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Preferences

Anagentchoosesamongprizes(A,B,etc.)andlotteries,i.e.,situations
withuncertainprizes

LotteryL=[p,A;(1−p),B]

L

p

1−p

A

B

Notation:
A�BApreferredtoB
A∼BindifferencebetweenAandB
A�∼BBnotpreferredtoA
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Rationalpreferences

Idea:preferencesofarationalagentmustobeyconstraints.
Rationalpreferences⇒

behaviordescribableasmaximizationofexpectedutility

Constraints:
Orderability

(A�B)∨(B�A)∨(A∼B)
Transitivity

(A�B)∧(B�C)⇒(A�C)
Continuity

A�B�C⇒∃p[p,A;1−p,C]∼B
Substitutability

A∼B⇒[p,A;1−p,C]∼[p,B;1−p,C]
Monotonicity

A�B⇒(p≥q⇔[p,A;1−p,B]�∼[q,A;1−q,B])
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Rationalpreferencescontd.

Violatingtheconstraintsleadstoself-evidentirrationality

Forexample:anagentwithintransitivepreferencescanbeinducedtogive
awayallitsmoney

IfB�C,thenanagentwhohasC
wouldpay(say)1centtogetB

IfA�B,thenanagentwhohasB
wouldpay(say)1centtogetA

IfC�A,thenanagentwhohasA
wouldpay(say)1centtogetC

A

BC

1c1c

1c
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Maximizingexpectedutility

Theorem(Ramsey,1931;vonNeumannandMorgenstern,1944):
Givenpreferencessatisfyingtheconstraints
thereexistsareal-valuedfunctionUsuchthat

U(A)≥U(B)⇔A�∼B
U([p1,S1;...;pn,Sn])=ΣipiU(Si)

MEUprinciple:
Choosetheactionthatmaximizesexpectedutility

Note:anagentcanbeentirelyrational(consistentwithMEU)
withouteverrepresentingormanipulatingutilitiesandprobabilities

E.g.,alookuptableforperfecttictactoe
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Utilities

Utilitiesmapstatestorealnumbers.Whichnumbers?

Standardapproachtoassessmentofhumanutilities:
compareagivenstateAtoastandardlotteryLpthathas

“bestpossibleprize”u>withprobabilityp
“worstpossiblecatastrophe”u⊥withprobability(1−p)

adjustlotteryprobabilitypuntilA∼Lp

L

0.999999

0.000001

continue as before

instant death

pay $30~
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Utilityscales

Normalizedutilities:u>=1.0,u⊥=0.0

Micromorts:one-millionthchanceofdeath
usefulforRussianroulette,payingtoreduceproductrisks,etc.

QALYs:quality-adjustedlifeyears
usefulformedicaldecisionsinvolvingsubstantialrisk

Note:behaviorisinvariantw.r.t.+velineartransformation

U
′
(x)=k1U(x)+k2wherek1>0

Withdeterministicprizesonly(nolotterychoices),only
ordinalutilitycanbedetermined,i.e.,totalorderonprizes
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Money

Moneydoesnotbehaveasautilityfunction

GivenalotteryLwithexpectedmonetaryvalueEMV(L),
usuallyU(L)<U(EMV(L)),i.e.,peoplearerisk-averse

Utilitycurve:forwhatprobabilitypamIindifferentbetweenaprizexand
alottery[p,$M;(1−p),$0]forlargeM?

Typicalempiricaldata,extrapolatedwithrisk-pronebehavior:
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o
o

o
o
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Studentgrouputility

Foreachx,adjustpuntilhalftheclassvotesforlottery(M=10,000)
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Decisionnetworks

Addactionnodesandutilitynodestobeliefnetworks
toenablerationaldecisionmaking

U

Airport Site

Deaths

Noise

Cost

Litigation

Construction

Air Traffic

Algorithm:
Foreachvalueofactionnode

computeexpectedvalueofutilitynodegivenaction,evidence
ReturnMEUaction
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Multiattributeutility

HowcanwehandleutilityfunctionsofmanyvariablesX1...Xn?
E.g.,whatisU(Deaths,Noise,Cost)?

Howcancomplexutilityfunctionsbeassessedfrom
preferencebehaviour?

Idea1:identifyconditionsunderwhichdecisionscanbemadewithoutcom-
pleteidentificationofU(x1,...,xn)

Idea2:identifyvarioustypesofindependenceinpreferences
andderiveconsequentcanonicalformsforU(x1,...,xn)
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Strictdominance

TypicallydefineattributessuchthatUismonotonicineach

Strictdominance:choiceBstrictlydominateschoiceAiff
∀iXi(B)≥Xi(A)(andhenceU(B)≥U(A))

1 X  

2 X  

A

B C

D

1 X  

2 X  

A

B

C

This region
dominates A

Deterministic attributesUncertain attributes

Strictdominanceseldomholdsinpractice
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Stochasticdominance
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Distributionp1stochasticallydominatesdistributionp2iff
∀t

∫

t
−∞p1(x)dx≤

∫

t
−∞p2(t)dt

IfUismonotonicinx,thenA1withoutcomedistributionp1

stochasticallydominatesA2withoutcomedistributionp2: ∫

∞
−∞p1(x)U(x)dx≥

∫

∞
−∞p2(x)U(x)dx

Multiattributecase:stochasticdominanceonallattributes⇒optimal

Chapter1614



Stochasticdominancecontd.

Stochasticdominancecanoftenbedeterminedwithout
exactdistributionsusingqualitativereasoning

E.g.,constructioncostincreaseswithdistancefromcity
S1isclosertothecitythanS2

⇒S1stochasticallydominatesS2oncost

E.g.,injuryincreaseswithcollisionspeed

Canannotatebeliefnetworkswithstochasticdominanceinformation:
X

+
−→Y(XpositivelyinfluencesY)meansthat

ForeveryvaluezofY’sotherparentsZ

∀x1,x2x1≥x2⇒P(Y|x1,z)stochasticallydominatesP(Y|x2,z)
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Preferencestructure:Deterministic

X1andX2preferentiallyindependentofX3iff
preferencebetween〈x1,x2,x3〉and〈x

′
1,x

′
2,x3〉

doesnotdependonx3

E.g.,〈Noise,Cost,Safety〉:
〈20,000suffer,$4.6billion,0.06deaths/mpm〉vs.
〈70,000suffer,$4.2billion,0.06deaths/mpm〉

Theorem(Leontief,1947):ifeverypairofattributesisP.I.ofitscom-
plement,theneverysubsetofattributesisP.Iofitscomplement:mutual
P.I..

Theorem(Debreu,1960):mutualP.I.⇒∃additivevaluefunction:

V(S)=ΣiVi(Xi(S))

Henceassessnsingle-attributefunctions;oftenagoodapproximation
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Preferencestructure:Stochastic

Needtoconsiderpreferencesoverlotteries:
Xisutility-independentofYiff

preferencesoverlotteriesinXdonotdependony

MutualU.I.:eachsubsetisU.Iofitscomplement
⇒∃multiplicativeutilityfunction:

U=k1U1+k2U2+k3U3

+k1k2U1U2+k2k3U2U3+k3k1U3U1

+k1k2k3U1U2U3

Routineproceduresandsoftwarepackagesforgeneratingpreferenceteststo
identifyvariouscanonicalfamiliesofutilityfunctions
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Valueofinformation

Idea:computevalueofacquiringeachpossiblepieceofevidence
Canbedonedirectlyfromdecisionnetwork

Example:buyingoildrillingrights
TwoblocksAandB,exactlyonehasoil,worthk
Priorprobabilities0.5each,mutuallyexclusive
Currentpriceofeachblockisk/2
“Consultant”offersaccuratesurveyofA.Fairprice?

Solution:computeexpectedvalueofinformation
=expectedvalueofbestactiongiventheinformation

minusexpectedvalueofbestactionwithoutinformation
Surveymaysay“oilinA”or“nooilinA”,prob.0.5each(given!)

=[0.5×valueof“buyA”given“oilinA”
+0.5×valueof“buyB”given“nooilinA”]
–0

=(0.5×k/2)+(0.5×k/2)−0=k/2
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Generalformula

CurrentevidenceE,currentbestactionα
PossibleactionoutcomesSi,potentialnewevidenceEj

EU(α|E)=maxaΣiU(Si)P(Si|E,a)

SupposeweknewEj=ejk,thenwewouldchooseαejks.t.

EU(αejk|E,Ej=ejk)=maxaΣiU(Si)P(Si|E,a,Ej=ejk)

Ejisarandomvariablewhosevalueiscurrentlyunknown
⇒mustcomputeexpectedgainoverallpossiblevalues:

VPIE(Ej)=
(

ΣkP(Ej=ejk|E)EU(αejk|E,Ej=ejk)
)

−EU(α|E)

(VPI=valueofperfectinformation)
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PropertiesofVPI

Nonnegative—inexpectation,notposthoc

∀j,EVPIE(Ej)≥0

Nonadditive—consider,e.g.,obtainingEjtwice

VPIE(Ej,Ek)6=VPIE(Ej)+VPIE(Ek)

Order-independent

VPIE(Ej,Ek)=VPIE(Ej)+VPIE,Ej(Ek)=VPIE(Ek)+VPIE,Ek(Ej)

Note:whenmorethanonepieceofevidencecanbegathered,
maximizingVPIforeachtoselectoneisnotalwaysoptimal
⇒evidence-gatheringbecomesasequentialdecisionproblem
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Qualitativebehaviors

a)Choiceisobvious,informationworthlittle
b)Choiceisnonobvious,informationworthalot
c)Choiceisnonobvious,informationworthlittle

P(U | E) j P(U | E) j P(U | E) j

(a) (b)(c)

UUU
U  1 U  2U  2 U  2U  1 U  1

Chapter1627


