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CS 3710 Advanced Topics in AI
Lecture 17

Milos Hauskrecht
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5329 Sennott Square

Density estimation

CS 3710 Probabilistic graphical models

Administration

Midterm:
• A take-home exam (1 week)
• Due on Wednesday, November 2, 2005 before the class
• Depends on the material covered so far:

– Exact inferences
– Monte-Carlo sampling
– Variational approximation

• You will be evaluated on the correctness and clarity of 
your answers
– Be neat and explain clearly your notations and solutions 
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Density estimation

Data: 

Attributes:
• modeled by random variables                                     with:

– Continuous values
– Discrete values

E.g. blood pressure with numerical values 
or chest pain with discrete values 

[no-pain, mild, moderate, strong]
Underlying true probability distribution:

},..,,{ 21 nDDDD =
iiD x= a vector of attribute values
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Density estimation
Data: 

Objective: try to estimate the underlying true probability 
distribution over variables       ,           ,  using examples in  D

Standard (iid) assumptions: Samples
• are independent of each other
• come from the same (identical) distribution (fixed          )

},..,,{ 21 nDDDD =
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Density estimation

Types of density estimation:
Parametric
• the distribution is modeled using a set of parameters           

• Example: mean and covariances of multivariate normal
• Estimation: find parameters       that fit the data D the best
Non-parametric
• The model of the distribution utilizes all examples in D
• As if all examples were parameters of the distribution
• Examples: Nearest-neighbor
Semi-parametric

Θ
)|( ΘXp
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Parametric density estimation

Parametric density estimation
Basic settings:
• A set of random variables 
• A model of the distribution over variables in X

with parameters 
• Data

Objective: find parameters        that describe                  the best 

},,,{ 21 dXXX K=X
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Parameter learning

What is the best set of parameters? 
• Maximum likelihood (ML) estimates

• Maximum a posteriori probability (MAP) estimate

),|( ξΘDpmaximize

ξ - represents prior (background) knowledge

),|( ξDp Θmaximize
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Selects the mode of the posterior
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Parameter learning
• Both ML or MAP pick one parameter value

– Is it always the best solution?
• Bayesian approach

– Remedies the limitation of one choice
– Keeps and uses complete posterior distribution
– Optimization is replaced with integration

• How is it used? Assume we want: 
– Consider all parameter settings and averages the result

– Example: predict the result of the outcome x=1

θξθξθξ
θ
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Bernoulli distribution.

Outcomes: with values 0 or 1 (head or tail)
Data: D a sequence of outcomes

Model:  probability of an outcome 1
probability of 0

)1()1()|( ii xx
ixP −−= θθθ

θ
)1( θ−
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Bernoulli distribution

ix

CS 3710 Probabilistic graphical models

Maximum likelihood (ML) estimate.

Maximum likelihood estimate

1N - number of 1s seen 2N - number of 0s seen
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θ

DPML =

Likelihood of data:
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Maximum likelihood (ML) estimate.
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Optimize log-likelihood
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Set derivative to zero
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Maximum a posteriori estimate

Maximum a posteriori estimate
– Selects the mode of the posterior distribution

How to choose the prior probability?

),|(maxarg ξθθ
θ

DpMAP =
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Prior distribution
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Choice of prior: Beta distribution

Beta distribution “fits” binomial sampling - conjugate choices
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Why? 
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Beta distribution
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Bayesian approach

• Posterior probability:

• Probability of  an outcome             in the next trial

• Equivalent to the expected value of the parameter 
– expectation is taken  with regard to the posterior distribution
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Bayesian learning

Expected value of the parameter
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Expected value

• Predictive probability of  an outcome             in the next trial

• Substituting the results for  

• We get

• Instead of MAP and ML choice of the parameter we can use 
the expected value of the parameter 

2211

11)(),|1(
NN

NEDxP
+++

+
===

αα
αθξ

),|(),|( 2211 NNBetaDp ++= ααθξθ

)(),|1( θξ EDxP ==

1=x

)(ˆ θθ E=


