CS 2750 Machine Learning
Lecture S

Density estimation II.

Milos Hauskrecht
milos@cs.pitt.edu
5329 Sennott Square
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Announcements

* Homework 1 in

* Homework 2 out
— Due on Wednesday before the class
— Reports: hand in before the class

— Programs: submit electronically

* Collaborations on homeworks:

— You may discuss material with your fellow students, but
the report and programs should be written individually
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Density estimation
Data: p=(p,D,,.D,}

D, =x, a vector of attribute values

Objective: try to estimate the underlying true probability
distribution over variables X , p(X), using examples in D

true distribution n samples estimate

[—— .
p(X) D={D,.D,,.,D,} D(X)

Standard (iid) assumptions: Samples
* are independent of each other
* come from the same (identical) distribution (fixed p(X))
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Learning via parameter estimation

In this lecture we consider parametric density estimation
Basic settings:
* A set of random variables X={X,,X,,...,X,}
* A model of the distribution over variables in X
with parameters @ :
p(X[0©)

* Data D={D19D29"’Dn}

Objective: find the description of parameters @ so they fit the
observed data
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Parameter estimation.

* Maximum likelihood (ML)
maximize p(D|©,¢)
— yields: one set of parameters ©,,,
— the target distribution is approximated as:
pX)=p(X|0,,)

* Bayesian parameter estimation

— uses the posterior distribution over possible parameters

6| D.5) = PP10:.Ep©@]&)

p(D]$)
— Yields: all possible settings of @ (and their “weights”)

— The target distribution is approximated as:
P(X) = p(X| D)= [ p(X |©)p(® | D,§)d®
(0]
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Parameter estimation.

Other possible criteria:
* Maximum a posteriori probability (MAP)
maximize p(®|D,¢) (mode of the posterior)
— Yields: one set of parameters @M AP
— Approximation:
p(X) = p(X[0,,,)
* Expected value of the parameter
0= E(©®) (mean of the posterior)
— Expectation taken with regard to posterior p(® | D,¢§)
— Yields: one set of parameters
— Approximation:

p(X) = p(X|©)
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Multinomial distribution

Example: Multi-way coin toss, roll of dice
* Data: aset of N outcomes (multi-set)
N, - anumber of times an outcome i has been seen

k
Model parameters: 0 =(6,,6,,...6,) s.t. 291 =1
Hi - probability of an outcome i =

Probability of data (likelihood)

N! N, AN ~,  Multinomial
P(N,N,,..N, 10.) =————6"6,>...6.
(N Vs, N, [6,4) NIN,\..N! " *  distribution
ML estimate: N
Hi,ML :Wl
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Bayesian estimate

Choice of the prior: Dirichlet distribution
k

r.a)

Dir(®|a,,.,a,)=—>="=—@g"7'g"" . 7!

k

[r@

i=1
Dirichlet is a conjugate choice for the multinomial
N!
P(D|0,6) = P(N,,N,,...N,|0,6) =———— 610 .0
N/IN,!I...N,!
Posterior density
P(D|0,¢)Dir(0]a,,a,,.q,)
p01.5="2 12y

P(DI$)

Hyper-parameters defining the posterior density:

=Dir(@|a, +N,,...a, +N,)

a,'=a,+N,a,'=a,+N,,..a,'=a, +N,
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MAP estimate

Posterior density

2(0]D.6) = P(D| e,f)llj)(i;(?!t)al,az,..ak)

=Dir(@|a, +N,,...a, +N,)

a,+N, -1

(o, +N,)-k

i=1,.k

MAP estimate: O v =
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Expected value

The result is analogous to the result for binomial

E®)= [0 Dir(9|n)d0=( [/ S — | ]
0<g<1.y g1 I+, g

Expectation based parameter estimate

5 L b\ I ) B Sl
G+N+. 4G +N, QN+ O +N, AN+ A AN,

Directly represents the predictive probability of an event x=i
a,+N,

P(x=i|0,¢é)=
(:=118.2) a,+N,+..+a, +N,
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Other distributions

The same ideas can be applied to other distributions
— Typically we choose distributions that behave well so that
computations lead to “nice” solutions

* Exponential family of distributions

Conjugate choices for some of the distributions from the
exponential family:
— Binomial — Beta
— Multinomial - Dirichlet
— Exponential - Gamma
— Poisson -Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)
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Other distributions

Gamma distribution:

1 a-1 _%
=—xe for x 0[O0,
[ (a)b" or 2 1[0, ]

Exponential distribution:
* A special case of Gamma for a=1

1) -
x|b)=|—l|e ®
p(x|D) [ b)
Poisson distribution:
e " A*

x!

p(x|a,b)

p(x|A)= for x0U{0,1,2,...}
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Gaussian (normal) distribution

* Gaussian: x ~N(U,o)
Parameters: (4 - mean

O - standard deviation
Density function:

_ 1 _ 1 2
p(x|,u,0)—amexp[ 2(x /,l)]

20
* Example:
ona] ] N(O,I)
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Parameter estimates
* Loglikelihood "

I(D.p0)=log [ p(x, | 1,0)

i=1

e ML estimates of the mean and variance:

n

X, é‘zlzn:(xi—/})z

i=1 n iz

S | =

ll:

— ML variance estimate is biased
n

En(a.z) :En(lZ(xi _'&)ZJ = _10_2 Z o2
n5 n

e Unbiased estimate:

1 n

) AN 2
g =——- X. —
n—1,~§:1( P T M)
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Multivariate normal distribution

e Multivariate normal: x~ N(p,X)
e Parameters: p- mean

X - covariance matrix
* Density function:

p(x|mE) = ~%u—ufz*@—uﬂ

1

* Example:
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Parameter estimates

* Loglikelihood "
I(D,p, %) = log [ p(x, |1, E)

i=1

e ML estimates of the mean and covariances:

n

L1 | . .
p=—) X, == (x,—)x, —@)’
n n o=

i=1

n

— Covariance estimate is biased
N 1< ) )
E (X)= E{;Z (x; —p)(x; — u)Tj =
i=1

e Unbiased estimate:

n-1

Y#EX

3=

LS (x, - )(x, - )

n—1%3
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Posterior of a multivariate normal

* Assume a prior on the mean p that is normally
distributed:
p(pw)=N(p,, X))

* Then the posterior of p is normally distributed

n

p(n|D)= [|_| W eXp{—%(X,« W T, —u)ﬂ

i=1

1 1 4
*(271)‘1/2‘2 ‘1/2 eXP‘:_E(P_Up)TZp (ll_llp)
P

1 1 _
1/2 eXP|:_E(l1 _lln)TZn 1(" _”n)

- (2”)d/2 Zn

CS 2750 Machine Learning

Posterior of a multivariate normal

* Then the posterior of p is normally distributed

1 1 _
p(n| D) :WGXI{‘E(H‘H”)T% I(H‘Hn)}
X'=nx"+X

_ 1Y (1L 1 1
p,=X | +-X| |=D x| +—X X +-X

n 1=

X =X (Z +12j_112
n | Tr o, "
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Recursive Bayesian parameter estimation.

* Recursive Bayesian approach

— Estimates of the posterior can be sometimes computed
incrementally for a sequence of data points

p(D10,$)p(O]4)

Q)] =
PO =T b16.6)p@) )00

+ If we use a conjugate prior we get back the same posterior

» Assume we split the data D in the last element x and the rest
p(D[0©)=P(x|0®)P(D, |0)

* Then:

p(©]D.{) =

A “new” prior
P(x|®)P(D,.|®)p(@|¢)
[P(x1©)P(D,.,|0)p(©]&)dO
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Exponential family

Exponential family:

 all probability mass / density functions that can be written in the
exponential normal form

Fxln) = ﬁ])h(x)exp [ 1(x)]

. n a vector of natural (or canonical) parameters

1(x) a function referred to as a sufficient statistic
. h(x)  afunction of x (it is less important)

Z(n) a normalization constant

Z(n) = J'h(x) exp { nTt(x)} dx
Other common form:

fx|m) =k expn’tx) - 4] log Z(n) = A(n)
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Exponential family: examples

¢ Bernoulli distribution
p(x|m)y=m(1-m"

exp {log[ 7 jx + log(1 - ﬂ)}
l-m
exp {log(l - lT)} exp {log (1

)

* Exponential family

f(x|m) = Th(x)exp [ 0]
« Parameters
=2 {(x)=?
Z(n)=? h(x)=7?

CS 2750 Machine Learning

Exponential family: examples

¢ Bernoulli distribution
px|lmy=m(1-m"

T
= exp {log[1 -

jx + log(1 - ﬂ)}
Vs
= exp {log(l - lT)} exp {log (1

)

* Exponential family

S(x|m) = mh(x)exp [n7 (0]
* Parameters 1
n=10g1_ (note 7T:1+e_,7 ) {(x) = x
Z('q):L:1+e’7 h(x) =1
1-m
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Exponential family: examples
¢ Univariate Gaussian distribution

-1 _ 1 N2
p(XI,U,U)—JmeXp[ Sy P

1 H U 1 2}
= —exp| - —log o |exp{—x — X
27T p( 20" 8 j p{az 20°

* Exponential family

S = ——h(x)expln’t(x)]

Z(m)
¢ Parameters
n="7? Hx)=?
Z() =? h(x) =?
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Exponential family: examples
¢ Univariate Gaussian distribution

-1 _ 1 2
p(XI,U,U)—UmeXP[ S P

1 H U 1 2}
= —exp| - —log 0 |exp{—x — x
27T p( 20" 8 j p{az 20°

* Exponential family

S = ——h(x)expln’t(x)]

Z(m)
¢ Parameters g .
—| H1=0 t(x):{ }
" [—1/202} x’
_ U _ n 1
Z(m) = exp{ 5 +log 0} = em{-ﬁ —Elog(— 21, )}

h(x) =1/27
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Exponential family

* For iid samples, the likelihood of data is
P(DIm) =[] p(x, 1) = [ hx)expn"v(x,) - A(w)]
- {|‘| h(x,-)}exp{i Wr(x,) - A(n)}
- {|‘| h(xi)} exp{n{i r(x,-)] - nA(n)}

* Important:

— the dimensionality of the sufficient statistic remains the same
with the number of samples
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Exponential family
* log likelihood of data is

1D, = log[ﬁ h(x»}exp{f[i t(x,»)j - nA(n)}

i=1

- logm h(xi)} + {nT(it(x»j - nA(n)}

* Optimizing the loglikelihood

n

0,/(D,m) = [Z t(xi)j -nd,4(n) =0

i=1

¢ For the ML estimate it must hold

0,4(n) = 1(2 r(xi)j

i=1
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Exponential family
* Rewritting the gradient:
0,4(m) =0, log Z(w) = 0, log [ h(x)exp{n"s(x)} dx
J.t(x)h(x)exp{nTt(x)} dx
jh(x) exp{nrt(x)} dx
0,4 = [1(0R(x)exp{n1(x) = A(n) dx
0,4(n) = E(1(x))
* Result: E(t(X)) - l[zn: t(xi)J
n

i=1

0,4(m) =

* For the ML estimate the parameters M should be adjusted
such that the expectation of the statistic t(x) is be equal to the
observed sample statistics
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Moments of the distribution

* For the exponential family
— The k-th moment of the statistic corresponds to the k-th
derivative of A4(M)

— If x is a component of t(x) then we get the moments of the
distribution by differentiating its corresponding natural

parameter
* Example: Bernoulli p(x | 7) = exp {log(1 d jx + log(1 - IT)}
A(n) =log =log(1+e7)
* Derivatives:
n
m:ilog(l+eq): ¢ = 1_ =
on  on (1+e")  (1+e™)
04(m) _ 0 1

o oparen V7
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