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Density estimation

Data: p=1{p,D,,..D,}
D, =x, a vector of attribute values

Objective: try to estimate the underlying true probability
distribution over variables X , p(X), using examples in D

true distribution n samples

[E——
p(X) D={D15D2"-aDn}

estimate
p(X)

Standard (iid) assumptions: Samples
» are independent of each other

* come from the same (identical) distribution (fixed p(X))
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Density estimation

Types of density estimation:

Parametric

* the distribution is modeled using a set of parameters ®
p(X|©)

* Example: mean and covariances of multivariate normal

+ Estimation: find parameters @ that fit the data D the best

Non-parametric

* The model of the distribution utilizes all examples in D

» Asif all examples were parameters of the distribution

+ Examples: Nearest-neighbor

Semi-parametric
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Parametric density estimation

Parametric density estimation

Basic settings:

» A set of random variables X={X,,X,,....,X,}

* A model of the distribution over variables in X
with parameters ®

e Data D={D,D,,.D,}

Objective: find parameters ® that describe p(X|®) the best
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Parameter learning

What is the best set of parameters?
* Maximum likelihood (ML) estimates
maximize p(D|0,<&)
& - represents prior (background) knowledge
* Maximum a posteriori probability (MAP) estimate

maximize p(©|D,¢)

Selects the mode of the posterior

p(D]0,5)p(@]<)
p(Ds)

p(®|D,&)=
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Parameter learning

Both ML or MAP pick one parameter value
— Is it always the best solution?
* Bayesian approach
— Remedies the limitation of one choice
— Keeps and uses complete posterior distribution p(® | D, &)
— Optimization is replaced with integration

* How is it used? Assume we want: p(x | D, &)
— Consider all parameter settings and averages the result

P(x|D,&) = [ P(x|0,£)p(0| D,&)do
— Example: predictgthe result of the outcome x=1
P(x=1|D,¢)

CS 3710 Probabilistic graphical models




Binomial distribution.

Data: D a set of order-independent outcomes with two
possible values — 0 or 1 (head or tail)

N, - number of heads seen N, - number of tails seen
We treat D as a multi-set !!!

Model: probability of a 1 0
probability of a 0 (1-6)

Probability of an outcome

N
P(D|«9):[N

1

je Y(1-6)" Binomial distribution
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Maximum likelihood (ML) estimate.

Likelihood of data:
N !
P(D|0)= oM (1-6)" :Lé’lvl(l—ﬁ)]v2
N, N,!N,!
Log-likelihood

!

N N N
[(D,6)=1o N 0" (1-6)" =logN + N, logf+ N, log(1-0)
1

IN,!
/

Constant from the point of optimization !!!

ML Solution: g - Ny = M
N N, +N,

The same as for Bernoulli and D with iid sequence of examples
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Maximum a posteriori estimate

MAP estimate 6,,,, =argmax p(€d|D,&)
0

P(D]0,5)p(0]2)

p@|D,¢&) = P(D|&) (via Bayes rule)
Prior choice
F((Z +a ) a -1 o, -1
0|&)=Beta(@|a,,a,) =——"—22-0"(1-0)"

r@1%) @la,,a,) @) (e (1-0)
Likelihood

P(D|0)= M@M (1_9)1‘/2

F(N)OT(N,)

Posterior

p@|D,&) = Beta(a, + Ny,a, + N,)
MAP estimate a +N. -1

eMAP 1 1

a,+a,+ N, +N,-2
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Bayesian learning, expectation

The result is the same as for Bernoulli distribution
1
_ o n
E(6) = [0Beta(6| n,,n,)d0 =—"—
0 771 + 772
Expected value of the parameter
a+N

E@O)=
o, +N,+a, +N,

Predictive probability of an event x=1

a,+ N,
o, +N, +a, +N,

E@)=P(x=1]6,5)=
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Multinomial distribution

A kind of multi-way coin toss (roll of dice)
* Data: aset of N outcomes (multi-set)
N, - anumber of times an outcome i has been seen

k
Model parameters: 0 =(6,,6,,...0,) s.t. ZHZ. =1
i=1

0, - probability of an outcome i

Probability of data (likelihood)

N! N AN ~,  Multinomial
P(N,,N,,...N, |0.5) =————6"6,>...0,* o
(N}, N, ¢ 19,5) NN, N "7 *  distribution
ML estimate: N
i, ML Wl

CS 3710 Probabilistic graphical models

MAP estimate

Choice of prior: Dirichlet distribution

k
rQ a,)
Dir(®|a,,.,a,)=—""—07"'07" .00

[[r@)

Dirichlet is the conjugate choice for multinomial
N!
P(D|0,8)=P(N,,N,,...N, 10,)=————— 00, ...0"
N|IN,I...N,!
Posterior distribution

P(D|0,5)Dir(0| o, a,,..2;)

0|D,&)= =Dir(®|a,+N,,..,a, + N
p0[D,S) POD(&) O|a+ N, +N)
MAP estimat Z @+ N, -1
estimate: iMAP = (
a,+N,)-k
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Bayesian learning

The result is analogous to the result for binomial

E®)= ffo Dir(9|n)d0:( /| B B — ]
Wi+, N g,

0<0.<1,y g=1
Bayesian estimate substitutes posterior
E(e) — al +M az +M ak +M€
o+N+.. 40 +N, a+N+..4+a,+N, o+N+.. +a,+N,

Represents the predictive probability of an event x=i

o, +N,
o +N +..+a,+N,

P(x=i|0,8)=
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Other distributions

The same ideas can be applied to other distributions
— Typically we choose distributions that behave in a nice way
so that the computations lead to “nice” solutions

* Exponential family of distributions

Conjugate choices for some of the distributions from the
exponential family:
— Binomial — Beta
— Multinomial - Dirichlet
— Exponential - Gamma
— Poisson - Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)
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Distributions from the exponential family

Gamma distribution:

p(xla,b)=

a-1

! 5
—_— X e
T'(a)b*

for x € [0,o0]

Exponential distribution:
* A special case of Gamma for a=1

p(x|b) = [%}e

Poisson distribution:

p(x|4)=

-A19x
e "4 for xe{0,1,2,...}
x!
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e Gaussian:
e Parameters:

Gaussian (normal) distribution

x~N(u,o0)
U - mean
o - standard deviation

* Density function:

1 1 2
p(x|pu,o)= a\/ﬁeXp[ —20—2(36—#) ]

* Example:

o.a

o.3s

0.3}

0.25

o2t

o.15

0.1}

0.05

o

N(0,1)

2a

= - (9] 1 z 3 a
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Parameter estimates

* Loglikelihood L

I(D,uo)=log [ p(x; | 1.o)
i=1

e ML estimates of the mean and variance:

P N R
i=—>x 6 == (x,- @)’
n o n o
— ML variance estimate is biased
1 & R -1
En(ch):E,,(—Z(x,-—u)Z]:”—az o
n <o n

e Unbiased estimate:

n

1
6*=—— x, —f1)’
n—l,;( = i)
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Multivariate normal distribution

* Multivariate normal: Xx~N(p,X)
* Parameters: p- mean

X - covariance matrix
* Density function:

p(x | E) = —%(X—u)TEI(X—u)}

1

* Example:
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Parameter estimates

Loglikelihood n
[(D,p,Z)=log [] p(x, |, X)

i=1
ML estimates of the mean and covariances:

Ll N ) )
u=;zxi T=—> (x,—)x, - @)’

i=1 n -
— Covariance estimate is biased

En(ﬁ) = En(%i (x; —p)(x; _li)TJ =

n-—1

PIEDH

Unbiased estimate:

A 1 n . .
X= —z (x; —)(x; )"
n—-143

CS 3710 Probabilistic graphical models

Posterior of a multivariate normal

Assume a prior on the mean p that is normally
distributed:
p(W)=N(p,, X))

Then the posterior of p is normally distributed

n

p(uID)z(H

1
- —(x. - (x. -
i (Zﬂ)d/2|2|1/2 expl: 2 (X; ll) (Xz ”)H

1 1 4
*WGX[{—E(H—HP)T% (n—p,)
p

1 T -1
=————exp| ——(p-p,)' L, (R-R,)
er)?z,[” { 2
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Posterior of a multivariate normal

* Then the posterior of p is normally distributed

1 1 _
p(uID)=WeXp[—E(H—H,,)TE,, l(ll—lln)}
X, =nZ+X)
1)1 1 1LY
=X | X +—X — > x| +—X X +—X
on(zem) (5] oz s

1.1
Zn :Zp(zp +;Zj ;Z
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Recursive Bayesian parameter estimation.

* Recursive Bayesian approach

— Estimates of the posterior can be sometimes computed
incrementally for a sequence of data points

p(D10,5)p(@]<)

®|D,&E)=
PO =T (b0.6)p©) 6140

» If we use a conjugate prior we get back the same posterior

» Assume we split the data D in the last element x and the rest
p(D|0®)=P(x|0®)P(D, |0)
* Then:

p(@]D,5)=

A “new” prior
P(x|©)P(D,|0)p(®|¢)
[ P(x1®)P(D,, |©)p(©]&)d6
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Exponential family

Exponential family:

* all probability mass / density functions that can be written in the
exponential normal form

Fxln) = %mh(x)exp [ (0]

. n a vector of natural (or canonical) parameters

1(x) a function referred to as a sufficient statistic

h(x)  a function of x (it is less important)

Z(n) a normalization constant

Z(m) = [ h(x)exp {n"1(x) }dx
Other common form:

Fx[m) = h(x)exp[n’t(x)— 4] log Z() = A(n)
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Exponential family: examples

¢ Bernoulli distribution
p(x|m)=n"1-m)~"

= exp {log[l dd jx—i— log(1 —72)}
-7

= exp {log(l - ﬂ)}exp{log[l ad jx}
-7

* Exponential family

F(x M) = ——h(x)exp[n”1(x)]

Z(m)
* Parameters
n="? H(x)="7?
Z(m)="? h(x)="?
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Exponential family: examples

¢ Bernoulli distribution
px|m)y=n"(1-7)"

= exp {log[l f” jx + log(1 - 72')}

= exp {log(l - ﬂ)}exp{log[l dd jx}
-

* Exponential family

Fx M) = ——h(x)exp[n7e(x)]

Z(m)
¢ Parameters 1
nzlogl_ﬁ (note 7r:1+e_77 ) £(X) = x
Z(n)=L=1+e” h(x) =1

1-7
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Exponential family: examples
* Univariate Gaussian distribution

1 1 ,
p(x|y,6)— O_mexp[ ——(X—,Ll) ]

20°

1 u’ H 1 2}
= exp| — —log o |exp<—x— x
N2m p( 20’ s ] p{az 207

* Exponential family

S| M) = ——h(x)expln’1(x)]

Z(m)
* Parameters
n= 9 t(X) =7
Z(n)=? h(x)="?
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Exponential family: examples

¢ Univariate Gaussian distribution

p(x|p,0) = m}ﬁexp[ —M%(x )]

1 p’ H 1 2}
= exp| — —log o |exp{—x — X
N27 p( 202 ° j p{a 207

* Exponential family
f(x \n)—(—)h(X)eXp[n ()]
¢ Parameters [ .
_| MO 1(x){ }
" {—1/202} x’

2

2
H mo 1
Z(n) =ex +logo =expi—————log(—2
m) p{zaz g } p{ 2 g 772)}
h(x)=1/2x

CS 3710 Probabilistic graphical models

Exponential family
* Foriid samples, the likelihood of data is

P(Dm)—Hp(x |n)—Hh<x yexpn’t(x,) — A(w)]
[Hh(x }exr{z nTt(X,«)—A(n)}
[Hh(x }exp{ (Z t(xi)j—nA(n)}

* Important:

— the dimensionality of the sufficient statistic remains the same
with the number of samples
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Exponential family
* log likelihood of data is

I(D.n) = 1og{f[ h(x»}exp{f[i r(xi)j - nA(n)}

i=1

- log[ﬁ h(xi)} v {n(z t(x»} - nA(m}

i=1

* Optimizing the loglikelihood

n

v, [(D,m) = [2 t(x[)J —nV,4Am) =0

i=1

¢ For the ML estimate it must hold

v, 4(n) = %(ir(x,-)j

i=1
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Exponential family
* Rewritting the gradient:
V,A() =V, log Z(n) =V, log [ h(x) exp {n"(x) fdx
Jrx)n(x) exp {n7t(x)}dx
J.h(x) exp {nTt(x)}dx
V,4(n) = [ 1(x)h(x) exp {07 1(x) - A() }dx
V.,4Am) = E(¢(x))

* Result: E(t(x)) = %(i Z(Xi)j

V,4(n) =

i=1
* For the ML estimate the parameters M should be adjusted

such that the expectation of the statistic t(x) is equal to the
observed sample statistics

CS 3710 Probabilistic graphical models




Moments of the distribution

* For the exponential family

— The k-th moment of the statistic corresponds to the k-th
derivative of A4(M)

— If x is a component of t(x) then we get the moments of the
distribution by differentiating its corresponding natural

parameter

* Example: Bernoulli p(x|7) = exp{log(1 dd ]x + log(1 - 72')}
A(m) = log1 ! =log(1+e")
* Derivatives:
n

0AM) _ 0 jooseny=—¢ -1 _,

on on (1+e") (1+e™)

0A(m) 0O 1 (-1

on*  on(l+e™)
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