'\U =u) = PU-1) S Pl -u

Notation: g,-,(Y')= Q(\;’,u) where Y'=Y-U

Student Example revisited:
P(C,D,I,G,S,L,H)

=g(C) a(l) 2(D,C) 8(G,I1,D) a(S,1) 8(L,G) a(J,L,S) a(H,G,J)
Given I=i, H=h,

P(C,D,I=i,G,S,L,J,H=h)

= g(C) @ |=i() @(D,C) 0||=i(G’D) g||=i(S) ﬂ(L,G) @(J,L,S)
21-n(G.J)




