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Abstract

We consider server scheduling strategies to minimize average flow time in a multicast
pull system where data items have uniform size. The algorithm Longest Wait First
(LWF) always services the page where the aggregate waiting times of the outstanding
requests for that page is maximized. We provide the first non-trivial analysis of the
worst case performance of LWF. On the negative side, we show that LWF is not s-

speed O(1)-competitive for s < 1+Z_\/§ On the positive side, we show that LWF is
6-speed O(1)-competitive.

1 Introduction

In a pull-based client-server system, the server receives client initiated requests for
items/pages/documents over time. In a multicast/broadcast system, when the server sends
a requested page, all outstanding client requests to this data item are satisfied by this
multicast. The system may use broadcast because the underlying physical network provides
broadcast as the basic form of communication, for example if the network is wireless or the
whole system is on a LAN. Multicast may also arise in a wired network as a method
to provide scalable data dissemination. See for example multicast based scalable data
dissemination systems described in [6, 7]. One commercial example of a multicast-pull client-
server system is Hughes’ DirecPC system [8]. In the DirecPC system the clients request
documents via a low bandwidth dial-up connection, and the documents are broadcast via
high bandwidth satellite to all clients.

In this paper we consider a setting where the date items, or pages, are of approximately
the same size. This might arise, for example, if the server is a DNS server. We consider
the objective function of minimizing the average flow/response/waiting time of the client
requests. The preponderance of evidence to date indicates that the “right” algorithm for this
problem is Longest Wait First (LWF). LWF always services the page where the aggregate
waiting times of the outstanding requests for that page is maximized. All the experimental
comparisons of the most natural algorithms have identified the LWF as the clear champion
[9, 23, 2]. In the natural setting where the request arrival times for each page have a Poisson
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distribution, LWF broadcasts each page with frequency roughly proportional to the square
root of the page’s arrival rate, which is essentially optimal [3].
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Figure 1: The worst possible performance curve of an s-speed c¢-competitive online
algorithm.

To understand the worst-case analysis results in the literature, we need to introduce and
motivate resource augmentation analysis. Resource augmentation analysis was proposed
as a method for analyzing scheduling algorithms in [16]. We adopt the notation and
terminology from [20]. In the context of our problem, an s-speed c-competitive algorithm
A has the property that max; %ﬁ% < ¢ where A,(I) denotes the average flow time for
the schedule that algorithm A with a speed s processor on input I, and similarly OPT, (I)
denotes the flow time of the adversarial schedule for I with a unit speed processor. Our
analysis philosophy is to put first priority on minimizing the speed, while keeping the
competitive ratio reasonable, ideally O(1). The reason for this is average quality of service
(QoS) curves such as those in figure 1 are ubiquitous in server systems. That is, the average
QoS at loads below capacity is negligible, and the average QoS above capacity is intolerable.
The concept of load is not so easy to formally define, but generally reflects the rate at which
work arrives at the server. So in some sense, one can specify the performance of such a
system by simply giving the value of the capacity of the system. In this setting, As([) is
at most ¢ times optimal average flow time with s times higher load, since slowing down the
speed by a factor of sis the same as increasing the load by a factor of s. But since the optimal
flow time is almost always negligible or intolerable, a modest ¢ times either negligible and
intolerable, still gives you negligible or intolerable. So an s-speed c-competitive algorithm
should perform reasonably well up to load 1/s of the capacity of the system as long as ¢
is of modest size. An algorithm that is (1 4 €)-speed O(1)-competitive is said to be almost
fully scalable [21].

Worst-case analysis of this multicast pull scheduling problem was initiated in [17]. They
showed that there is no O(1)-competitive online algorithm for this problem. They also
showed the intuitive greedy algorithm, Most Requests First (MRF), is not even O(1)-speed



O(1)-competitive. MRF always services the page with the most outstanding requests. This
result perhaps explains the experimental inferiority of MRF observed in [9, 23, 2]. In [17] it
was observed that O(1)-competitiveness for O(1)-speed online algorithms can not be proved
using local competitiveness[21]. Building on the work in [10], in [11] it was shown that there
exists an algorithm EDF-EQUI that is (44 ¢€)-speed O(1+ 1/¢€)-competitive. Unfortunately,
BEQUI-EDF is not a particularly natural algorithm, and it is known that BEQUI-EDF can
not be 2-speed O(1)-competitive.

1.1 Our ResultsIn [17] is was conjectured that LWF was almost fully scalable. We refute
this conjecture in section 3 by showing that that LWF is not s-speed O(1)-competitive for
5 < % On the positive side, we show in section 2 that LWF is 6-speed O(1)-competitive.
Intuitively, this result should probably be viewed as saying that LWF’s performance is at
least reasonable. This is the first non-trivial analysis of the worst case performance of LWF.

1.2 Related Resultsln order to obtain a positive result for multicast pull scheduling,
[17] resorted to considering offline algorithms. They found an LP-based polynomial-time
algorithm that is 3-speed 3-competitive. Subsequently better results were obtained by using
different rounding schemes. In [12] a rounding that is 6-speed 1-competitive algorithm
is given. In [13] a rounding that is 2-speed 2-competitive is given. In [14] a rounding
that is 3-speed l-competitive is given. Finally, in [4], a rounding that is O(1 + €)-speed
O(1)-competitive is given. Note that all of these algorithms are offline and thus are not
implementable in a server. This problem was proven to be NP-hard in [12].

There has also been some worst case analysis of multicast pull scheduling algorithms in
the case that data items have different sizes and where preemption is allowed. This would
be a more appropriate formalization of the DirecPC system for example. Firstly there is
more than one reasonable way to formalize this problem, for example, the clients may or
may not be required to receive the requested file in order. In [22] different alternative
formalizations of the problem are compared. Building on the work of [10], it is shown in
[11] that the algorithm B-Equi, which broadcasts each document at a rate proportional
to the number of outstanding requests for that document, is (4 4 €)-speed O(1 + 1/¢)-
competitive in all the reasonable models. In [5] some results for maximum flow time
are given. Experimental results in the case of arbitrary data item size can be found in
[1, 15]. LWF can be implemented in logarithmic time per query [18]. For a survey on
online scheduling, including multicast pull scheduling, see [21]. Problems that are special
cases of multicast pull scheduling included weighted flow time, and scheduling jobs with
sequential/parallel speed-up curves [11, 21].

There has been a fair amount of research into push-based broadcast systems, sometimes
called broadcast disks, where the server pushes information to the clients without any
concept of a request, ala a television or radio broadcast. See for example [19]. A survey of
the literature of both pull and push multicast/broadcast scheduling can be found in [24].



1.8 Definitions and PreliminariesWe formalize the problem in the following way. The
setting consists of a corpus P of n possible pages. We assume that time is discrete. Suppose
we have a s-speed server. Consider some time ¢. First the server receives R;(t) > 0 new
requests for page ¢ € P (for each 1 < ¢ < m). The s-speed server then decides on up to s
pages to broadcast at time ¢. We say that the R;(¢) requests for page ¢ at time ¢ are satisfied
at time C;(t) if C;(t) > t is the first when P; is broadcasted after these requests arrived. In
the online setting, the server is not aware of the requests R;(¢) until time ¢.

We consider the objective function of minimizing the total (or equivalently average)
system performance. The response/flow time of a request for page i € P at time ¢ is
(C;(t) —t+ 1), which is how long a client that requested page ¢ at time ¢ has to wait until
page 1 is broadcasted. Note that the plus 1 term is to assure that we don’t get flow times

of 0. The total response time is then >, 3, R;(t) - (C;(t) —t + 1).

The current wait of a page is defined as follows. At time ¢, let C’,(t) be the last time,
strictly before time ¢, that LWF broadcast page ¢. If there is no such time, then C’,(t) =0.
Then the wait of a page 7 at time ¢ is 3¢ ) cpey R;(t") - (t —t' 4+ 1). At each time ¢, LWF
broadcasts the s pages with largest wait. It will be convenient in out proofs to think of
LWF ordering these s broadcasts by decreasing wait. So the first of the s broadcasts at
time ¢, is the page with the highest total wait.

As is common when analyzing scheduling algorithms, we need a time/event ordering
not only for the times in the schedule, but for also for the events internal to the scheduling
algorithms. Assume that each of S and T is either an event in the execution of LWF, or a
time. We then use the notation S < T to mean that S happened before T in LWF’s time.
If for example, S is the broadcast of a page ¢ at time ¢ and T is the broadcast of a page j
at time ¢t then S < T is equivalent to saying the ¢’s wait is greater than j’s wait at time ¢.

The time between the ith and jth, ¢ < j, broadcasts by LWF might be either L%J or

[%] To avoid ugly floors and ceilings in our analysis, we estimate the length of such a
time period by (7 — ¢)/s. This additive error will not affect our flow time estimations by

more than a multiplicative constant.

2 Analysis of LWF

Our goal in the section is to prove the following theorem:

THEOREM 2.1. For all instances I, %% =0(1)

We benevolently assume that when LWF services a page, all outstanding requests for
this are ¢mplicitly serviced for the adversary. This allows us to simplify our arguments in
two ways. Firstly, because all requests for this page are serviced by both schedulers, we can
analyze subsequent requests to this page independently. Secondly, since this assumption
implies that the adversary never falls behind LWF on any page, this greatly reduces the
number of cases that we have to consider. We further assume, without loss of generality,



that LWF broadcasts s pages on every step. Otherwise, we can just apply our argument to
every maximal time interval where this holds. From here on we fix a particular instance I
and drop it from the notation.

In this paragraph we give an informal road map of our analysis. We develop an
accounting scheme in which the adversary’s costs eventually pay for all of LWF’s costs. The
currency of payment is not actually wait time, which depends on the number of requests,
but is the number of time steps in which servicing is delayed. The proof first identifies
A-costly-events which are more costly for the adversary because LWF services them quickly
and L-costly-events that are more costly for LWF because it services them long after the
adversary does. The proof transforms the original input into a canonical input to make
this distinction even more pronounced. LWF is initially delayed by A-costly-events. These
A-costly-events pay for the L-costly-events that they delay. L-costly-events are payed more
than they actually need so that they can in turn pay for the L-costly-events that they delay.
When an event is in the role of paying, it will either be referred to as an A-paying-event or
as an L-paying-event depending on whether it is A or L-costly. Similarly, when an L-costly-
event is in the role of being payed, it will be referred to either as a payed-by-A-event or as
a payed-by-L-event. An L-costly-event begins being costly when the adversary services it.
The events that LWF is servicing during this same time step are referred to as its time-
linked-events. Every time that an L-costly-event is payed by other L-costly-events, it is also
payed by one of its time-linked-events.
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Figure 2: The left side gives the life of a page between LWEF servicings. The right side gives
the two ways in which the instance can be changed.

The life of a page from one servicing by LWF to the next can be depicted as a roughly
triangular region as in the left side of Figure 2. The vertical axis is time and the horizontal
axis is the indexes of requests. The width of the triangle increases with time as more requests
arrive. Any point in the triangle is one request unserviced by LWF at one time step. The
bottom point of the triangle represents the arrival of the first request after the last servicing
by LWF. The top horizontal line is the time E at which LWF next services the page. The



intermediate horizontal lines are the times b; that the adversary explicitly services the page.
Wait time is measured as area. Let p; denote the total number requests serviced at time
b; or earlier by the adversary and remaining unserviced by LWF. Let £; = b1 — e, denote
the amount of time until the next servicing of the page. It follows that £;p; is the flow
time that accumulates for LWF during this period for the requests already serviced by the
adversary. Even if the adversary never services the page again, more requests can arrive for
this page during this time period, because it is assumed that they will get serviced for her
when LWF services the page. Let ¢; denote the total flow time accumulated by LWF and
the adversary during (b;, e;] for requests for this page that arrive after the time b;. The
total wait time of this page during this time period under LWF is Eje[o,r] [¢;p;+q;]. For the
adversary, the corresponding wait time for this page during this time period is Eje[o,r] q;-

We will now transform the original instance into a canonical instance, one LWF servicing
at a time. Further we will alter the rules of the game being played between LWF and the
adversary. Our goal is to make a complete distinction between A-costly-events and L-costly-
events. See Figure 2. Let j be an LWF servicing of some page at time E. If the adversary’s
flow time 3 ¢(0,1¢; is at least v of LWF’s, that is at least v 3 ¢10,,[(;p; + ¢;]; then the
instance is changed so that instead ) = Z]‘e[o,r][fjpj + ¢;] requests arrive at time E. This
is then called an A-costly-event.

On the other hand, if the adversary’s flow time Zje[o,r] q; is less than v Eje[o,r] [Cipi+a;],
then we will change the instance so that any requests that arrive before the adversary
services the page, are delayed until the moment the adversary next services this page. Any
requests that arrive after the last adversary servicing b, and before LWF services the page
at time F, are removed from the instance. The L-costly-events are then the r rectangles,
or time periods, [b;,b;4+1], 1 < j <r —1, and [b,, E]. The total wait time during this time
period of this page under LWF decreases from Zj€[07r][€jpj + ¢;] to Ej€[07r][€jpj]. Under
the adversary, on the other hand, it decreases from ) ;c[g,1¢; to only one time step per
request. In fact, we will assume that the adversary’s wait time on these requests is zero.

The above changes restrict the adversary in how she is able to choose the input instance.
To compensate her, we give her the following new power. The adversary can force LWF to
service any page with wait time at least 1 — v of the maximum wait time of any page. We
call this the new game. We now show that an O(1)-competitiveness analysis for the new
game is sufficient to establish O(1)-competitiveness for the original problem.

LeMMA 2.1. If LWF is s-speed c-competitive in the new game then LWF is s-speed %-
competitive in the original game.

Proof. We prove the contrapositive. Consider an adversarial strategy A for the original
game that forces the competitiveness to be more that £. We now explain how the adversary
can mimic A in the new game. In the new game the adversary forces LWF to service the
pages in exactly the order that A forced LWF to service the pages in the old game. The
first thing to check is that this is a legal strategy for the adversary in the new game. This
follows because for all times and all pages, in the transformation to the canonical input,



the wait time for a page at this time never increases and at most decreases by a factor of
(1=7).

Now consider the transformation to the canonical input. In the creation of an A-costly-
event, LWF’s wait time does not change and the adversary’s wait time increases by at most
a factor of % Hence, the competitive ratio for servicing these requests does not decrease
by more than L. In the creation of an L-costly-event, both LWF and the adversary’s wait
time decrease by the same amount. Because LWF’s total wait time is greater or equal
to that of the adversary, it follows that this change only increases the competitive ratio.
Hence, this yields an adversarial strategy for the new game that forces LWF to be at least
c-competitive. m
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Figure 3: An A-paying-event paying a payed-by-A-event

Payed—by-L-event

. . L-paying—event LWF or Adv: € . 1
Time-linked—event paymg ViEj
LWF: E,

LWF: B L.P. Adv: bj
Adv: B,

Figure 4: A time-linked-events and an L-paying-event paying a payed-by-L-event

For the rest of this section we assume a canonical input, and analyze LWF under the
rules of the new game. We will now define the different types of events. Each A-costly-event
needs to pay and in this role is referred to as an A-paying-event. See Figure 3. We will
index these events by k € A. We denote that time that this event occurs by Ej, which is
the time that all its requests arrive and are serviced by LWF. We denote by @} the number



of these requests, which is also equal to the wait time that these requests contribute to both
to LWF and to the adversary. It follows that ) ;. 4 Qr is the total wait time that LWF
accumulates for all A-costly-events and is at most the adversary’s total wait time, namely

OPT1 > ) ke @k

Each L-costly-event must be payed and in this role is referred to as a payed-event. See
Figures 3 and 4. There is one payed-event j for each time the adversary explicitly services a
page. That is, there is one event for each rectangle in the bottom right of Figure 2. We will
index these events by j € L. We denote beginning and ending times of event j by b; and e;,
which are the time of the adversary servicing in question, and the time at which either the
adversary or LWF next services the same page, respectively. Let w; denote the flow time
accumulated by LWEF, for the page in question, since the last servicing of this page by LWF
up to and including time b;. As done above, let £; = b; — e; denote the duration of this
period. Let p; denote the total number requests for the page in question, that were serviced
at time b;, or earlier, by the adversary and remaining unserviced by LWF. Because the input
is canonical, and j is an L-costly event, no new requests for this page arrive during (bj, e;).
Hence, £;p; is the wait time for this page that accumulates for LWF during this period. It
follows that > ;. £;p; is the total wait time that LWF accumulates for all L-costly-events.
Because ) 4 @ is the total wait time accumulated by LWF for all A-costly-events, it
follows that LWFs =30 0;p; + > rec 4 Q. Combining this with OPTy > 374 4 Qk, gives
that Ejeﬁ {;p; <LWF, — OPT;.

Let 7 € £ be a payed-event. During the second half of event j’s life, namely [bj;ej ,€5],

LWF services a total of % pages. If at least esl; of these are servicing A-paying-events,
then we say that j is a payed-by-A-event. Otherwise, j is a payed-by-L-event. Let L4 be
the collection of payed-by-A-events, and Lj, the collection of payed-by-L-events.

An L-costly-event of the form [b,, F], that is, one that ends with an LWF servicing, is
called an L-paying-event. We will index L-paying events by ¢ € L. We denote the beginning
and ending of an L-paying-event ¢ by B; = b, and E;. Similarly, L; = B; — E;, W; = w,,
and P; = p,. In total, the wait time of these requests under LWF is W, + L;F;. Because
only some of the L-costly-events are included, ZieELipi < LWF,.

In addition to many L-paying-events, each payed-by-L-event is payed by what we call
time-linked-events. See Figure 4. Time-linked-events can either be A or L-costly. They
focus on the total flow time LWF accumulates from one servicing of a page by LWF and
the next. There is one for each time LWF services a page and we will index them by
h € H. The ending time of time-linked-event &, denoted by FEp, is the time at which LWF
services the page. Let wp denote the total flow time of this page under LWF since its last
servicing of this page. It follows that ),y wn = LWF,. There are s Time-linked-events
h ending and one payed-by-L-event ¢ beginning during any one time step Ej = b;. These
time-linked-events will pay this payed-by-L-event.

We now show how the main theorem will follow from the following two payment lemmas.

LEMMA 2.2. @ Shed@r > (1—7) Xjcc, tip;



—€)s—1)2

Proof. (Theorem 2.1) We multiply the equation in Lemma 2.2 by (1 —7) - W and

add it to the equation in Lemma 2.3. Using the fact that £4 U £ = £, and rounding up
on the left, we get that >, wn +EieELiPi + 23 heaQr > (1—7)% w Yieclip;
Substituting the inequalities ) ,cqy wn = LWF,, EieELipi < LWF,, EkeAQz < OPTy,
and > ep, ljp; = LWF, — OPT; and setting s = 6, v = € = 0.006 yields LWF, + LWF, +
1,0000PT; > 2.029(LWF, — OPT,), or equivalently, OP% < 35,000. However, we also lost

at factor of 1 when we changed the instance and the rules for LWF. This gives the glorious
competitive ratio of 6,000,000 = 0(1). m

The first step toward proving Lemma 2.2 uses the order that LWF services the pages to
obtain an inequality on some of the variables involved and in doing so establishes a payment
from an A-paying-event to a payed-by-A-event.

LeMMA 2.4. Let k € A be an A-paying-event and j € L 4 be an payed-by-A-event for which
LWF services in the order b; < Ey < e;. Their wait times must be Q > (1—+)(Ex—bj)p;.

Proof. LWF services the page associated with the A-paying-event k at time Ej, but because
Ei < ej, LWF does not service page associated with payed-by-L-event j until later. Hence,
at time Ej, the page for k has wait time at least (1 — ) of that of the page for j
under LWF. At this time, the wait time on k is Q. The wait time on j at time E} is
w; + (Ex — b;)p;, because at time b; < Ej;, its wait time was w; and the p; unserviced
requests at time b; remain unserviced during the time period [b;, Ex]. It follows that

Qr > (1= 7)[w;+ (Ex — b)p;] > (1 =) (Ex — b;)p;. m

The following lemma will establish which A-paying-events will pay which payed-by-A-
event.

LEMMA 2.5. There is setting of the 0-1 valued indicator variable ay ; so that if ap; = 1
then the A-paymg event k occurs during the second half of the payed- by—A event j’s life,
namely Ey, € [~5 bitej ,€5], each k does not pay to more than djer, U < 5+1 different j’s,
and each j is payed by at least ) ;o qar; > 1.

We are now ready to compute the total payment from A-paying-events k to payed-by-
A-event j.

Proof. (Lemma 2.2) Using the indicator variables aj ; from Lemma 2.5 as coefficients
in a linear combination of the inequalities from Lemma 2.4, gives the needed result.

That is, Yreajec, %ilQr] 2 Ereajec, wl(1 = 7)(Ex — bj)psl, and Yyea “EHQk] >
Y jec,[(1=7)(Ex—b;)p;]. The last step is to note that when ay ; = 1 we have E} € [bj;ej €]
and hence Ej —b; > %




Proof. (Lemma 2.5) We form a bipartite graph with % copies of each A-paying-event
k on one side and each payed-by-A-event j on the other side. There is an edge {k,j} if

Ey € [bj;ej,ej]. We use Hall’s theorem is establish that this graph has a matching that

matches each paid-by-A-event. Then we will set ay ; equal to 1 if and only if edge {k,j} is
in this matching.

Hall’s theorem states that a sufficient condition for there to exist a matching that covers
the paid-by-A-events is that for each subset S of the paid-by-A-events it is the case that
|S| < |N(S)|, where N(S) is the collection of vertices adjacent to a vertex in S. Consider
bj—gej ,€;], for j € S. Let {5 be the number of time
steps that these intervals cover, namely s = |Ujes [@, €;]|. We have that |S| < (s+1){s
because at the end e; of a payed-by-A-event, either LWF or the adversary services some
request.

such an S. We consider the intervals |

We now explain how to find a mutually disjoint subcollection of these intervals with
measure at least £g/2. Break fg into connected components, i.e. that cover time steps
without gap. For each component, start by taking the interval that starts earliest in time.
Then repeat the following until this connected component is covered: Amongst the intervals
that overlap with previous intervals select the one that ends latest. The resulting intervals
cover fg. It is easy to verify that the intervals selected in the odd (even) iterations are
mutually disjoint. Either the intervals taken in the odd iterations cover fg/2 units of time,
or the intervals taken in the even iterations cover £g/2 units of time.

Now consider a selected interval of length £;. Since this interval is the top half of a payed-
by-A-event, it contains at least esf; A-paying events. Hence our selected intervals cover at
least esfs A-paying-events. All of these A-paying-events are contained in the neighborhood
N(S) of S copied ! times each, giving that N(S) is at least £ . (esls) = (s + 1)/s.

Combining |S| < (s 4 1)ls, and (s + 1)¢s < |N(S)|, gives that |S| < [N(S)|. m

This completes our analysis of payments from A-paying-events to payed-by-A-events.
We now will analyze the payments from time-linked-events and L-paying-events to a payed-
by-L-events. As done before, the first step toward proving Lemma 2.3 is to establish a
payment scheme.

LEMMA 2.6. Let h € H be an time-linked-event, ¢ € L be an L-paying-event, and j € L1, be
an payed-by-L-event for which LWF services in the order B; < b; = Ey, X E; < ej. Their
wait times must satisfy wy, + (E; — b;)P; > (1 — v)*(E; — bj)p;.

Proof. LWF services the time-linked-event h at time Ep < E;, before it services the L-
paying-event. At time E}, the wait time on h is wp and on ¢ is W; + (Ep — B;) P;. Hence
according to the new rules for LWF. It follows that wp > (1 —~)[W; + (En — B;)P;] or that
1“:—*‘7 — (En — B;)P; > W,;. Similarly, LWF services the L-paying-event 7 at time E; < e,
before it services the payed-by-L-event j. At time F;, the wait time on ¢ is W; + L; P; and
on jis w; + (E; — bj)p;. It follows that W; 4+ L;P; > (1 — v)[w; + (E; — b;)p;]. Substituting,



we get 122 — (B, — Bi) P+ LiP; > (1 —7y)[w; + (E
noticing that that L; — (E, — B;) = (E;

b;)p;]. By dropping the w; term and
obtain the desired result wy, + (E; — b;)P; >

By~ (En . By) — (B = ) = (B =)
(1 - 7)2(E: — by)p;

Now Lemma 2.3 follows by taking a linear combination of the inequalities from Lemma
2.6.

Proof. (Lemma 2.3) For each L-paying-event i € L and each payed-by-L-event j € Lj,
define a; ; as follows:

o - ifBi<b; £ E; $ej
t€L,jE Ly, a;;= ()j otherwise

Using this both as a scaling factor for the equations from Lemma 2.6 and as an indicator
variable as to when the equation holds, gives the following forall i € £, j € Ly, and h € H
for which b; = Ep: a, jlwn + (E; — b;)P;] > ai;[(1 — v)%(E; — b;)p;]. Since LWF services
s pages at time bj;, there are s time-linked-events for which b; = Ej. Of these, let h;
denote the one with the smallest wy. Summing over all ¢ and j, the above equation gives
Yiet, jery i T Dieg jee, Wi Ei =000 2 (1= 9" Xz e, 0ij(Ei — bj)pj. The
lemmas 2.7, 2.8, and 2.9 below, then compare each of these sums with the required terms in
2
Lemma 2.3 giving as required that } ey wn+32, 7 LiPit > (1—7)2&@;62@ Yiec, Lipj-
|

LEMMA 2.7, 35, 2 oop @i jtn; < Yhen @h

Proof. Let JE Ly, be any payed-by-L-event. There are at most s(e; — b;) = s{; L-paying-
events i € L for which bj = Ey X E; < ej, because at each of the time steps b; < t < ey,
LWF services at most s pages. The number of L paying-events ¢ for which «; ; is non-zero
is thus at most sf;. When it is non-zero, a; ; = ( . This gives that . cf i < s

At time b;, when the page associated with payed-by-L-event j is being serviced by the
adversary, there are s pages serviced by LWF. Let the wait times of the corresponding time-
linked-events be wp; ..., wn;,. Each of these is at least wy;, this being by definition of &;.

If follows that >,y wn > EjeﬁL (whle +.. -‘|‘whj75) > EjeﬁL Swh; > EjeﬁL (Zzeﬁ aw)wh
as required for the lemma. m

LEMMaA 2.8. 3 (E; —b;)P; < EzeELlPl

ZE,C, JEL] @i,j

Proof. Let 1 € L be some L-paying-event. There are at most L; = E; — B; payed-by-L-
events j € Ly, for which B; < b; < Ej;, because at each of the time steps B; <t < Ej, the
adversary services at most one page. The number of j for which «, ; is non-zero is at most
: . _ 1 1 _
Li.'W%len a; ; is non-zero E; < ej. Hence, a; j(E; —b;) = E(Ei —b;) g W(ej -b;)=1.
This gives that EiefzjeﬁL a; ;(E; — b;)P; < EieLALi -1 P;, as required for the lemma. m



1—€)s—1)2
LEMMA 2.9. Ziea JELL a,'J(E,' — b]‘)pj Z % ZjeﬁL fjp]‘

Proof. Let j € Ly, be any payed-by-L-event. There are potentially s(e; — b;) = sf; L-
paying-events ¢ € L for which b; X E; X ej, because at each of the time steps, b; <t < e,
LWF services s pages. However, during some of these servicings LWF may be servicing A-
paying-events, but by the definition of this payed-event j being a payed-by-L-event, it does
so at most esf; times. As well, for a; ; to be non-zero, we need that B; < b; & E; < e;. The
number for which b; < B; < e; is at most e; — b; = {;, because the adversary services at
most one page each of these points in time. Subtracting off the at most esf; which might be
A-paying-events and the at most £; for which b; < B; < E; £ e; from the potentially s/; for
which b; < E; £ ej, gives that there are at least ((1—€)s—1)¢; for which B; < b; < E; < ¢;
and hence a; ; for which non-zero.

For each of these 7, our goal is to bound the sum Eiefaivj(Ei — bj)p;, =
(17])]‘ Eief,ag,j;éO(Ei —b;). In the worst case, each E; — b; is as small as it can be. Because

b; < E;, we know that E; —b; > 0. However, at most s of them can have any one particular
value ¢, because at most s pages are serviced by LWF at time F; = b;+t. Hence, in the worst
case there are s L-paying-events 7 for which F; —b; is 1, s for which it is 2, s for which it is 3,
.... We have seen that there are at least ((1—¢€)s—1)¢; of them, so this sequence ends with
s of them for which E; —b; is ((1 —€)s —1){;/s. In this worst case, (17])]‘ Eief,ag,j;éO(Ei —b;)

. —€)s— 2 . .
is 08 Drept (1-cs-1);/ t > TP5S[((1—€)s = 1){;/s]* /2 = {=ds=l)"pp;. This gives the

. 1—€)s—1)2
required result Eiea iety a; ;j(E; — bj)p; > Q_E%LL Yec, lip;. m

3 Lower Bound

THEOREM 3.1. There exists instances I such that

LWE,() _, ! RO
OPT(I) In n

which is n®™Y) for s < 1""2—‘/5 ~ 1.618

Proof. We now define the instance I. We encourage the reader to refer to figure 3 to help
understand the construction. The instance I is partitioned into R sets Sg, S1,S2,...,Sr of
requests, where R = logy /,n = ln(h—irll/s) The set of requests S, will contain requests for
n, = 4 different pages. All requests for a particular page in S, arrive at the same time.

Thus a total of ©(n) pages are requested.

Sp consists of the one request arriving at time zero for each of n different pages P, ... P,.
We now define the remaining S, sets of requests. Let T. = ny +ng +nsz + ...+ n,. Let
W, = %(1 + %)”_ln; think of w, as a common wait time. For each r € [1, R] and 7 € [0, n,),
request R,; € S, will have p,; = “F requests arrive at time T, — i for page Pr,_;. So
note that the ny requests in Sy are to the same pages as the first n; requests in Sy, and



the first » — ny requests in Sy are to the same pages as the last ny requests in Sp. After
this, no page is requested at more than one time. The fact that wr/R > 1 follows since

s <1+1/sfors < 1+2\/g_' Note that at time T,, all of the pages in S, have total wait time
of pi - ([T7] — [T —1]) = “F - i = w,.

We now give a bit of intuition and explanation, and then formally prove that our
explanation is correct. The ith collection of requests from the S,’s, r > 1, arrives at time
t, and the adversary immediately finishes these requests. So the adversary’s wait time on
these requests is equal to the number of such requests. LWF first does the requests in Sy in
order, finishing these at time n; = T_n/s. Then during each time period [T}, T, 41], 7 > 1,
while the adversary is processing S,41, LWF is processing the requests in S, in the reverse
order of their arrival.

.
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Figure 5: The time that requests for requests arrive and are serviced by LWF and by the

adversary.

We will now prove that LWF services the requests in the stated order as indicated in
: :

Figure 3. Specifically, LWF services request Ro; at time ; and request R, ; at time 7}, + .
The requests in Sy are equivalent until new requests come, so we can decide the order
that they get completed. In order to prove that all requests in Sy get serviced before those

:

in Sy, consider requests Ry; € So for ¢ € [0,n) and Ry ; € S; for j € [0,n1). At time %,

when Ry is stated to be serviced, its one request has wait time £. At this time, Ry ;’s %
requests have age [%] — [T — j] and wait time [ﬁ—TI—i—j]-wl% =[i- %-}-]]%% — —%%—I—%

Note that 1 < n and j < n; = 7 giving that S”—] > 1. Hence, R; ;’s wait time is less than

-2t + 2 = % which is Rg;’s wait time. Hence, LWF chooses to service Rg; over Ry ;.




In order to prove that LWF services the requests in .S, in the order : = 0,1,2,...,n,—1,
consider requests R,; and R, ; for 0 < ¢ < j < Ty At time T, + ', when R, ; is stated
to be se1v1ced its %= requests have age [T, —|— ] [T, — ] = [(1 + 1)7] and wait time
[(E41)d]-w,t = (2 —|—1)wr At this time, RT] s ur requests have age [T +1]-[T.—j] = [i—l—]]
and wait time [; +j]-w ,,; [; +j]-w ,,; = (s —|— 1)w,. Hence, LWF chooses to service R, ;
over R, ;.

In order to prove that all requests in S, get serviced before those in S,41, consider
requests R,; € S, for ¢ € [0,n,) and R,41; € Spyq for j € [0,n,41). At the time T, + %
when R, ; is serviced, R, 41 ;’s w—’"]'*i = %(1 + %) requests have age [T, 4+ ] — [T,41 — j] =
[£ = nrpr + 5] = [+ 5] and wait time [“1= 4 j]- 2= (14 1) < []]- % (14 1) = w(1+ ).
This being the wait time of R, ;, LWF chooses to service R, ; over R, ;. This completes the
proof that LWF services the requests at the stated times.

We are now ready to compute LWEF’s flow time. As we have seen request Ry, has
wait time % upon completion for a total flow from Sy of % and request R,; has wait time
w, (1+ %) for a total flow from S, of n, - w, (1 + %) = %(1 + %)”n = %(% + S%)”nz. LWF’s
speed s is restricted to be less than 1+2_\/3 so that (1 4+ %) > 1 and hence the wait time for
S, grows exponentially with r. At any rate, we will bound LWF’s flow time by only this

last term, giving that LWF (I) > Q(nrwr).

Similarly, we compute the adversary’s flow time OPT;(I) as follows. The one request
for Ry, has wait time ¢ upon completion for a total flow from Sy of % The adversary
services the remaining requests as they arrive, so incurs a flow of one for each. R, ; has “*
requests for a total flow from S, of 3 icio ) 7 = wrInn,. Because w, = a4+ Hr=t
this flow time grows exponentially with r, giving that the sum of these terms for r € [1, R]
is dominated by the last term, giving that OPT;(I) = % + O(wrInng). The number new
requests continues to increase with time until their flow dominates that of the common O (n?)

flow time. This is achieved by setting R = ln&iﬁ This gives wrp = 2 ((1 + %)Rn) =
Q <(1 + 1y 57 > = Q(n?). In conclusion, we also bound the adversary’s flow time by

only its last term, giving that OPT¢(I) < O(wgrlnng).

The competitive ratio is then easily computed to be %)Vg%d) = (%) =

- 1 | 1o Ane
(255) =0 (e ) = (6ot
gIn(1+1/s)

4 Conclusion

The obvious open question is to close the gap between the upper and lower bounds of the
speed required for LWF to be O(1)-competitive. The upper bound analysis and the lower
bound construction match in many ways, for example, the worst case for LWF is if A-costly-
events happen early followed by only L-costly events. Our guess is that the lower bound is
either tight, or at least closer to being tight than the upper bound. By allowing non-integer
speeds, the upper bound on the speed that this analysis provides is (5.83 + €¢). We seem to



have an upper bound analysis with speed s = 4.69 + ¢, but the proof complexity goes up
substantially.
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