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Supervised learning

Data: D={D,,D,,..,D,} asetof n examples
D, =<x;,y; >
X; = (X1, X ,"""X;¢) isan input vector of size d
Y; isthe desired output (given by a teacher)
Objective: learn the mapping f : X =Y
st. vy, = f(x;) forall i=1,.,n

* Regression: Y is continuous

Example: earnings, product orders — company stock price
* Classification: Y is discrete

Example: handwritten digit in binary form — digit label
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Linear regression

Function f : X —Y isa linear combination of input
components

d
f(X) =W, + WX, + W, X, +... Wy Xy =W, +ijxj
j=1

Wy, Wy,... W, - parameters (weights)

Biasterm —— 1

Input vector <

X .
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Linear regression. Error.

e Data: D, =<x;,y, >
* Function: X; — f(Xi)
« Wewould liketohave Y;= f(x;) forall i=1.,n

e Error function measures how much our predictions deviate
from the desired answers

1

=2 (yi— f(x))?

i=1,.n

Mean-squared error J, =

* Learning:
We want to find the weights minimizing the error !
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Linear regression. Optimization.

* We want the weights minimizing the error

3=t T R = D W)’

i=1,..n i=1,..n

» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0

0 2 <
aTJn(W) = —Hizzll(yi —WoXi g = WyXig — ... =Wy X )% ; =0

]

¢ Vector of derivatives:

grad , (3,(w)) = V., (3, (w)) = —%i (y - wx)x, = 0

i=1
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Linear regression. Optimization.

» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0

J, 1 (y; — f(x;))? 1 (y; — W, + W x® +w,x® +. L w, xET)?
n n i 0 1 2 k

i=1,..n i=1,..n

*grad , (J, (w)) = 0 defines a set of equations in w

iJn (w) = —EZ[yi — (W, + W XD +w,x® L w, x®)]=0
oW, n

i=1
¢ J,(w) = —EZ[yi — (W + WX+ wyx@ L w x®)x® =0
ow, n <

2 J, (w) = —EZ[yi — (wy + W, x® +w,x@ 4w x®)xD =0
ow; n =
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Solving linear regression

0 2 <
8_V\/jJ”(w) = —Hé(yi = WX g = WX — ... =Wy X )X ; =0

By rearranging the terms we get a system of linear equations
with d+1 unknowns
Aw=Db

wozn: Xi o1+ len: xi’11+...+wjzn: X 1+ +w, Zn: Xiq1= Zn: y;il
i=1 i=1 i=1 i=1 i=1

n n n n n
WOZXi,OXi,l +lexi,1xi,1 to W, zxi,jxi,l oW zxi,dxi,l = Zyixi,l
i1 i1 i1 i1 i1

[ X N J
n n n n n
WOZXLOXLJ- +WlZXiY1X”— +...+WJ.ZXHXLj +...+WdZXideiyj :Zyixiyj
i=1 i i=1 i i1
[ X N ]
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Solving linear regression

» The optimal set of weights satisfies:
VL) =2 Y (g - wTx)x = 0
i=1

Leads to a system of linear equations (SLE) with d+1
unknowns of the form

/AW=b - 

n n n n n
Wy D XoX WD XaX e F WD XX W D XX = D Y
i1 i1 i1 i1 i1

Solutions to SLE:
* e.0. matrix inversion (if the matrix is singular)

w=A"Db
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Gradient descent solution

» There are other ways to solve the weight optimization problem
in the linear regression model

J = Error (W):%_z (y, — f(x,,w))?

* A ssimple technique:
— Gradient descent
Idea:
» Adjust weights in the direction that improves the Error
* The gradient tells us what is the right direction

w <« w-—aV Error,(w)

a >0 - alearning rate (scales the gradient changes)
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Gradient descent method

» Descend using the gradient information

Error (w) v, Error (w) |,

W > —p W

Direction of the descent

» Change the value of w according to the gradient
w <« w—aV Error,(w)
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Gradient descent method

Error (w) 9 Error (w) ],
ow

w* w

* New value of the parameter
W, < wj*—aiError (W) |« For all j
oW,
a >0 - alearning rate (scales the gradient changes)
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Gradient descent method

* Iteratively converge to the optimum of the Error function

Error(w)

WO W@y @y @ w
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Batch vs Online regression algorithm

e The error function defined for the whole dataset D

%z(yi— F(x,w))?

i=1,.n

J, = Error (w) =

» We say we are learning the model in the batch mode:
— All examples are available at the time of learning
— Weights are optimizes with respect to all training examples

* An alternative is to learn the model in the online mode
— Examples are arriving sequentially
— Model weights are updated after every example
— If needed examples seen can be forgotten
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Online regression algorithm

¢ Error function for the whole dataset D

%z(yi— F(x,w))?

i=1,.n

J, = Error (w) =
* Error for each example Di =<X;,Y, >

‘Jonline = Errori(w) = %(y| - f(Xi,W))z

* Change regression weights after every example according
to the gradient:
W < W, —aiErrori(w)
oW .
J
vector form: W < W—a V Error;(w)
a > 0 - Learning rate that depends on the number of updates
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Gradient for on-line learning

Linear model f(x)=w'x
On-lineerror  J,,.,. = Error,(w) = E(yi — f(x;,w))*

On-line algorithm: sequence of online updates
(i)-th update for the linear model: D, =<Xx;,y; >

Vector form:
WO W i)V, Error(w) | o, =w' +ai)(y; - f (x, W)

j-th weight:

i i .. OError(w
Wj() (_Wj( 1) _a(l)ﬁlw(i—ﬂ

oW

J

=Wj(i—1) +0((|)(y| _ f(Xi 1"‘,(i—l)))xi’j

Annealed learning rate: ofi) z}
|

- Gradually rescales changes in weights
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Online regression algorithm

Online-linear-regression (D, number of iterations)
Initialize weights w = (W,, Wy, W, ... W,)
for i=1:1: number of iterations
do select a data point D, = (x;,y;) fromD
set a=1/i
update weight vector
w<— w+a(y, - f(x;,w))x;
end for
return weights w

* Advantages: very easy to implement, continuous data streams
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On-line learning. Example

2
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Adaptive models

Linear model f(x)=w'x

On-lineerror  J,,.. = Error,(w) = %(yi — f(x;,w))*

online

On-line algorithm:
» Sequence of online updates (one example at the time)
» Useful for continuous data streams

Adaptive models:
* the underlying model is not stationary and can change over time
» Example: seasonal changes
* On-line algorithm can be made adaptive by keeping
the learning at some constant value « (i) ~ ¢
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Extensions of simple linear model

Replace inputs to linear units with feature (basis) functions
to model nonlinearities

f(x)=w, +Zm: Wj¢j(X)

J:
$;(x) -an arbitrary function of x
1

The same techniques as before to learn the weights
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Extensions of the linear model

* Models linear in the parameters we want to fit
m
f(x)=w,+ Z W, gy (x)
k=1

Wo, W,...W - parameters
$,(x), 4,(x)...0,,(x) - feature or basis functions
* Basis functions examples:
— ahigher order polynomial, one-dimensional input x = (x,)
¢, (X) =X $,(x) = x? Py (X) = X
— Multidimensional quadratic x = (X;, X,)
H(x) =% B()=X () =% §,(x)=x} ¢(x)=xx,
— Other types of basis functions
¢, (X) =sin x ¢,(x) = cos X
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Extensions of the linear case

* Error function Jn(w):lan(y— f(x;))?

i=1,..n

Assume: @ (x;) = (1, 4,(x;), 5 (x;), ..., 8, (X))

V3,02 X - fx)e(x) =0

i=1,.n

* Leads to a system of m linear equations

woilc?’j (X)) +...+W, i¢j (X)), (x;)+.. .+wmi¢m(xi)¢j (x;)= iyi¢j (x;)

» Can be solved exactly like the linear case
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Example. Regression with polynomials.

Regression with polynomials of degree m

* Data points: pairs of < X,y >

* Feature functions: m feature functions
¢i(x):Xi i=12,....m

* Function to learn:

f(x,w)=w, +zmlwi¢i(x) =W, +Zm: w, x'

CS 2750 Machine Learning
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Example. Regression with polynomials.

Example: Regression with polynomials of degree m
m m )
f(X, W) =W, + D> Wi (X) =W, + > wx'

i-1 i=1

* On line update for <x,y> pair

W, =W, +a(y— f(x,w))

w; =w, +a(y— f(x,w)x!
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Learning with feature functions

Function to learn: )
f(x,w)=w,+ Z w;; (X)
i-1
On line gradient update for the <x,y> pair

W, =W, +a(y - f(x,w))

w; =w; +a(y - f(x,w))g; (x)

Gradient updates are of the same form as in the linear regression
models
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Extensions of the linear model example
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Extensions of the linear model example

oty
s
R s 2
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Binary classification

Two classes Y ={0,1}
Our goal is to learn to classify correctly two types of examples
— Class 0 — labeled as 0,
— Class 1 — labeled as 1
We would like to learn f : X —{0,1}
Zero-one error (loss) function

Error ,(x,,y,) = {1 FOx,w) =y,

0 f(x;,w)=y,

Error we would like to minimize: E, , (Error,(x, Y))
First step: we need to devise a model of the function
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Discriminant functions

One way to represent a classifier is by using
— Discriminant functions
Works for binary and multi-way classification

Idea:
— Forevery classi = 0,1, ...k define a function g; (x)
mapping X — R
— When the decision on input x should be made choose the
class with the highest value of 9;(x)

So what happens with the input space? Assume a binary case.

CS 2750 Machine Learning
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Discriminant functions

* Example: Two classes in 2-D
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Discriminant functions

 Discriminant functions g,(x) and g,(x) define the decision
boundary
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Quadratic decision boundary

9,(x) = g,(x)
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Logistic regression model

* Defines a linear decision boundary
¢ Discriminant functions:

g,(x) = g(w'x) go(x) =1-g(w'x)
o where 0(z)=1/1+e7*) -isalogistic function

f(x,w)=0;(W'x)=g(w'x)

1 W Logistic function
0
X w 20 S tem
j>’ O
Input vector XZ.
X ) s
X

CS 2750 Machine Learning
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Logistic function

1

function - -
9(2) Q+e™)

* Isalso referred to as a sigmoid function
» Replaces the threshold function with smooth switching
» takes a real number and outputs the number in the interval [0,1]
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Logistic regression model

* Discriminant functions:
g, (x) = g(w'x) go(x)=1-g(w'x)
* Values of discriminant functions vary in [0,1]
— Probabilistic interpretation

f(x,w)=p(y=1w,x)=g,(x) = g(w'x)

1
0
x X,/ py=txw
W.
X2
Input vector .
X * o
\_ Xy
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Logistic regression

* We learn a probabilistic function
f: X —>[0]1]
— where f describes the probability of class 1 given x
f(x,w)=g,(w'x)=p(y=1|x,w)

Note that: p(y=0]|x,w)=1-p(y=1|x,w)

» Transformation to binary class values:

If p(y=1|x)>1/2 thenchoose 1
Else choose 0
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Logistic regression model. Decision boundary

* Logistic Regression defines a linear decision boundary
Example: 2 classes (blue and red points)

CS 2750 Machine Learning
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Logistic regression: parameter learning

Likelihood of outputs
e Let

Di =< x, ¥ > g =p(y, =1Ix;,w)=9(z;) = g(w'x)
* Then

LO.W) =TT Py =i [xow) = [ [ s @ )"

* Find weights w that maximize the likelihood of outputs
— Apply the log-likelihood trick. The optimal weights are
the same for both the likelihood and the log-likelihood

(D, w)=log [ ] s (1 )" =Y. log " (1 )" =

- 2 y,log s, + (1— y,)log(1— x,)
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Logistic regression: parameter learning
* Log likelihood
I(D,w) = z yilogu; +(1—y;)log(1- x;)

i=1

* Derivatives of the loglikelihood

0 n Nonlinear in weights !!
-——I(D,w) = _Xi,j(yi_g(zi))
oW, i1

J

n n

v, -1I(D,w) :Z_xi(yi _g(WTXi)) ZZ_Xi(yi - f(w,x;))

i=1 i=1

« Gradient descent: W « wP —q(K)V [-1(D,W)]] .y

k-th update

w® e wlD (k)Y Iy, - (W x)lx,
i=1

CS 2750 Machine Learning
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Logistic regression. Online gradient descent

* On-line component of the loglikelihood

= Joune (DyyW) = y;log s + (1= y;)log(1- 4)
« On-line learning update for weight w  Jonine (Dis W)

W(k) < W(k_l) _a(k)vw[‘Jonline (Dk’w)] |w(k’1)

Online update for the logistic regression for k-th example

D, =<x,,Y, >

w® e wlD oK)y, - F (W, x,)]x,
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Online logistic regression algorithm

Online-logistic-regression (D, number of iterations)
initialize weights  w = (W,, W, W, ...W,)
for i=1:1: number of iterations
do select a data point D; =<x;, y; > from D
set a=1/i
update weights (in parallel)
we—w+a()ly, - f(w,x,)]x;
end for
return weights w

CS 2750 Machine Learning
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Online algorithm. Example.

wig=0.91773 wo=1.6297 bias= -0.91598
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Online algorithm. Example.

w=3.5934 w,=69126 hias= -3 6709

e
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Online algorithm. Example.

wiy=19.9144 w;=39 7033 bias= -20.0644
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Appendix: Derivation of the gradient
* Loglikelihood I(D,w) = Zn: y. logu, + (1—y;)log(1- ;)

i=1

. Derlvatlves of the loglikelihood
0 0z
—ID = log u, + (L—y ) log(1— u;)|——
1D, w)= 3 [y, log a + (- y) log(1- 1)) o2

i=1 i
J o Derivative of a logistic function
—= Xi, i 09(z,
ow, 8 _g()a-90)

] 1 @), -1 @)
2 [y logy, +(1—y,)log@— ,uu)] Yi——3 9(z) @, (- )1 9(z) o

= y,1-9(z))+ A-y,)(-9(z))

V,I(D.w) = Z—X (v~ g5 ) = Y x, (¥, — F(w.x,))

=1
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