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BP on Cluster Trees

(D) 7(G,I)

» Belief propagation on
cluster trees is an exact
method for computing
posterior marginals

» Space complexity is exponential in the treewidth of the graph
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BP on Cluster Graphs

(D) 17(G,I)

—

Belief propagation on
cluster graphs is an

approximate methods

for computing posterior marginals

(G)

» Convergence is not guaranteed!
* Space complexity is linear in the size of the largest cluster
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Factor Graphs

A

» A factor graph is a bipartite graph

that represents factored structure

Variable
nodes
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Factor Graphs 5

» A factor graph is a bipartite graph

that represents factored structure

Variable
nodes
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BP on Factor Graphs

* Messages: n,_,a , Hmc_)l ,

ceN
a—)t l Z f H n]—)a ( )
X, \x; jEN
* Marginals: oc H mﬁ, ,
aeN(z)
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BP on Factor Graphs
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* Marginals: b(xl.)oc Hma_n.(xl.)
N (i)
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BP on Factor Graphs
* Messages: n,_,a , Hmc—n ,
ceN
a_>, , Zf H ]—m (xj)
X, \x; jeN(a)\i
* Marginals: Hmﬁl ,
aeN
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Free Energy

* Factored joint:

p(x)=exp-EQ))Zz  E(x)=-3Inf,(x,)

Z = exp[- E(x)]
xeS . free energy
* Energy equations: .
FO)=F,+Dllp) £, ==Inz

F(b)=U(b)-Hb)  Ub)=2 b(x)E(x)

(=) Xe

D
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Region-Based Free Energy

* A region R of a factor graph is given by a variable set V and
a factor set Ay such that if a factor node belongs to A, all its
variable nodes are in V

* The formalism can express
both Kikuchi and Bethe
approximations

Invalid region
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Region-Based Free Energy

* Region average energy and entropy:

FR(bR):UR(bR)_HR(bR) UR(bR):xZ:bR(XR)ER(XR)
ER(XR):_Zlnfa(Xa) HR(bR):_XZbR(XR)lan(XR)

* Region-based average energy and approximate entropy:

Fy ({bR }) =Uy ({bR })_ Hy, ({bR }) Uy ({bR }) = ZCRUR (bR )

ReR

HSR({bR }): ZCRHR(bR)

ReR

where cy is a counting number of the region R
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Region-Based Free Energy

* A region-based approximation is valid if for every factor node
a and every variable node i:

ZCRIAR (a)= ZCRIVR (i)zl

ReR ReR

Neither factors

nor variables are

double counted

» Ifbr(xg) = pr(Xg), then the average
energy Ug, of a valid region-based
approximation is exact

+ If p(x) is uniform and bg(xg) = pr(Xg),
the entropy Hg; of a valid region-based

approximation is exact
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Constrained Region-Based Free Energy

* A region-based approximation is constrained if:
— Every bg(xg) has the form of a probability function
— Marginals are consistent across regions

* A constrained region-based approximation

is maxent-normal if it is valid

and the entropy Hg, achieves its
maximum when all by(xy) are uniform

» Despite these restrictions we may get strange looking results!
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Bethe Method

* Bethe approximation is a special case of region-based free
energy approximation

* Bethe free energy equals to Fy . = Upethe — Hpethe:

ZZb Jnf,(x,)

HBem<b>=—gxszxa)mba(x,,)@(di—1>;bi<xi>mb,.<x,.>

* If the factor graph has no cycles,
Ugehe and Hg,,. are exact

* Bethe approximations are
maxent-normal
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Bethe Method and BP

* The problem of finding Fj.,,. can be stated as:

minimize [y .

subject to : Zba (x,)=1

X, \x;

* To solve this constrained optimization problem, we introduce
Lagrangian multipliers, and turn it into unconstrained one

» The first derivatives with respect to beliefs yield stationary
points, which are fixed points of the BP algorithm
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Region Graphs

* Region graph is a graphical formalism for generating region-
based free energy approximations
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Region Graphs

* Region graph is a graphical formalism for generating region-
based free energy approximations

F,5,6,8,9

» Regions R, and R, can be connected by an edge R, — R, only
if R, c R,
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Region Graphs

* Region graph is a graphical formalism for generating region-
based free energy approximations

* The counting number equals to one minus the in-degree
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Region Graphs

* Region graph is a graphical formalism for generating region-
based free energy approximations

» The graph has to satisfy the region graph condition
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Generalized Belief Propagation

» A class of message-passing algorithms
* Parent-to-child algorithm
— Generalizes the BP algorithm on region graphs

z H fa( HmlaJ xJ

mP*)R (XR ) _ *rr aeFpy, 1 J EN P, R
Hmlaj xJ
(1,J)eD(P,R)
by (XR)OC Hfa(xa{ HmPaR Xz j( H HmP’»D(XD )j
acdy PeP(R DeD(R) P'eP(D)\&(R)

— Correctness can be proved similarly to the BP algorithm
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