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Abstract

We rst consideronlinespeedscalingalgorithmsto min-
imize the enegy usedsubjectto the constaint that every
job nishes by its deadline We assumehat the powerre-
quiredto run at speed is . W\e providea tight

boundon the competitiveratio of the previously pro-
posedOptimal Available algorithm. Thisimprovesthe best
knowncompetitiveratio by a factor of . We thenintro-
ducea new onlinealgorithm,andshowthatthisalgorithm's
competitiveratio is at most . Thiscompeti-
tiveratio is signi cantly betterandis approximately
for large . Our resultis essentiallytight for large . In
particular, as appmadiesin nity , we showthat any al-
gorithmmusthavecompetitiveratio  (up to lower order
terms).

We thenturn to the problemof dynamicspeedscaling
to minimizethe maximumempeature that the device ever
reades,again subjectto the constaint that all jobs nish
bytheir deadlines\We assumehat thedevice coolsaccod-
ing to Fourier's law. We showhowto solvethis problemin
polynomialtime, within any error bound,usingthe Ellip-
soidalgorithm.

1. Intr oduction

The power requirementsof computing devices have
been increasing exponentially Since the early 1970s,
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power densitiesin microprocessorshave doubled ev-
ery three years[13]. Limiting power requirementss a
critical issuefor two reasons:

Energy: Theenegy usedby acomputingdeviceis the
integral overtime of power. Thisis particularlyaprob-
lemin mobiledevicesthatrely onbatteriesor enegy;,
and will becomeeven more of a problemin the fu-
ture sincebatterycapacitiesare increasingat a much
slowerratethanpowerrequirements.

Temperature: The enegy usedin computing de-
vicesis in large part corvertedinto heat. Exponen-
tially rising cooling coststhreatenthe computerin-

dustry'sability to deploynew systemsln fact,in May

Intel abruptlyannouncedhatit hadscrappedhe de-
velopmentof two new computerchips (code named
Tejas and Jayhavk) for desktops/seers in or-

der to marketa more efcient chip technologymore
than a year aheadof the original schedule Analysts
said the move shaved how eagerthe world's largest
chipmakerwasto cutbackonthe heatits chipsgener

ate.Intel'smethodof increasing:hip speedvasbegin-

ning to requireexpensve and noisy cooling systems
for computerg[16]. Currentestimatesare that cool-

ing solutionsarerising at $1 to $3 per watt of heat
dissipated13].

Paver is now recognizedas a rst-class design con-
straint for modern computing devices [9]. There is an
extensve literature on power managementin comput-
ing devices.Overviews canbefoundin [2, 9, 15].

Both in academiaesearchand practice,dynamicvolt-
age/frequengspeedscalingis the dominanttechniquefor
power managementSpeedscaling involves dynamically



changingthe speedof the processorCurrentmicroproces-
sorsfrom AMD, Intel and Transmetaallow the speedof
the microprocessoto be setdynamically However, there
is aninherentcon ict betweerpower reductionandperfor
mancejn generalthemorepowerthatis available,the bet-
ter the performancehatcanbe achieved. This givesriseto
dualobjective optimizationproblemssinceoneseekgo op-
timize bothperformanceandeitherenegy or temperature.

1.1. Background

Paverin CMOSbasedievices,whichwill likely remain
thedominanttechnologyfor the neartermfuture,hasthree
componentsswitchingloss,leakagdoss,andshortcircuit
loss[2, 9]. Switchinglossmeasurethepower consumption
from chaging anddischaging gates.The switchinglossis
roughly proportionalto , where is the speed(clock
frequeng), and is thevoltage.But and arenotin-
dependentThereis a minimum voltagerequiredto drive
themicroprocessoatthedesiredrequenyg. This minimum
voltageis approximatelyproportionalto thefrequeny [2].
Thisleadsto thewell known cube-rootule thatthespeed
is roughly proportionalto the cube-rootof the power , or
equialently, , i.e., the power is proportionalto
the cubeof the speed?2]. Currently switchinglossmakes
upthemajority of thepowerusedby computingdevices[9].

Most of theresearchn theliteratureto dategeneralizes
the cuberoot rule so thatthe power for some
constant , or even more generally to the casethat

is strictly corvex. Theassumptiorthat is strictly
convex meanghatthemoreslowly ataskis run,thelessen-
emy is usedto completethattask.

Somemodermprocessorareableto senseheirown tem-
peraturesandthuscanbe sloweddown or shutdown sothe
processotemperaturewill stay below its thermalthresh-
old[13].

Fourier's Law law of heatconductiorstateshattherate
of cooling is proportionalto the differencein temperature
betweenthe objectand the ervironment.We assumethat
theervironmenthasa x edtemperatureandthattempera-
tureis scaledsothatthe ervironmentaltemperaturés zero.
A rst orderapproximatiorfor rateof change of the
temperature  overtime isthen ,
where is the suppliedpower at time , and and

are constantd12]. Equivalently, the power is given by
. Thus,if the cuberoot rule ap-
plies,thentheinstantaneouspeedf the processois given

by
1.2. Prior Reseach

Theoreticaworst-casenvestigationof speedscalingal-
gorithmswasinitiatedin [17]. The problemis to schedule

a given collectionof tasks,whereeachtask hasarelease
time whenit arrivesinto the systemanamountof work

thatmustbeperformedo completehetask,anda dead-
line for completingthis work. In the online version of
theproblem theschedulefearnsaboutataskonly atits re-
leasetime; at this time, the schedulemlsolearnsthe exact
work requirementindthe deadlineof the job. In someset-
tings,for example the playingof avideoor othermultime-
dia presentatiortheremay benaturaldeadlinegor thevar
ioustasksimposedby the application.n othersettingsthe
systemmay imposedeadlineso bettermanagetasks[3].
A schedulespeci eswhich taskto run at eachtime, andat
what speedthat taskshouldbe run. The schedulemustbe
feasiblewith respecto thedeadlinesthatis, eachtaskmust
nish by its deadline Thisis alwayspossiblesincethe pro-
cessoicanrun atary speedPreemptions allowed,thatis,
the schedulemay suspenda taskandthenlater restartthe
taskfrom the point of suspension.

Theproblemconsideredn [17] wasto minimizetheto-
tal enegy usedto completeall taskssubjectto the deadline
feasibility constraints[17] givesanoptimal of ine greedy
polynomial-timealgorithmfor this problemfor ary power
exponent . We call this algorithm YDS, which we
now describe.Let denotethe work that hasre-
leasetime andhasdeadline . Theintensityof the
interval is then . The YDS algo-
rithm repeatshe following steps:Let be the max-
imum intensity interval. The processomwill run at speed

during . Thentheinstancas mod-

i ed asif thetimes didn't exist. Thatis, all deadlines
arereducedo , andall re-
leasetimes arereducedo ,
andthe procesds repeatedGiventhe speedasa function
of time asdetermineddy this procedureYDS alwaysruns
thereleasedun nished job with the earliestdeadline.The
YDS algorithmalso minimizesthe maximumspeed over
all timesin theschedulethattheprocessorunsatthattime,
sincethis correspond$o thelimit as increaseso in nity .

[17] proposedwo simpleonlinealgorithms.Theonline
algorithmAverageRate(AVR) runseachtask atarateof
. TheonlinealgorithmOptimal Available(OA)
atary pointof timescheduletheun nishedwork optimally
(sayusing YDS) underthe assumptiorthat no moretasks
will arrive.[17] statealowerboundof  onthecompeti-
tive ratio for AVR andOA. [17] prove thatthe competitve
ratioof AVR is atmost . Theanalysisof the AVR algo-
rithmin [17]is arathercomplicatedpectrahnalysiswhich
doesnoteasilyyield anintuitive explanationof AVR's per
formance[17] doesnot provide ary upperboundanalysis
of OA. [17] statea lower boundof on the competi-
tivenesof ary online algorithm (presumablyfor the case
). Thislowerboundinstanceconsistof two jobs.

[8] studiesonline speedscalingalgorithmsto minimize



enepgy usagen a settingwherethe device alsohasa sleep
stateandgivesanof ine polynomial-time2-approximation
algorithm.[8] alsogivesanonlinealgorithm thatusesas
a subroutinean algorithm  for puredynamicspeedscal-

ing. If  is additive and monotone(as AVR and OA are)
then is competitive,where isthe
competitveratioof . Thusin casethatthe cube-rootrule

holds,usingthe analysisof AVR from [17], oneobtainsan
algorithmwith competitvve ratio of at most653. Thesere-
sultshave beenextendedto the caseof multiple slowv-down
statesn [1].

[11] giveanefcient algorithmfor the problemof mini-
mizingtheaverage o w time of acollectionof dynamically
release@qui-workprocessesubjecto theconstrainthata
x edamountf enepy is available.

1.3. Our Contribution

We rst extendtheresultsin [17] for online algorithms
for enegy minimization.We explicitly give instanceghat
that shav that the competitve ratios of AVR and OA are
atleast .Wethenprovideatight  boundonthecom-
petitive ratio of OA. This improvesthe boundon the best
known competitive ratio by a factor of . Our analysis
of OA is relatively straight-forwargotentialfunctionargu-
ment.In the casethatthe cuberootrule applies thislowers
the bestknown competitie ratio from toonly . For
theproblemconsideredhn [8], wherethereis asleepstate jf
the cuberoot rule appliesthis lowersthe bestknown com-
petitive ratio from to amere . We shav a general
lower boundon the competitize ratio for ary randomized
onlinealgorithmof . Againthisinstancecontains
two jobs.As morejobsareaddedthe combinatoriabnaly-
sisquickly becomesomplicatedThusit seemsneis un-
likely to nd a strongly competitive algorithm. Instead,it
seemghattheright questiorthatthis lowerboundraisess
whetherthereis an onlinealgorithmwith competitive ratio

. We answetthis questionin the af rmati ve, by intro-
ducinga new onlinealgorithm,andshawving thatthis algo-
rithm's competitveratiois at most . Note
that for , this competitive ratio is at most . Fur
ther, the competitize ratio of this algorithmis betterthan
the the competitize ratiosof OA and AVR for . We
alsothattheexponent cannotbeimproved.In particular if
weconsidethecasevhen approaches , thepowercon-
sumptionis completelydeterminedy the maximumspeed
atwhichthe processoever runs.We shav a generalower
boundof onthecompetitive ratio of ary deterministical-
gorithmfor minimizingthe maximumspeedhencealower
boundof essentially on the power consumed)Finally,
we alsoshaw thatouralgorithm competitvefor the prob-
lem of minimizingthe maximumspeedtwhichtheproces-
soreverruns.

We thenturn to the problemof dynamicspeedscaling
to minimizethe maximumtemperaturg¢hatthe device ever
reachesagainsubjecto theconstrainthatall jobs nish by
their deadlinesWe assumehatthe device coolsaccording
to Fourier'slaw. We shaw thatthis problemcanbe posedas
acorvex optimizationproblem.Corvex optimizationprob-
lems can be solved arbitrarily well in polynomialtime if
onecancomputeaseparatindnyperplandor aviolatedcon-
straintin polynomialtime. To accomplistthis for our tem-
peratureproblem we mustsolve thekey subproblernof de-
terminingthemaximumwork thatcanbeaccomplishedur-
ing a x edperiodwith a x edstartingandendingtempera-
ture.We shaowv how to usetechniquegrom calculusof vari-
ationsto solwe this subproblemAs a disclaimey we totally
ignoreissuesof numericalstability, which would certainly
benecessaryo addressf onewereto implementthis algo-
rithmona nite precisionmachine.

2. Online Algorithms for Minimizing Energy
2.1. A Tight Analysisof Optimal Available

We now determinethe competitve ratio of the Optimal
Availablealgorithmproposedn [17]. Recallthat Optimal
Available (OA) simply computeghe YDS schedulebased
onthecurrentknowledgeof jobs.We startby giving anex-
plicit lowerboundinstancdor OA andAVR.

Lemmal Thecompetitiveratio of AVRand OA is at least

Proof: Theinstancds de ned asfollows: All jobshave the

samedeadline . For , a job of size
arrivesattime . Theof ine algorithmworks

onthejob thatarrivesattime duringtheinterval

It is easyto checkthattheof ine costis .

Let denotethe backloggedvorkloadattime un-
derOA. By de nition, OA worksatrate dur-
ingtime .Thus

. Thesolutionto thisrecurrencés easilyseen
to be (in thecontinuouscase) Thustheto-
tal online costis , Whichis exactly
timestheof ine cost. |

Beforewe prove theupperbound ,we needthefollowing
lemma.

Lemma?2 Let and . Then

Proof: We needto shav that

or



Since , it sufces to shaw that
Substituting , theleft handside of the above re-
ducego

Thuswe justneedto show thatfor ,

Differentiatingthis with respecto , we get

. Thus,the maximumof thisexpresds at , Wherethe
expressiorevaluatego 0. |

Theorem 3 ThealgorithmOptimumAvailable(OA)is -
competitive

Proof: Let (resp. ) denotethe speedat which OA
(resp.theoptimumalgorithm)worksattime . We will de-
ne apotentialfunction thatsatis esthefollowingtwo
properties:

Let denotethe changen the potentialdueto
thearrival of ajob attime . Then

Betweenrarrivals, —

It is easilyseernthatthesetwo propertiesmply the  com-
petitivenesof OA.

Beforewe cande ne the potentialfunction we needto
introducesomenotation.For notationakorvenienceweal-
wayslet the currenttime be . A time will referto time
unitsin the future from the currenttime. Let denote
therateatwhichtheonlinealgorithmwould beworking af-
ter time units have passedif no new jobs ever comeaf-
ter the currenttime. Since OA simply computeghe YDS
scheduleébasedon the currentknowledgeof jobs,therates

arecomputedasfollows. Let denotethework
underthe online algorithmthatis available right now and
hasdeadline and time units from now. We will
refer to as the densityof interval
Considera sequenceof times de ned inductively as fol-
lows. Let . Let  denotethe smallesttime such
that

. Thus isthesmallestime whenthedensityof jobs

betweerD and is maximizedandsoon. It is easyto see
that for for all .Wewill call
theintenal , acritical interval anddenoteit by

Finally, let denotgheworkunderof ine atthecur
renttimethathasdeadline and . Fornotationakon-
veniencelet denote . Let denote and

similarly let denote

We de ne thepotentialfunction

Note that by de nition the online algorithmis always
working attherate (i.e. ). If the currentcriti-
calinterval nishes,thenthealgorithmenterghenext criti-
calinterval. Theindicesof thecritical deadlineshift by one
andthenew speed is thatwhichwaspreviously . Also
notethatthepotentialis continuousasacritical interval n-
ishesandwe move to the next one.As the currentcritical
interval nishesi.e. approache, both and ap-
proach0, asbothalgorithmshaveto nish thiswork by time

. Sothe contrikution of the rst termapproache® asthe
currentinterval is aboutto nish.

It is easyto see that is a non-increasingse-
guenceasfollows. If , thenthis contradictghat

was the critical density at time , sincein this case

Working case:Let us rst considerwhenthe algorithmis
simply working on somejob in the rst interval. Thenwe

know that only is decreasincat therate . In par
ticular, each is x ed(including ), and is x ed
for . Let  be the smallestnumber suchthat

. Assumewithout loss of generalitythat the
of ine schedulealwaysexecutesthe job with the earliest
deadline Thenwe have that decreaseatrate

Thuswe have to shav the non-positvity of

Thisevaluatedo

Since , thisis at most

.Let , thenshawing thenon-positvity of
thequantityabore is equivalentto shaving thatthe polyno-
mial is never positivefor
At , it evaluateso whichis At , it
is . If we setthederivativeto 0, we nd , Where
the polynomialhasthe value . This completegshe analy-
sisfor theintervalsin which work is executedbetweenar
rivals.

Arrival Case:Considerthe arrival of a job of size with
deadline time unitsin the future.Let be suchthat
. Wewill shav thatthe changen potentialcaused
by thisarrival is non-ngjative. Obserethateach for
is unchangedy thewaytheseratesarede ned.

Firstwe considerthe simplestcasewhenthe critical in-
tenals are unchangedi.e., only the valuesof the critical
densitieschange).Hence,the only effect the new job has
is to increasethe densityof the interval
to The changein the poten-
tial functionin this caseis



1)
The non-positvity of the expressionabore follows by set-
ting , and in Lemma
2.

We now considetthe moreinterestingcasewhenthear
rival of ajob might changehe critical intervals. While this
new job may radically changethe structureof the critical
intervals,we shav thatwe canthink of this changeasa se-
guenceof smallerchangeswhereeachsmallerchangeonly
affectstwo critical intervals. To seethis, imaginethe size
of the new job increasingstartingfrom . For somesize

, oneof thefollowing two eventsmustoccur:

remainsa critical interval andits
. In particular

Eithertheinterval
densitybecomegqualto thatof
is suchthat

Else, the intenval

and for some .

Since is the smallestsuch size, the densitiesof
and areidentical and equalto

splits into two critical intervals

Now we canimaginetheoriginaljob of size to consist
of two jobs,suchthatbotharrive atthe sametime andhave
the samedeadline , but onehassize andthe otherhas
size . We canthus rst analyzethechangen potential
for andthenrepeatthe procedurdor . Thus,we
only needto considerthe changein potentialfor a job of
size thatcauseone of the two eventsdescribedabove.
Finally, obsere that (andtheamumentabove is not
void), since is de ned asthe earliesttime after for
which . Hence anon-zeronew
work is neededo split theinterval in to two pieces.

In the rst case,the only changein the potentialfunc-
tion is dueto the changeof densityof . This changeis
identicalto Equationl with  replacedy

In the secondcase,againthe changein the potential
functionis only dueto  beingreplacedby and
Sincethe densitiesof and  areidentical,theseinter-
vals canbe meigedasfar asthe potentialfunctionis con-
cernedHencethe changein the potentialfunctionis again
givenby Equationl with replacedy , whichweknow
in non-positie.

We canrepeatthis procesauntil we have usedup all of
the workin thearriving job. |

2.2. A More Competitive Online Algorithm for
Large

We rst notethatthecompetitveratioof everyalgorithm
is at least , thengive someessentiable nitions, and
thenobtainan competitve algorithm.

Lemma4 Thecompetitiveratio, with respectto minimiz-
ing total enegy used,of any randomizednline algorithm
is

Proof: We useYao's Minimax Theorem.Suppose job of
size with deadline arrivesattime . With proba-
bility 1/2, attime , the adwersarygivesanotherjob
of size anddeadline . Clearly, theof ine costin thecase
of two jobsis  and if thereis a singlejob. Let uscon-
sider how muchwork that online algorithmdoesby time
. If thiswork is atleast , thenonline hasspentat
least enepgy alreadyandwith probability 1/2
the of ine costis at most1. If onlineworkslessthan
duringthe rst half, thenwith probability1/2,it hasto n-
ishatleast  workin thesecondhalf,andhencespendat
least enegy, whereagheof ine costis . N

We assumewithout loss of generalitythat all release
times and deadlinesare integers.Let denotethe
work that hasreleasetime and hasdeadline
For notationalconvenience we let if

. Let denoteamountof work thathasar
rived by time , that hasreleasetime and deadline
. Let denotethe rateof optimumof ine algorithm
YDS attime . Let bethemaximumoverall and ,

suchthat , of . Let be
the maximumover all  and , suchthat ,
of . Let be the maximumover all

of

Online Algorithm Description: At time , work at rate
ontheun nishedjob with the earliestdeadline Note
that , and may be computedby anon-
line algorithmattime . We rst provethefeasibility of this
onlinealgorithmandthenanalyzdts competitiveness.

Theorem5 The algorithm completesall the jobs by their
deadlines.

Proof: Assumeto reacha contradictionthat the online al-
gorithm fails to nish all jobs by somedeadline . We
can assumewithout loss of generalitythat the online al-
gorithm never idles betweentime and time ; other
wise we can considerthe instancecontainingonly those
jobs releasedhfter the lastidle time. We canalsoassume
thatuntil time  the online algorithmonly works on jobs
with deadlineat most , sinceby the earliestdeadline rst
policy, jobs with later deadlinesdon't affect earlier dead-
lines. Thus the work done by the online algorithm dur-



ing mustbe strictly lessthan . Thework done

by the online algorithm during the time period is

. This

inequalityfollowssincewe choosingheparticularvalueof

, thatis , in the de nition of . Let denote

the amountof work that arrives at time  and hasdead-
line . Then

. The rst equality follows since for each ,

contritutesto if andonly
if . Thuswe have a contradic-
tion to the hypothesighat the online algorithm doesless
than work beforetime . |
Theorem6 The online algorithmis —— competi-
tive.

Proof: Note that since

is a specialcaseof where is constrainedo be

afunctionof . Also is a lower boundon based
onthe input seenby time . Since , theenegy
spentby the algorithmis no morethan . Thus

to nish theproofourgoalis now to shav that
We now createa new instancewhereat time , exactly
units of work arrives with deadline . The en-
ey usedby YDS doesnot change The value of can
only increasebecausdor ary , we trivially have that
. Thusis sufcient to boundthe

's on this new instance Note that canbe written
asthemaximumoverall and , suchthat ,
of . Let bethe maximumover all

, suchthat , of . Similarly,
let be the maximumover all , suchthat ,
of . Clearly, ,
andhence . Thusit is sufcient to
shawv thatboth and areatmost

Note that is non-zeroonly for . Thuslet us

rst consider . We usethe following fact that
was rst proved by Hardy andLittlewoodin [6] andlater
simpli ed by Gabriel[4]. It canalsobefoundin [7, Theo-

rem393and394].

Fact: If arearbitrarynon-ngative integers,
let be the maximumover all , suchthat ,
of . Let be a positive increas-
ing function of . Let denotethe sequence
of in decreasingsortedorder Then

Applying this fact to our case,with , we
can concludethat is maximizedif for all ,
. In this case, . Thus,

. Hardythenshaved

[5] asa specialcaseof Hilbert'stheorem(see[7, Theorem
326)) that — .
Notethatin theseinequalitiesthe  's may be arbitrary

andall thatis requiredof isthat . We ourthusdone
with our analysisof . An identicalanalysisshaws that
isatmost — . |

Our online algorithmis -competitve with respectto
themaximumspeedsincethe minimumpossiblemaximum
speedor afeasibleschedulés atleast

Lemma7 For everydeterministiconline algorithm that
maintainsdeadlinefeasibility, there is someinput that
causes atsomeimetorun timesfasterthanYDSwould
everrunon .

Proof: Theadwersaryworksatarate from
timeQtotime . We'll look atthelimit of theresulting
instancesas goesto 0. Thework thatis releasedetween

time andtime is —— — —.Inpar
ticular the work thatis releasedeforetime is 1. At
time , theintensityof theinterval is thenthework re-

leasedbetweertime andtime divided by the length of

theintenal . Thatis, theintensityof theinterval
is——— ——. Wenow wantto maximizethisintensity
for . Differentiatingwith respectedo , setting
thisequalto 0, andsolvingfor , gives ,
or . Notethat if andonly
if —. Otherwisefor —, theintensityis maxi-
mizedwith

Thusbetweertime 0 andtime — onlinecannotwork

at a fasterratethan . If is doesso, thenthe adwer-
sarystopsbringingwork andtheonlineloses And between
time — andtime online cannot work fasterthan
—— , whichwe getby plugging back
into theformulafor intensity If is doesso,thenthe adwer-
sary stopsbringing work andthe online loses.During the
time period to 1, online cannot work fasterthan
timestheintensityfor theinput. Theintensityfor this input
is equalto the apparenintensityfor online at time
Thustheintensityfor theinputis

Thus the most work that online can get done is

This work betterbe at least1. Solving the integralsgives:

— - —_— —_— , Or equva-
lently — - — . As goesto O, is
a huge nggative numbey thus the - becomesrrele-
vant.Whatis importantis that . |



3. Minimizing the Maximum Temperature

We considerdynamic speedscaling to minimize the
maximumtemperaturéWe shav how to solve this problem
to arbitraryprecisionin polynomialtime (ignoringnumeri-
cal stability issuesusingthe Ellipsoid algorithm.For basic
informationon the useof the Ellipsoid algorithmto solve
convex problemssee[10]. We assume constant that
is thethermalthresholdfor thedevice. The problemis then
to determinef thereis ascheduléhatis feasibleandmain-
tainsthe invariantthat the temperaturestaysbelov
By binary searchwe canthensolve the problemof mini-
mizing . To simplify notationwe assumehatthecube
root rule holdsthroughouthis section,thatis . The
extensionto arbitrary is straight-forward.

We rst expressthe problemasa corvex program.We
breaktimeintointervals atreleaselatesanddead-
lines of the jobs. We introducea variable  that repre-
sents , the temperatureat time . Let be the
jobs thatcanfeasiblybe executedduringtime ,
that is, and . We introducea vari-
able , for , that representghe work done
onjob duringtime . Let be
the maximum work that can be done starting at time
at temperature andendingattime at temperature

subjectto the temperatureonstraint through-
out the interval . Let be a corre-
spondingemperatureurve.Let and

be similarly de ned for except that
thereis no maximumtemperatureonstraint\We canthen
expressthe temperaturgroblemasthe mathematicapro-
gramCP:

(2)

(3)
(4)
()

To seethatthefeasibleregionis corvex, let ,and be
the temperaturecurves correspondingo two feasibleso-
lutions to this problem.Let . The power

cune correspondingo  is
Then since is

a concae function . Thus the aver
age of the two underlying feasible solutions is feasi-
ble.

To applytheEllipsoid algorithmoneneeddo give a pro-
cedureto determinewhetheran arbitrarypoint is feasible,

and if not, to determinea separatinghyperplane.To ac-
complishthis, oneneedsto betterunderstandhe function

. And to understandhe uncon-
strainedproblem

3.1. The UnconstrainedMaximum Work Problem

We  consider the  unconstrained problem
, where the times and temper

aturesare arbitrary For corveniencewe assume
is a function of time  such that quan-

tity e is maximizedsubject
to the constraintghat , and
Here is the dervative of  with respectto time

This problemfalls underthe rubric of calculusof varia-
tions[14]. Let  bethefunctional . Let

— be the partial of  with re-
spectto , and — be the
partial of  with respectto . Since has continu-

ous rst and secondpartial derivatives with respectto
all aguments,ary weak extremum  must satisfy the
EulerLagrangesquation — . We call afunc-
tion  that satis es such an equationan Euler curve.
The term — — .
Thus the EulerLagrange equation evaluates to
- . We multi-
ply by to give - ,
or . Using the standard
Laplacetransformtechniquewe get that the solution is
, Wheretheconstants and arede-
terminedby theboundaryconditions.

We now computehevaluesof and . Setting and
we getthat . Similarly setting

and we getthat . Setting

, we getthat .

Hence, . Notethat

since , , andthus . By directdif-

ferentiation, , Or equivalently

Weturn ourattentionbackto evaluatingourequatiorfor
enegy used.Evaluating , thetermwhich depends

on cancelsout,andwe justget .Hence
is , which evalu-
atesto . We now turn our at-

tentionto computingthe maximumtemperatureeachedn
theEulercune.

Lemma8 For any Euler curve |, there exists a unique
time sud that for and for

Proof: Notethat , whichis
anon-increasingunctionof since is non-positve. This



precludes evergoingfrom positive to negative. |

Corollary 9 If , @ maximaof the Euler curve
is at f , amaximaoftheEulercurve is
at f and , thenthe maximaof
the Euler curve is at someuniqueintermediatepoint
whee

Lemma 10 Consider the class of Euler curves be-
tween and . If an Euler curve is sud
that and , thenthe maximumtem-
perature that the Euler curve reates is —. Further

mote, this maximuntempeature is an increasingfunction
of

Proof: At the maximum temperaturepoint we know
that . Hence, - , Or equv-
alently — . Plugging this into the equation
for the temperaturewe get that the maximum tempera-
tureis —_—

We now considerthe secondstatemenbf the lemma.

Theconditionthat impliesthat - , and
hence . Theconditionthat implies
that - , Or equivalently,

- , Or equivalently,

. Thisimpliesthat
Wenow differentiatehemaximumtemperaturepr more

simply , with respecto . Thederwvative of is
. Since , this can be writ-
tenas — —_— . We want to

shav that this derivative is positive. Since , it suf-
ces to shav that . Since we know
that , it sufces to shav that . By
direct computation, is
. Sincewe know that

, and the denominatoris
clearlypositive,it thenfollowsthat .Andwe cancon-
cludethatthe maximumtemperaturés anincreasingunc-
tionof . |

3.2. The Temperature Constrained Maximum
Work Problem

Wenow turnourattentiorto ,
thatis we now assumehe existenceof a temperatureon-
straint . If oneaddsan inequality constraintto
an unconstrainegroblemsuch as ours, the resulting ex-
tremumcurve canbedecomposeihto subcures,whereei-
therit is the casethethesubcureis anEulercurwe, it is the
casdhattheinequalityconstraintholdswith equalityonthe
subcure[14]. An immediateconsequencef thefollowing

lemmais thattheportionof ,Where ,
is asingleline segment.
Lemmall Considertwo points and , Then

let  denotethe constantempeature curvethat connects

and .Let denotesometempeature curve
sud for .Then doesatleastas
mud workas

Proof: Considera horizontalline of temperature of in-
nitesimally smallwidth (callit ) where , such
thatit intersects in atleasttwo places.Let and

be two consecutie timeswhentheline  and inter
sect,whereat transitionsfrom beingabove  to

beingbelov . Hence,at transitionsfrom being
belov  to beingaboe . Let and bein nites-
imal periodsof time around and .Let and

denotethe power appliedduring and (we are as-

sumingthat the widths of and are in nitesimally
small, so we can think of the power as a constant).We
know thatsince is decreasingt it is the casethat
— . Similarly, —

. It will be sufcient to show that the work
doneby  duringduring and is at mostthework
done by during and . The work done by
during theseintervals, is , The work
doneby  duringtheseintervals, ,
which is at least . Thusit is suf-

cient to shawv that

. By dividing by , this is
equivalentto
Let and . Notethat
and . Obsere that
since andtemperatureén decreasingn the region
, it is the casethat , or equialently
. Since  isincreasingduring . Further
obsenrethat . Theexpressiorthatwe need
to prove cannow berewrittenas
. Now , SO we needto
shav . Call
and , Sowe needto shaw
. Note that
and f thenit thisis trivially true,soassume
. Thendividing throughby and ,itis
sufcient to show that , which
holdssince . |
We now know that either , or the

consistof threeparts:an Eulercurve up to ,
aline sgmentat andanEulercurvedownnto . We
will now considerthe casethat and
considerthe differentpartsof this compositecurve. In par
ticularwewantto computethetimes and , suchthat

exactly when . Firstwe



de ne thesdimes,andthenwe shaw thatthey have this de-
siredproperty

Considetheclassof Eulercurves thatgofrom
to for differentpossible 's. A necessarand
sufcient condition for  to have a maximumat is

that f , there is sometime
earlierthan  with temperaturegreaterthan . By
direct computation is .
To shav that is is sufcient to show that

. This is equialentto shaving that
. We claim

that the left had side of this equationis increasingin
The derwative of the left handsideasa functionof is
whichis alwayspos-

itive. Since , thereis a thereis a uniquevalue
of  suchthat . We denotethis valueof by
. Thatis, is the solutionto the equationto the equa-

tion . Notethatfor
, thetemperaturés never above
Considerthe class of Euler curves
to for different possible
then the Euler curwe exceeds
just to the right of . So let us study the condi-
tion that . By direct computation is
. Evaluatingthis we get

that go from
's. If

that .
The partial derivative of with respectto is
, whichis alwayspositive.
, thereis aunique suchthat

. Thatis,

Since
We denotethis valueof by
tion to theequation
Notethatfor

is the solu-

, thetemperaturés never above

Theorem 12 We considerthe curve .
, then

Let andbe de ned as above If

f , thenthe curve
travels along the Euler curve from to ,
then staysat until time , and nally travels
alongtheEulercurvefrom to

Proof: First notethatif , thenthe curve asde-
scribedaborve is the Euler curve, becausall pointssatisfy
the Eulercondition.The maximaof this curweis . By
Lemmal10 we know that the maximumtemperaturehat

reachesds a increasingfunctionof . Hence,if

then and .

Now considerthe casethat . We know that
theloci of pointson with temperature forms
aline sgment thanrunsfromtime to . Notethatby
thede nition of and , it is the casethat . We
claim thatit mustbe the casethat Af then

youwould have a contradictiorto thefeasibility of ,
sinceby de nition, is the latesttime whereEuler curve
doesnt violate the temperatureonstraintIf

onegetsa contradictiorto optimality of . Thisis be-
causeonecouldreplacethe portion of , from time

to atime slightly largerthan , with anunconstrainedtu-
ler curve timethatwould nish morework. An identicalar
gumentimpliesthat . |

3.3. Computing a SeparatingHyperplane

We now arereadyto addres®f the problemof determin-
ing whethera pointis feasiblein our corvex programming
formulaof theproblem,andif not, nding a separatindyy-
perplane Consideran arbitrary point whereeach  takes
thevalue , andeach takesthe value . Theonly
problematiconstraintarethe constraintsWethus
focuson theseconstraintdor theremainderof this subsec-
tion. Considethe th suchconstraintGiventhevaluesof

, and we cancomputethevalues and asde-
ned in thelastsubsectiofy binarysearctusingthede n-
ing equations.

Considerthe casethat . Let

. Thenwe know that maximumtemperatureon-
straint is not relevant here. From our earlier resultswe
thenknow thatthe maximumwork that canbe completed
is , Where

. We canthendetermine
whetherthe the th constraintis violated. If this
constraintis violated,to computea separatindhyperplane

let beafunctionof , and for de-
ned as . The
th constrainis thenequialentto . A sepa-

ratinghyperplanas thentheplanewhosenormalis thegra-

dientof evaluatedat the currentpoint. Note thatwe can
easilydifferentiate with respecto all of its variables.

Now considerthe casethat . Now

is givenby the work doneby the Euler curve be-

tween and , plusthework doneonthe
constantemperatureurve at betweentime
andtime , plusthework doneby the Eulercurve
from to . Thus is
where , and
. We cande-

terminewhetherthis constraintis violated.If this
constraintis violated,to computea separatindghyperplane

let beafunctionof , and for
de nedas . The
th constraintis then equivalent to A

separatinghyperplaneis then the plane whosenormal is
the gradientof  evaluatedat the currentpoint. The only



slightly tricky part of computingthe gradientis differen-
tiating with respecto , anddifferentiating with re-
spectto . This can be accomplishedusing the equa-
tionsthatde ne and . Recallthat is the solutionto
the equation

Differentiating with respect andsolving for

yields . Re-

call that is the solutionto the equation
. Differentiating with re-
spect and solving for yields
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