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i Overview (Chapter 12)

= HMMs vs MMs (Mixture Models)

= Full joint, parameterization of HMM
= Inference problems

= Inference algorithms

= Parameter estimation (EM)




i HMMs vs. MMs

= HMMs
= generalization of MMs
« “dynamic” MMs
= mixture components called states

$4 313

i MMs: Generation Example

= Lety, = (yluy%)
= 1) Randomly select mixture component
according to P(q,)

= 2) Randomly select y according to

P(y:lq) 2 @

Y1




i HMMs: Generation Example

= Lety, = (yluy%)
= 1) Randomly select state according to

P(¢+1190)
= 2) Randomly select yaccording to

P(y:lq.)

i Some Notation

Variable | Meaning

t time

q; state at time t (from
multinomial distribution

g ith component of state g,
(Lor0)

Yi observable output

A state transition matrix

i,j index component of state
integer from 1 to M

M number of components of
state

T number of states + 1




i Graphical Model i CPT for Q,

1.1 .| M

Qo m=P(Qy=i)

M

m =lif m, =i,0otherwise 7, = l_ [z,]%
i=l

Chain Rule for BBNs:

26,5 = pa)[ ] P |a)] ] P 14)




i CPT for Q4

Qi|Quy| 1. ] | M
1

i 2;;=P(Qu1=J1Q=1)

M

M M i
i_1: o . — 919141
q, =1if q, =1, 0 otherwise a, , = I I I I[ay] s

=l j=l

i CPT for Y,

m?




i Graphical Model i Inference

Filtering:  P(q. | yy»s v, )z =W
Prediction: P(q. |y y,),z>wW
Smoothing: P(q_ | y,,..., ),z <w
Chain Rule for BBNS:Ti1 . P(é | f)
p(G. )= p(qo)lt_()[ P(q,. qu)l_o[ r(v 19, P(q,|y)

T-1 T
r@G.»=r,1a,,. I]r0.149)
t=0 t=0




Computing the Posterior

P(q,y)
P(y)

P(q|y)=
-1 T
P(qu)zﬂqOHaqt,qHIHP(yt | Qt)
=0 =0

PH=33.5Ta,.. TTPG: 4.

o @ qr =0

T+1 summations, each summing M variables

i Computing P(q.|y)

= Goal: compute P(q,|y)

= Problem: conditioning on y for HMMs
doesn't result in conditional independences

= Solution: use Bayes Rule so can condition

on g
Pg | 9)="1 p




i Computing P(q.|y)

= Goal: compute P(q,,y) and P(y)
=« Step 1: obtain P(y) from P(q,,y)

P(y)=2 P(4,.)

=« Step 2: obtain P(q,,y) by using conditional
independences and recursion

= recursion allows us to use dynamic
programming

* a-B Recursion




(oo (o)
i Computing P(q,,Y)

= Goal: use conditional independences to
split up P(qyY)
= Solution: use g, to split up
P(Y1q)P(q,)=P(Yyss Y, |4 )PYyi15 Y7 1 4.)P(q,)

= Solution: regroup and combine terms, use
recursion on each result

P(y|q,)P(q,) = a(q,)p(q,) where
a(q,)=P(Yyr-sY,54,)
BG)=P(YisVr|q,)

| @@
i a Recursion ORORPED

= Goal: define a as a recursive function

A(G1) = P(Ygsees Vist> Qusr)

=P(Yos Ve 1 4:0)P(G,00) #use chain rule so can condition on g,
=P(yses ¥, 14, )P(i 19,,)P(q,,)  #use CIs from HMM graph

= P(ysres Vs € VPG 14101 #regroup & combine

=3 Py V00000 P | 1) #introduce q, so can have a(q,) term

=" PGgsrs ¥ | 4P, | 4P P 1 411) #use CIs from HMM graph
=2 PUss Y54 Pr | 4P 16,00)

= za(q/ )aq/‘g/m Py 14,:4)
4

#regroup & combine

#definitions of g, a




a Recursion

Base Case:

a(qy)=P(y,,9,) =Py, 90)P(q,) = P(y, |%)ﬂ'q0

Computational Complexity of Each Step: O(M2)
a(qu) = Za(qt)aq”q“l P(yt+l | qz+1)

q; \
1 takes on' M 2M multiplications

different values

Need to do these computationsfort =1tot=T.
Computational complexity O(M2T)

(o (o> @o>(o)
i B Recursion

= Goal: define B as a recursive function

= ;ﬁ(‘hl)“w,.}’ G140 #definitions of B, a




i B Recursion: Base Case

ﬁ(‘b:l) = P(yr | qT—l)
= P(rr.dr ldr) #introduce g

qar

=Y P(y;|47.9-)P(gr14;,) #use chain rule
qr

= P(y; 14:)P(gr | 47-) #use CIs from HMM graph
4qr

=2 1*a, , P(orl4a;) #definitions of a
qr

B4 =B, , POl d.)

rs1

B(ar.,) has same form as other B(q,)'s if B(T) is set to 1

* a-y Recursion




a-y Recursion

= Do alpha recursion, then gamma
recursion

= Gamma function definition:

= p(a |5 = 24)B4)
7(q)=P(q,1¥) TRG)

(o (@@
i y Recursion

= Goal: define y as a recursive function

7(4,)=P(q, | Yoss 1)
:ZP(q,,qM [ Yosees V1) #introduce q,,, so can have y(q,,,) term

—ZP(q, [0 Yoros )P, | o vr) #USE chain rule to get y(q,,,) term

_ZP(q/ [0 Y055 Y )P(G iy | Yososs V1) #use CIs from HMM graph

_Z P4 91415 Y055 V)

ZP@ PRI P(q1 | Yo 1) #use definition for P(X|Y)

P(q Vs VOP(G1 1 9,) P—

el A A P(g, | Ve vr)  #Split using CIs from HMM graph
ZZ@ Bar PG 1) et o) SR USING arep

a(q/ TR
ZZa(q - 7(% ) #definitions of g, a, y




i vy Recursion: Base Case

a(q,)a
7(g)= Z 7(4,)
7(qr-) = P47y | Yoss 1) Z (ql)aq o

:ZP(‘]T 15y | Yosees V1) #introduce qT

dar

=D P(dr1|q7> Yorr 1 )P(gr | Yoo yr) #USE chain rule
qr

:ZP(qH |7, Yoses Vo) P(Gr ‘yn’-~-aJ}T)#use CIs from HMM graph

_ P(Gr1597> Yoss Vra)
T (G 1rGrs YorVra)

1

P(gr | Yoseeos V1) #use definition for P(X|Y)

Z P(Gr1s Yo Ve ) Py 1 97.1)
ZP(‘ITUY(»: S Yr)P(arar)
i

a(qr1)4,,. ., #definitions of g, a
Zza(qr l)a, ,
oA base case

P(qr | yo»syr) #split using CIs from HMM graph

EM

= Initialize parameters 6

= do
= Set@' =0
= 1) Expectation

= Complete all hidden and missing values with
expectations given current set of parameters '

= 2) Maximization
= Use completed data to compute new estimates for

= while improvement possible




iEM

= For this example, it is assumed that the
outputs y, are multinomial

P, \q.m =] Ttmn""

=l j=1

iEM

= log likelihood

-1
log p(q,y) =log{r,, H

t=0 i=1 j=

T
aqn%l H p(yz | qt ’77)}
=0

t=0 i=l j=1

T M . .
qiql, loga, ;+ .2 q/y/logn,

t=0 i=1 j=

=log{[ [t=1*TTT [T ]La, 1" I 07,0
2




iEM

Sufficient statistics

Maximum likelihood
estimates

L |
;=4
o My
A= n
Zmi,k
Py
n. .
Ao My
;=

i Expectation

T
E(n, ;| y,60") =2 7!

t=0

T-1
E(mi,j |y, 9(p)) = Z é:tl,’t]—i-l

t=0




Maximization (Baum-Welch

i updates) i Overview (Chapter 18)

= HMMs and Junction tree algorithm

T
PN WA ) _
AR = Linear Gaussian Models
D)W A W7
k=1 t=0 t=0
-1 o -1 o
AR -
A(p+l) _ t=0 _ _t=0
4i; = m 1o . T M1
Z gtlwl Z }/tl
k=1 t=0 k=1 t=0
A =y




Assume, for illustration purposes, y, is a multinomial node

bi,jEP(yti:”q;:l)

i Creating Junction Tree

1) Moralize graph (nodes have at most 1 parent, no parents
to join)
2) Triangulate graph (no cycles in graph)




i Creating Junction Tree

(qOIYO) (qOIql) (qt-yqt) (qtht+1) (qT.1qu)

(qIIY1) (qtryt) (qt+1ryt+1)
3) Create maximal spanning tree

(Gry7)

i Creating Junction Tree

P@la)  P(@ld) POl PGrldry)
W(dorYo) W(dpd)  W(Ge1q)  W(AuGwy)  W(Gr1.9r)
¢(dp) ¢(qy)

P(qy)
P(yolap)

M) WY(auYy) W1 Yer)  W(GrYT)
P(y,la,) P(y:lay) P(Yes119e41)  P(yrlar)

4) Make the separator set explicit
5) Assign local CPTs to potentials
6) Initialize separator potentials to 1




Junction Tree, No Evidence

-_——p

P(q1|qo> P(alg) T aala) T Pardary)
W(dod) W1 9)p(g) W(OuGui)  W(dr.ar)

W(do,Yo)

®(qp) Root

M) W(QuYy) W1 Yer)  W(GrYT)
P(y,la,) P(y:lay) P(Yes119e41)  P(yrlar)
—_—— —

—_
> Py lg)=1 ZP(qm 14)P(q,)=P(q,.,) D P(¥,14,)P(q,)=P(q,)

Yo

Junctlon Tree, No Evidence

= - - -
P(q1|qo) P(1l,.1) PGala) | Plarlar)

W(G09) W1 A)g(q) W(OGi)  W(GriGr)

W(GorYo)

®(qp) Root

M) WY(auYy) WG 1Y) W(GrYT)
P(y,la,) P(y:lay) P(Yee119e41)  P(yrldy)




Junction Tree, With Evidence

—_— - - -
P(q;19p) P(q,|G..,) P(de.1lar) P(ar|gr.1)

W(dod) W1 9)p(g) W(OuGui)  W(dr.ar)

W(do,Yo)

®(qp) Root

- W(dy,Ys) W(qyYy) Y1 Yer)  W(ar,YT)
. P P P P
CMEDNACR N :lay) _(Ztht) Veea ) (T)

=Xa, ., ¢ @Ph.la.)  $@)=PW,q,) P(3y140)P(q0) = a(q0)

Junctlon Tree, With Evidence

A= -
P(a,19,) P(qt|qt1) TP@ala) T Parlar)

W(G09) W1 A)g(q) W(OGi)  W(GriGr)

W(GorYo)

®(qp) Root

M) WY(auYy) WG 1Y) W(GrYT)
P(y,la,) P(y:lay) P(Yee119e41)  P(yrldy)




Linear Gaussian Models

i Other algorithms i (LG-HMMs)
= Derived a-y from junction tree, can also = Same graphical structure as HMM
derive a-B and p-¢ algorithms = Different node type and

parameterization than HMMs
= Nodes are linear-Gaussians

= Junction tree is the same except use
linear-Gaussian potentials




i LG-HMMs

= Gaussian CPDs (using moments)
P(xt+1 | xt) ~ N(Axt’ GQGT)
P(yt |xt) ~ N(CXI,R)

Junction Tree, No Evidence

-—— -

P(X1|X0) P(X,|X,. 1) P(Xt+1|xt) P(XTle 1)
llJ()(0'»10) (P(Xo) L|J(X0,X1) lIJ(Xt-llXt) (p(xt) l‘p(XtIXt+1) L|J(XT-1/XT) Root

W(xyY,) WXy Yy) W(Xer1/Yeer) WX Y1)
P(y1%,) P(y,Ixy) P(Yee1%e1)  Pyrlxy)
— -_—) —_—

[POIx) =1 [PGIx)PG) =P [ POy %) P(x) = Plxy)

Vi X Yo




i Junction Tree, With Evidence

<= - - - - -
P(X,1%) POGI%y)  POealXd) P(xrlxr.1)

W) W) @(x) WXeXerr)  WKyXr)

W(Xo:Yo)

®(xX,) Root

P(x,)
P(yolxo)

W ko[ |

W(Xy,Yy) WYy WX/ Yer) WO YT)
P(y1x,) P(y.Ixy) P(Yee11Xerr)  PyrlXy)




