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Outline

Linear Regression

Linear model

Loss (error) function based on the least squares fit
Parameter estimation.

Gradient methods.

On-line regression technigues.

Linear additive models

Statistical model of linear regression
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Supervised learning

Data: D={D,,D,,..D,} asetofnexamples
D, =<Xx,,y; >
X; = (X1, X ,""*X;4) isan input vector of size d
Y; isthe desired output (given by a teacher)
Objective: learn the mapping f : X =Y
st. y, = f(x;) forall i=1,.,n

* Regression: Y is continuous

Example: earnings, product orders — company stock price
» Classification: Y is discrete

Example: handwritten digit in binary form — digit label
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Linear regression

* Function f:X —Y isa linear combination of input
components

d
f(X) = Wy + WX, + W, X, +... WXy =Wy + Y WX,
-1

Wy, Wy,... W, - parameters (weights)

Biasterm ———— 1

Input vector <
X . Wy

X4
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Linear regression

» Shorter (vector) definition of the model

— Include bias constant in the input vector
X = (L, X, Xy, Xg)

_ w7
f(X) =WyXy + W, X, + W, X, +... Wy Xy =W X

Wy, Wy,... W, - parameters (weights)

(1
Xl
W
2z
Inputvector< X2
X . Wy

X4
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Linear regression. Error.

e Data: Di =< X, Y, >
* Function: x, — f(x;)
« Wewould liketohave y ~ f(x,) forall i=1,..n

e Error function

— measures how much our predictions deviate from the
desired answers

Mean-squared error  J, =

Z (yi - f(Xi))z

i=1,.n

L
n

* Learning:
We want to find the weights minimizing the error !
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Linear regression. Example

X = (X1)

* 1 dimensional input

30

251

20+

15+

10+

1.5
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Linear regression. Example.

(Xl’ XZ)

X =

e 2 dimensional input

CS 2750 Machine Learning




Linear regression. Optimization.

» We want the weights minimizing the error

32T T - ) = S W)’

i=1,..n i=1,..n

» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0

0 2L
8_WjJ"(W) = _Hizzll(yi —WoX o =W Xj; —... =Wy X 4)% ; =0

o Vector of derivatives:

grad , (3, (W) = V., (3, (W) = =23 (7, ~wx)x, = 0
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Linear regression. Optimization.

« grad , (J, (w)) =0 defines a set of equations in w

0 2
awo Jn(W) :_H;(yi — WoXjo = WiXjp —... =Wy Xi,d) =0
i\] (W)——Ezn:(y —WyXi g =W, Xi; —...— W, X )X, =0
an n n — i 0,0 1M1 d”™id il
i\] (W)——gzn:(y —WyXi g =W X, —...— W X )X . =0
8Wj n n = i 0,0 171 d”id i,j

0 J (W)——gzn:(y —WyXi g =W Xi; —...— WX )X g =0
6Wd n n e i 0”%,0 171 e d”id i,d
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Solving linear regression

0 2 &
8_\A/jJ”(W) = _Hé (Vi = WoX; g = WyX; = ... =Wy X 4 )% ; =0
By rearranging the terms we get a system of linear equations
with d+1 unknowns
Aw=Db

wozn: Xi o1+ len: xi’11+...+wjzn:xi’j1+...+wdzn:xi’d1: Zn: y1
i=1 i=1 i=1 i=1

i=1

n n n n n
WOZXi,OXi,l +lexi,1xi,1 to W, zxi,jxi,l oW zxi,dxi,l = Zyixi,l
i1 i i1 ) i

[ X N J
n n n n n
WOZXLOXLJ- +WlZXiY1X”— +...+WJ.ZXHXLj +...+WdZXideiyj :Zyixiyj
i=1 i=1l i=1 i=1 i=1
[ X N ]
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Solving linear regression

» The optimal set of weights satisfies:
Vo (@, (W) =23 (v, ~w'x,)x, =0
n o

Leads to a system of linear equations (SLE) with d+1

unknowns of the form
S — Aw=D —_—

n n n n n
WOZXLOX” +V\/1in’1xi’j +...+WJ.ZXLJ.XLj +...+Wd2xi’dxi]j :Zyixi’j
i=1 i=1l i=1 i=1 i=1

Solution to SLE: ?
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Solving linear regression

» The optimal set of weights satisfies:

V., (3, (W) = —%i (v, ~WTx;)%, = 0

i=1
Leads to a system of linear equations (SLE) with d+1

unknowns of the form
S — Aw=Db —_—

n n n n n
Wy D X 0% WD XaX e F WD XX e W D XX = D Y
i=1 i=1 i=1 i=1 i=1

Solution to SLE:

w=A"b

* matrix inversion
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