
Dynamic SpeedScalingto ManageEnergy and Temperature

Nikhil Bansal
IBM T. J.WatsonResearchCenter

P.O.Box 218
Yorktown Heights,NY, 10598,USA

nikhil@us.ibm.com

Tracy Kimbrel
IBM T. J.WatsonResearchCenter

P.O. Box 218
Yorktown Heights,NY, 10598,USA

kimbrel@us.ibm.com

Kirk Pruhs
�

Dept.of ComputerScience
Universityof Pittsburgh
Pittsburgh, PA 15260

kirk@cs.pitt.edu

Abstract

We�rst consideronlinespeedscalingalgorithmsto min-
imize the energy usedsubjectto the constraint that every
job �nishes by its deadline. We assumethat the powerre-
quiredto run at speed� is

���

�����	��
 . We providea tight
�

 boundon the competitiveratio of the previously pro-
posedOptimalAvailablealgorithm.Thisimprovesthebest
knowncompetitiveratio by a factor of �


 . We then intro-
duceanew onlinealgorithm,andshowthat thisalgorithm's
competitiveratio is at most�

�

���

�

����������
���
 . Thiscompeti-
tive ratio is signi�cantly betterandis approximately�

��
����

for large � . Our result is essentiallytight for large � . In
particular, as � approachesin�nity , we showthat any al-
gorithmmusthavecompetitiveratio ��
 (up to lower order
terms).

We then turn to the problemof dynamicspeedscaling
to minimizethemaximumtemperature that thedeviceever
reaches,againsubjectto the constraint that all jobs �nish
by their deadlines.Weassumethat thedevicecoolsaccord-
ing to Fourier's law. We showhowto solvethis problemin
polynomialtime,within any error bound,usingthe Ellip-
soidalgorithm.

1. Intr oduction

The power requirementsof computing devices have
been increasing exponentially. Since the early 1970s,

� Supportedin part by NSF grantsCCR-0098752,ANI-0123705,and
CNS-0325353.

power densities in microprocessorshave doubled ev-
ery three years [13]. Limiting power requirementsis a
critical issuefor two reasons:

� Energy: Theenergy usedby acomputingdeviceis the
integralover timeof power. This is particularlyaprob-
lemin mobiledevicesthatrely onbatteriesfor energy,
and will becomeeven more of a problemin the fu-
ture sincebatterycapacitiesare increasingat a much
slowerratethanpowerrequirements.

� Temperature: The energy used in computing de-
vices is in large part converted into heat.Exponen-
tially rising cooling coststhreatenthe computerin-
dustry'sability to deploynew systems.In fact,in May
Intel abruptlyannouncedthat it hadscrappedthe de-
velopmentof two new computerchips (codenamed
Tejas and Jayhawk) for desktops/servers in or-
der to marketa more ef�cient chip technologymore
thana year aheadof the original schedule.Analysts
said the move showed how eagerthe world's largest
chipmakerwasto cutbackontheheatits chipsgener-
ate.Intel'smethodof increasingchipspeedwasbegin-
ning to requireexpensive andnoisy cooling systems
for computers[16]. Currentestimatesare that cool-
ing solutionsare rising at $1 to $3 per watt of heat
dissipated[13].

Power is now recognizedas a �rst-class design con-
straint for modern computing devices [9]. There is an
extensive literature on power managementin comput-
ing devices.Overviewscanbefoundin [2, 9, 15].

Both in academicresearchandpractice,dynamicvolt-
age/frequency/speedscalingis the dominanttechniquefor
power management.Speedscaling involves dynamically



changingthespeedof the processor. Currentmicroproces-
sorsfrom AMD, Intel and Transmetaallow the speedof
the microprocessorto be set dynamically. However, there
is aninherentcon�ict betweenpower reductionandperfor-
mance;in general,themorepower thatis available,thebet-
ter theperformancethatcanbeachieved.This givesriseto
dualobjectiveoptimizationproblemssinceoneseeksto op-
timizebothperformance,andeitherenergy or temperature.

1.1. Background

Powerin CMOSbaseddevices,whichwill likely remain
thedominanttechnologyfor theneartermfuture,hasthree
components:switchingloss,leakageloss,andshortcircuit
loss[2, 9]. Switchinglossmeasuresthepowerconsumption
from charging anddischarging gates.Theswitchinglossis
roughly proportionalto ���! , where � is the speed(clock
frequency), and � is the voltage.But � and � arenot in-
dependent.Thereis a minimum voltagerequiredto drive
themicroprocessorat thedesiredfrequency. Thisminimum
voltageis approximatelyproportionalto thefrequency [2].
This leadsto thewell knowncube-rootrule thatthespeed�

is roughlyproportionalto thecube-rootof thepower
�

, or
equivalently,

���

���"�#�%$ , i.e., the power is proportionalto
the cubeof the speed[2]. Currently, switchinglossmakes
upthemajorityof thepowerusedby computingdevices[9].

Most of theresearchin theliteratureto dategeneralizes
the cuberoot rule so that the power

���

�����#��
 for some
constant�	&'� , or even more generally, to the casethat

���

��� is strictly convex. Theassumptionthat
���

��� is strictly
convex meansthatthemoreslowly ataskis run,thelessen-
ergy is usedto completethattask.

Somemodernprocessorsareabletosensetheirown tem-
peratures,andthuscanbesloweddown or shutdown sothe
processortemperaturewill stay below its thermalthresh-
old [13].

Fourier'sLaw law of heatconductionstatesthattherate
of cooling is proportionalto the differencein temperature
betweenthe objectand the environment.We assumethat
theenvironmenthasa �x edtemperature,andthat tempera-
tureis scaledsothattheenvironmentaltemperatureis zero.
A �rst orderapproximationfor rateof change(*)

�,+

� of the
temperature(

�-+

� overtime
+

is then(.)

�,+

���0/

�1�-+

���!2

(

�-+

� ,
where

���,+

� is the suppliedpower at time
+

, and / and
2 are constants[12]. Equivalently, the power is given by
���-+

�*�

�

(3)

�-+

�5462

(

�,+

�����7/ . Thus,if thecuberoot rule ap-
plies,thentheinstantaneousspeedof theprocessoris given
by

�

(3)

�,+

�8492

(

�-+

���7/:����;<$ .

1.2. Prior Research

Theoreticalworst-caseinvestigationof speedscalingal-
gorithmswasinitiated in [17]. The problemis to schedule

a givencollectionof tasks,whereeachtask = hasa release
time >%? whenit arrivesinto thesystem,anamountof work

@

? thatmustbeperformedto completethetask,andadead-
line A�? for completingthis work. In the online versionof
theproblem,theschedulerlearnsabouta taskonly at its re-
leasetime; at this time, thescheduleralsolearnstheexact
work requirementandthedeadlineof the job. In someset-
tings,for example,theplayingof avideoor othermultime-
diapresentation,theremaybenaturaldeadlinesfor thevar-
ioustasksimposedby theapplication.In othersettings,the
systemmay imposedeadlinesto bettermanagetasks[3].
A schedulespeci�eswhich taskto run at eachtime, andat
what speedthat taskshouldbe run. The schedulemustbe
feasiblewith respectto thedeadlines;thatis,eachtaskmust
�nish by its deadline.This is alwayspossiblesincethepro-
cessorcanrun at any speed.Preemptionis allowed,thatis,
theschedulermaysuspenda taskandthenlater restartthe
taskfrom thepointof suspension.

Theproblemconsideredin [17] wasto minimizetheto-
tal energy usedto completeall taskssubjectto thedeadline
feasibility constraints.[17] givesanoptimalof�ine greedy
polynomial-timealgorithmfor this problemfor any power
exponent �CBD� . We call this algorithmYDS, which we
now describe.Let @

�,+

�FE

+

 

� denotethe work that hasre-
leasetime B

+

�

andhasdeadlineG

+

 

. Theintensityof the
interval H

+

�FE

+

 <I

is then @

�,+

��E

+

 

���

�-+

 

�

+

�

� . TheYDS algo-
rithm repeatsthe following steps:Let H

+

�FE

+

 �I

be the max-
imum intensity interval. The processorwill run at speed

@

�,+

�FE

+

 

���

�-+

 

�

+

�

� during H

+

�FE

+

 <I

. Thentheinstanceis mod-
i�ed asif thetimes H

+

�
E

+

 
I

didn't exist. Thatis, all deadlines
A�?

&

+

�

arereducedto J�KML

�-+

�
E
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�
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�

+

�

�<� , andall re-
leasetimes >%?

&

+

�

arereducedto J�KML

�-+

�
E
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�
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�

+

�

��� ,
andthe processis repeated.Given the speedasa function
of time asdeterminedby this procedure,YDS alwaysruns
thereleased,un�nished job with theearliestdeadline.The
YDS algorithmalsominimizesthe maximumspeed,over
all timesin theschedule,thattheprocessorrunsatthattime,
sincethiscorrespondsto thelimit as � increasesto in�nity .

[17] proposedtwo simpleonlinealgorithms.Theonline
algorithmAverageRate(AVR) runseachtask = at a rateof

@

?

�

�

A
?

�

>
?

� . TheonlinealgorithmOptimalAvailable(OA)
atany pointof timeschedulestheun�nishedworkoptimally
(sayusingYDS) underthe assumptionthat no moretasks
will arrive. [17] statea lowerboundof �N
 on thecompeti-
tive ratio for AVR andOA. [17] prove that thecompetitive
ratioof AVR is atmost �


���
 . Theanalysisof theAVR algo-
rithmin [17] is arathercomplicatedspectralanalysis,which
doesnoteasilyyield anintuitiveexplanationof AVR'sper-
formance.[17] doesnot provide any upperboundanalysis
of OA. [17] statea lower boundof ��O��MP on the competi-
tivenessof any online algorithm(presumablyfor the case

�Q�

� ). This lowerboundinstanceconsistsof two jobs.
[8] studiesonlinespeedscalingalgorithmsto minimize



energy usagein a settingwherethedevice alsohasa sleep
state,andgivesanof�ine polynomial-time2-approximation
algorithm.[8] alsogivesanonlinealgorithm R thatusesas
a subroutineanalgorithm S for puredynamicspeedscal-
ing. If S is additive andmonotone(asAVR andOA are)
then R is J�KML�T

�

�VU

4W���X4

�

EZY\[

competitive,where
U

is the
competitiveratio of S . Thusin casethatthecube-rootrule
holds,usingtheanalysisof AVR from [17], oneobtainsan
algorithmwith competitive ratio of at most653.Thesere-
sultshave beenextendedto thecaseof multipleslow-down
statesin [1].

[11] giveanef�cient algorithmfor theproblemof mini-
mizingtheaverage�o w timeof acollectionof dynamically
releasedequi-workprocessessubjectto theconstraintthata
�x edamountof energy is available.

1.3. Our Contribution

We �rst extendtheresultsin [17] for onlinealgorithms
for energy minimization.We explicitly give instancesthat
that show that the competitive ratiosof AVR andOA are
at least ��
 . We thenprovide a tight �]
 boundon thecom-
petitive ratio of OA. This improvesthe boundon the best
known competitive ratio by a factor of �


 . Our analysis
of OA is relatively straight-forwardpotentialfunctionargu-
ment.In thecasethatthecuberoot ruleapplies,this lowers
thebestknown competitive ratio from �

��^ to only ��_ . For
theproblemconsideredin [8], wherethereis asleepstate,if
thecuberoot rule appliesthis lowersthebestknown com-
petitive ratio from ^�`Ma to a mere b

^ . We show a general
lower boundon the competitive ratio for any randomized
onlinealgorithmof c

���

Y

��aM�Z
X� . Againthisinstancecontains
two jobs.As morejobsareadded,thecombinatorialanaly-
sisquickly becomescomplicated.Thusit seemsoneis un-
likely to �nd a stronglycompetitive algorithm.Instead,it
seemsthattheright questionthatthis lowerboundraisesis
whetherthereis anonlinealgorithmwith competitive ratio

d

�

����
 . Weanswerthisquestionin theaf�rmati ve,by intro-
ducinga new onlinealgorithm,andshowing thatthis algo-
rithm'scompetitiveratio is atmost �

�

�
�

�

�e�9������
\�f
 . Note
that for �gB

� , this competitive ratio is at most b

�M
 . Fur-
ther, the competitive ratio of this algorithm is betterthan
the the competitive ratiosof OA andAVR for �hBi` . We
alsothattheexponent� cannotbeimproved.In particular, if
weconsiderthecasewhen � approachesj , thepowercon-
sumptionis completelydeterminedby themaximumspeed
at which theprocessorever runs.We show a generallower
boundof � on thecompetitive ratioof any deterministical-
gorithmfor minimizingthemaximumspeed(hencea lower
boundof essentially��
 on the power consumed).Finally,
wealsoshow thatouralgorithm � competitivefor theprob-
lemof minimizingthemaximumspeedatwhichtheproces-
sorever runs.

We thenturn to the problemof dynamicspeedscaling
to minimizethemaximumtemperaturethatthedevice ever
reaches,againsubjectto theconstraintthatall jobs�nish by
their deadlines.We assumethat thedevice coolsaccording
to Fourier's law. Weshow thatthisproblemcanbeposedas
a convex optimizationproblem.Convex optimizationprob-
lems can be solved arbitrarily well in polynomial time if
onecancomputeaseparatinghyperplanefor aviolatedcon-
straintin polynomialtime.To accomplishthis for our tem-
peratureproblem,wemustsolve thekey subproblemof de-
terminingthemaximumwork thatcanbeaccomplisheddur-
ing a �x edperiodwith a �x edstartingandendingtempera-
ture.We show how to usetechniquesfrom calculusof vari-
ationsto solve this subproblem.As a disclaimer, we totally
ignoreissuesof numericalstability, which would certainly
benecessaryto addressif onewereto implementthis algo-
rithm ona �nite precisionmachine.

2. Online Algorithms for Minimizing Energy

2.1. A Tight Analysisof Optimal Available

We now determinethe competitive ratio of theOptimal
Availablealgorithmproposedin [17]. Recall that Optimal
Available(OA) simply computesthe YDS schedulebased
on thecurrentknowledgeof jobs.We startby giving anex-
plicit lowerboundinstancefor OA andAVR.

Lemma 1 Thecompetitiveratio of AVRandOA is at least
��
 .

Proof: Theinstanceis de�ned asfollows:All jobshave the
samedeadline k . For =

�lO

E

�

E�m�m�m<E

k

�i� , a job of size
�

���

�

k

�

=

�<����;�
 arrivesattime = . Theof�ine algorithmworks
onthejob thatarrivesat time = duringtheinterval

�

=

E

=

4W�

I

.
It is easyto checkthattheof�ine costis n0o

?Vp

�

���

= .
Let @

�rq

� denotethebackloggedworkloadat time
q

un-
derOA. By de�nition, OA worksatrate @

�sq

���

�

k

�

q

� dur-
ing time

�sq

E

q

4e�

I

.Thus @

�sq

4e�����t@

�sq

�8�h���

�

k

�

q

�u��;�
��

@

�rq

�<�

�

k

�

q

� . Thesolutionto thisrecurrenceis easilyseen
to be �

�

k

�

q

�u��v8��;�
 (in thecontinuouscase).Thustheto-
tal onlinecostis n0o

v��

?Vpxw

�

y���

�

k

�

=

� , which is exactly �]


timestheof�ine cost.

Beforeweprovetheupperbound,weneedthefollowing
lemma.

Lemma 2 Let z

E

>

E�{

B6O and �|B}� . Then
�

z

4

{

�<
\v8�

�

z

�

�

>

�

�

�~�6���

{

���

z


\v8�

�

z

�|�

>

�

G

O .

Proof: Weneedto show that
�

z

4
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\v8�
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z
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>
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�

z
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{

�


\v8�

�
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�
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�

z
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>

�

G
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�

z

�|�

>

�

H

�

z

4
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G
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Since H

�

z

4

{

�


\v��

�

z


\v8�

I

B•O , it suf�ces to show that

z:H

�
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{

�


\v8�

�
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:v��

I

�

�
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4
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\v8�
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�‚�ƒ���

{

G
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Substituting
{

�i„

z , the left handsideof theabove re-
ducesto

z




H

�

��4…„��


\v��

�ƒ�

I

�

z




H

�

��4…„��


\v��

�

�~�ƒ����„

I

Thuswe justneedto show thatfor „†B6O ,

�

��4W„��


:v��

�•�‡�

�

�‡49„��


\v8�
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�Q�W���<„
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m

Differentiatingthis with respectto „ , we get
���

�‚�ˆ���

�

�N4

„���
\v‰ 
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�x�
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�"�Š����„
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\v8�
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�3�•4‹�����‡�
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�!�e���
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���Q����„
�

�

�‰4~„M�

I

�Œ�3�

�

���Q����„

�

�‰4~„��


:v‰ 

G

O . Thus,themaximumof thisexpressis at „!�•O , wherethe
expressionevaluatesto 0.

Theorem 3 ThealgorithmOptimumAvailable(OA) is �‡
 -
competitive.

Proof: Let ��Ž

o

(resp. ��ŽV•�• ) denotethe speedat which OA
(resp.theoptimumalgorithm)worksat time

+

. We will de-
�ne apotentialfunction ‘

�-+

� thatsatis�esthefollowingtwo
properties:

� Let ’

�

‘

�-+

�<� denotethechangein thepotentialdueto
thearrival of a job at time

+

. Then ’

�

‘

�-+

���

G

O .
� Betweenarrivals, �f


Ž

o

�-+

�5�‚��
:��


Ž“•�•

�-+

�‰4•”

”

•

‘

�,+

�

G

O .

It is easilyseenthatthesetwo propertiesimply the �‡
 com-
petitivenessof OA.

Beforewe cande�ne the potentialfunction we needto
introducesomenotation.For notationalconvenience,weal-
wayslet thecurrenttime be O . A time

+

will refer to
+

time
units in the future from the currenttime. Let �

�-+

� denote
therateatwhichtheonlinealgorithmwouldbeworkingaf-
ter

+

time units have passed,if no new jobs ever comeaf-
ter the currenttime. SinceOA simply computesthe YDS
schedulebasedon thecurrentknowledgeof jobs,therates

�

�,+

� arecomputedasfollows.Let @

�,+

E

+

)

� denotethework
underthe online algorithmthat is availableright now and
hasdeadline &

+

and G

+

) time units from now. We will
refer to @

�,+

E

+

)

�<�

�,+

)

�

+

� as the densityof interval H

+

E

+

)

I

.
Considera sequenceof times de�ned inductively as fol-
lows. Let

+

w

�–O . Let
+

? denotethe smallesttime such
that @
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v8��E
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v���E
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�,+
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�

+

?

v��

� . Thus
+

�

is thesmallesttimewhenthedensityof jobs
between0 and

+

�

is maximizedandsoon. It is easyto see
that �

�-+

�‡�ˆ�

�-+

?

� for
+

?�ž

+

G

+

?

���

for all =

B6O . Wewill call
theinterval
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?

E
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?

���
I

, a critical interval anddenoteit by Ÿ�? .
Finally, let @

)

�,+

E

+

)

� denotetheworkunderof�ine atthecur-
renttimethathasdeadline&

+

and G

+

) . For notationalcon-
venience,let �

? denote�

�-+

?

� . Let @

?V  ¡ denote@
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E
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� and
similarly let @
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denote@
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� .

Wede�ne thepotentialfunction
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Note that by de�nition the online algorithm is always
working at the rate �

w (i.e. ��Ž

o

�#�

w ). If the currentcriti-
cal interval �nishes, thenthealgorithmentersthenext criti-
cal interval.Theindicesof thecritical deadlinesshift by one
andthenew speed�

w is thatwhichwaspreviously �

�

. Also
notethatthepotentialis continuousasacritical interval �n-
ishesandwe move to the next one.As the currentcritical
interval �nishes i.e.

+

�

approaches0, both @

wF 

�

and @

)

wu 

�

ap-
proach0,asbothalgorithmshaveto �nish thiswork by time
+

�

. Sothecontributionof the�rst termapproaches0 asthe
currentinterval is aboutto �nish.

It is easy to see that �

? is a non-increasingse-
quence,asfollows. If �

?

���

&¤�

? , thenthis contradictsthat
�

? was the critical density at time
+

? , since in this case
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Working case:Let us �rst considerwhenthe algorithmis
simply working on somejob in the �rst interval. Thenwe
know that only @

wF 

�

is decreasingat the rate �

w . In par-
ticular, each �

? is �x ed (including �

w ), and @

?V  ?

���

is �x ed
for =

B¥� . Let ¦ be the smallestnumber BlO suchthat
@
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�lO . Assumewithout loss of generalitythat the
of�ine schedulealwaysexecutesthe job with the earliest
deadline.Thenwehave that @
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decreasesat rate �
ŽV•�• .

Thuswehave to show thenon-positivity of
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w , this is at most
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w

����ŽV•�• , thenshowing thenon-positivity of
thequantityabove is equivalentto showing thatthepolyno-
mial
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�Š����„M
*4~�� �„�
\v8�‰�~��
 is never positivefor „"B•O .
At „��gO , it evaluatesto �3�


 which is ž

O . At „��

j , it
is �

j . If we setthederivative to 0, we �nd „©�ª� , where
the polynomialhasthe value O . This completesthe analy-
sis for the intervalsin which work is executedbetweenar-
rivals.

Arrival Case:Considerthe arrival of a job of size
q

with
deadline

+

time units in the future.Let = besuchthat
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. We will show that thechangein potentialcaused
by thisarrival is non-negative.Observethateach�

¡ for «
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4•� is unchangedby thewaytheseratesarede�ned.
First we considerthesimplestcasewhenthecritical in-

tervals areunchanged(i.e., only the valuesof the critical
densitieschange).Hence,the only effect the new job has
is to increasethe densityof the interval Ÿ
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Thenon-positivity of the expressionabove follows by set-
ting z

�•@

�-+

?

E

+

?

���

� ,
{

�

q

and >

�•@

)

�-+

?

E

+

?

���

� in Lemma
2.

We now considerthemoreinterestingcasewhenthear-
rival of a job might changethecritical intervals.While this
new job may radically changethe structureof the critical
intervals,weshow thatwecanthink of this changeasa se-
quenceof smallerchanges,whereeachsmallerchangeonly
affects two critical intervals.To seethis, imaginethe size
of the new job increasingstartingfrom O . For somesize

q

)

G

q

, oneof thefollowing two eventsmustoccur:

� Eithertheinterval Ÿ
? remainsa critical interval andits

densitybecomesequalto thatof Ÿ
?

v8�

. In particular,
q

)

is suchthat �
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� Else, the interval Ÿ

? splits into two critical intervals
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���
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for some
+
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)‰ž

+

?

���

.
Since

q

) is the smallestsuch size, the densitiesof
Ÿ�)

?

and ŸM)¯)

?

are identical and equal to
�
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?

���
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Now wecanimaginetheoriginal job of size
q

to consist
of two jobs,suchthatbotharrive at thesametimeandhave
the samedeadline

+

, but onehassize
q

) andthe otherhas
size

q

�

q

) . Wecanthus�rst analyzethechangein potential
for

q

) andthenrepeatthe procedurefor
q

�

q

) . Thus,we
only needto considerthe changein potentialfor a job of
size

q

) thatcausesoneof the two eventsdescribedabove.
Finally, observe that

q

)

&ˆO (andtheargumentabove is not
void), since

+

?

���

is de�ned asthe earliesttime after
+

? for
which @
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���

���

�-+

?

���
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���6�

? . Hence,anon-zeronew
work is neededto split theinterval in to two pieces.

In the �rst case,the only changein the potentialfunc-
tion is due to the changeof densityof Ÿ�? . This changeis
identicalto Equation1 with

q

replacedby
q

) .
In the secondcase,again the changein the potential

function is only due to Ÿ
? being replacedby Ÿ

)

?

and Ÿ

)¯)

?

.
Sincethe densitiesof Ÿ�)

?

and ŸM)¯)

?

are identical,theseinter-
valscanbe mergedasfar asthe potentialfunction is con-
cerned.Hencethechangein thepotentialfunctionis again
givenby Equation1 with

q

replacedby
q

) , whichweknow
in non-positive.

We canrepeatthis processuntil we have usedup all of
the

q

work in thearriving job.

2.2. A Mor e Competitive Online Algorithm for
Large °

We�rst notethatthecompetitiveratioof everyalgorithm
is at least

d

�

���<
 , thengive someessentialde�nitions, and
thenobtainan

d

�

���<
 competitivealgorithm.

Lemma 4 Thecompetitiveratio, with respectto minimiz-
ing total energy used,of any randomizedonlinealgorithm
is c
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��aM�
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Proof: We useYao's Minimax Theorem.Supposea job of
size � with deadline � arrivesat time

+

�±O . With proba-
bility 1/2, at time

+

�C���

� , theadversarygivesanotherjob
of size � anddeadline� . Clearly, theof�ine costin thecase
of two jobsis �


 and � if thereis a singlejob. Let uscon-
siderhow muchwork that online algorithmdoesby time

���

� . If this work is at least �

��a , thenonline hasspentat
least ���

��²

�

Y

�Ma��<
 energy alreadyandwith probability1/2
the of�ine costis at most1. If onlineworks lessthan �

�Ma

duringthe�rst half, thenwith probability1/2, it hasto �n-
ishat least

Y

��a work in thesecondhalf, andhencespendat
least ���

�]²

�

b

��aM�<
 energy, whereastheof�ine costis �
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We assumewithout loss of generalitythat all release
times and deadlinesare integers.Let ³

�-+

��E

+

 

� denotethe
work that hasreleasetime B
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�

and hasdeadline G
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.
For notationalconvenience,we let ³
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� if
+

�

ž

O . Let ³
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� denoteamountof work thathasar-
rived by time

+

, that hasreleasetime B

+

�

and deadline
G

+

 

. Let ´

�-+

� denotetherateof optimumof�ine algorithm
YDS at time
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. Let z
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� bethemaximumover all
+

�
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,
suchthat
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, suchthat
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Online Algorithm Description: At time
+

, work at rate
�

>

�,+

� on theun�nished job with theearliestdeadline.Note
that ³

�-+

E

+

�%E

+

 

� , µ

�-+

� and >

�-+

� may becomputedby anon-
line algorithmat time

+

. We�rst provethefeasibilityof this
onlinealgorithmandthenanalyzeits competitiveness.

Theorem 5 Thealgorithm completesall the jobs by their
deadlines.

Proof: Assumeto reacha contradictionthat the onlineal-
gorithm fails to �nish all jobs by somedeadline A . We
can assumewithout loss of generalitythat the online al-
gorithm never idles betweentime O and time A ; other-
wise we can considerthe instancecontainingonly those
jobs releasedafter the last idle time. We canalsoassume
that until time A the online algorithmonly works on jobs
with deadlineat most A , sinceby theearliestdeadline�rst
policy, jobs with later deadlinesdon't affect earlierdead-
lines. Thus the work done by the online algorithm dur-
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mustbestrictly lessthan ³
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. Thus we have a contradic-
tion to the hypothesisthat the online algorithmdoesless
than ³
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� work beforetime A .

Theorem 6 The online algorithm is �
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tive.

Proof: Note that >

�-+

�

G#µ

�-+

�

GÂz

�,+

� . >

�-+

�

G	µ

�-+

� since
>

�-+

� is a specialcaseof µ

�-+

� where
+

�

is constrainedto be
a functionof

+

 

. Also µ

�-+

� is a lower boundon z

�,+

� based
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We now createa new instancewhereat time
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, exactly
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� units of work arrives with deadline
+

4C� . The en-
ergy usedby YDS doesnot change.Thevalueof z
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Note that Ä
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� is non-zeroonly for
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&ÇO . Thus let us
�rst consider nˆÆ
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 . We usethe following fact that
was�rst proved by HardyandLittlewood in [6] andlater
simpli�ed by Gabriel[4]. It canalsobefoundin [7, Theo-
rem393and394].
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Applying this fact to our case,with �
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can concludethat n•Æ
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. Hardythenshowed

[5] asa specialcaseof Hilbert's theorem(see[7, Theorem
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Note that in theseinequalitiesthe ´

�

=

� 's may be arbitrary,
andall thatis requiredof � is that �…&ˆ� . Weour thusdone
with our analysisof Ä

�,+

� . An identicalanalysisshows that
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Our online algorithm is � -competitive with respectto
themaximumspeedsincetheminimumpossiblemaximum
speedfor a feasiblescheduleis at leastJ©K�L

•

z

�,+

� .

Lemma 7 For everydeterministiconlinealgorithm R that
maintainsdeadlinefeasibility, there is someinput Ÿ that
causesR at sometimeto run � timesfasterthanYDSwould
ever run on Ÿ .

Proof: Theadversaryworksatarate/
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ºœÎ¯Ï
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from
time0 to time �‡�

q

. We'll look at thelimit of theresulting
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q
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time Ð andtime Ñ is Ò
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into theformula for intensity. If is doesso,thentheadver-
sarystopsbringing work andthe online loses.During the
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timestheintensityfor theinput.Theintensityfor this input
is equalto the apparentintensityfor onlineat time ���
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.
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This work betterbeat least1. Solving the integralsgives:
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vant.Whatis importantis that
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3. Minimizing the Maximum Temperature

We considerdynamic speedscaling to minimize the
maximumtemperature.Weshow how to solvethisproblem
to arbitraryprecisionin polynomialtime(ignoringnumeri-
cal stability issues)usingtheEllipsoidalgorithm.For basic
informationon the useof the Ellipsoid algorithmto solve
convex problemssee[10]. Weassumeaconstant(‰ØÚÙ

¹ that
is thethermalthresholdfor thedevice.Theproblemis then
to determineif thereis aschedulethatis feasible,andmain-
tainsthe invariantthat the temperaturestaysbelow ( ØÚÙ

¹ .
By binarysearch,we canthensolve the problemof mini-
mizing ( Ø3Ù

¹ . To simplify notationweassumethatthecube
root rule holdsthroughoutthis section,that is �ˆ�	a . The
extensionto arbitrary � is straight-forward.

We �rst expressthe problemasa convex program.We
breaktimeinto intervals

+

w

E�m�m�m

+

Ø atreleasedatesanddead-
lines of the jobs. We introducea variable (

? that repre-
sents (
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?

� , the temperatureat time
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� be the
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,
that is, >
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?
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? . We introducea vari-
able Ü

?V  ¡ , for «

À

Û
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� , that representsthe work done
on job « during time H
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?

E

+

?

���·I

. Let Ý

/

q

Ü

�sq

E
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EZÞeE�ß

� be
the maximum work that can be done starting at time

q

at temperature
Þ

and endingat time ´ at temperature
ß

subjectto the temperatureconstraint(ÂGC(‰ØÚÙ
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out the interval H

q
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. Let Ý

/

q
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E

´

E�ÞeE
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� be a corre-
spondingtemperaturecurve.Let à!Ý
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Ü

�rq

E

´

E�ÞeEZß

� and
à!Ý

/

q
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E
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E�ÞeEZß

� be similarly de�ned for except that
thereis no maximumtemperatureconstraint.We canthen
expressthe temperatureproblemasthe mathematicalpro-
gramCP:
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To seethatthefeasibleregion is convex, let å( , and æ( be
the temperaturecurves correspondingto two feasibleso-
lutions to this problem.Let Ë

(

�

�

å(

4

æ(

�<�

� . The power
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a concave function Ë
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� . Thus the aver-
age of the two underlying feasible solutions is feasi-
ble.

To applytheEllipsoidalgorithmoneneedsto giveapro-
cedureto determinewhetheran arbitrarypoint is feasible,

and if not, to determinea separatinghyperplane.To ac-
complishthis, oneneedsto betterunderstandthe function
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3.1. The UnconstrainedMaximum Work Problem

We consider the unconstrained problem
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� , where the times and temper-
aturesarearbitrary. For convenience,we assume
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•š•

w

Ì�ì

—

�xí

ì

Ù

Í

��;<$

A

+

is maximizedsubject

to theconstraintsthat
�

BªO , (

�

O��3�

(îw and (

�-+

�

�3�

(

�

.
Here (Õ) is the derivative of ( with respectto time

+

.
This problemfalls under the rubric of calculusof varia-
tions [14]. Let ï be the functional

���

(.)

4•2

(

���7/:����;<$ . Let
ï

ì

�

í

$

Ù

•,ð·ñ

�

(3)

4g2

(

�uvî �;<$ be the partial of ï with re-
spect to ( , and ï

ì

—Â�

�

$

Ù

•,ð·ñ

�

(3)

4Ç2

(

��vî �;<$ be the
partial of ï with respectto (.) . Since ï has continu-
ous �rst and secondpartial derivatives with respectto
all arguments,any weak extremum ( must satisfy the
Euler-Lagrangeequationï

ì

�Ç”

”

•

ï

ì

—��ˆO . We call a func-
tion ( that satis�es such an equation an Euler curve.
The term ”

”

•

ï

ì

—#�

vî 

ò

Ù

•Vð·ñ

�

(3)

4ë2

(

�uvîó�;<$

�

(3)¯)

4Â2

(3)

� .
Thus the Euler-Lagrange equation evaluates to

2

�

(3)

4!2

(

��v‰ �;�$�4

 

$

�

(3)

4!2

(

��v‰ó�;�$

�

(3)¯)

4!2

(3)

�]�ˆO . Wemulti-
ply by

�

(3)

4e2

(

�<óZ;<$ to give 2

�

(3)

4e2

(

�M4

 

$

�

(3)¯)

4e2

(3)

�¬�•O ,
or a�2% 

(

4l`�2

(3)

4

�7(3)¯)

� O . Using the standard
Laplacetransformtechniquewe get that the solution is

(

�

U

��vxí

•

4

A

�MvX$�í

•

;� , wheretheconstants
U

and A arede-
terminedby theboundaryconditions.

Wenow computethevaluesof
U

and A . Setting
+

�ˆO and
(

�

(
w we get that

U

4

A

�

(
w . Similarly setting

+

�

+

�

and (

�

(

�

we getthat
U

�MvXí

•š•

4

A

�MvX$�í

•·•

;� !�

(

�

. Setting
U

�

(xw

�

A , we get that
�

(xw

�

A

�š��vxí

•·•

4

A

��vx$�í

•·•

;� !�

(

�

.
Hence,A

�

�

(Xw

�MvXí

•·•

�

(

�

�<�

�

��vxí

•·•

�9�MvX$�í

•·•

;� �� . Notethat
since

�

BˆO , (

�

B

(Xw

�MvXí

•·•

, andthus A©G

O . By directdif-
ferentiation,(Õ)

�Œ�.2

U

�MvXí

•

��a�2

A

�

�

��vx$�í

•

;� , or equivalently
(3)

�Œ�Õ2u��vxí

•

�

(
w

�

A

4ƒa

A

�

�

�MvXí

•

;Z <� .
Weturnourattentionbackto evaluatingourequationfor

energy used.Evaluating (.)
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( , the termwhich depends
on

U

��vxí

•

cancelsout,andwe justget �

A

�

�

2���vX$�í

•

;� . Hence
à!Ý

/

q

Ü is Ò

•·•

w

/xv8��;<$

�

�

A

2F�

�

����;<$F�MvXí

•

;� 

A

+

, which evalu-
atesto

�

�

Y

A

�7/:2

 

�

��;�$

�

�"�ˆ�

vXí

•
•

;� 

� . We now turn our at-
tentionto computingthemaximumtemperaturereachedon
theEulercurve.

Lemma 8 For any Euler curve ( , there exists a unique
time

+

¹ such that (Õ)

BôO for
+eÀ

H

O

E

+

¹

I

and (3)!G

O for
+NÀ

H

+

¹

E

+

�·I

.

Proof: Notethat �fí

•

(3)

�M2N�Œ�

(Xw

4

A

�ta

A

��vxí

•

;� ��

� , whichis
a non-increasingfunctionof

+

since A is non-positive.This



precludes(

) ever goingfrom positive to negative.

Corollary 9 If (Õ)

�

OM�

G

O , a maximaof theEuler curve (

is at
+

�•O . If (3)

�-+

�

�‡B•O , a maximaof theEulercurve ( is
at

+

�

+

�

. If (Õ)

�

O��‡B6O and (Õ)

�,+

�

�

G

O , thenthemaximaof
theEuler curve ( is at someuniqueintermediatepoint

+

¹

where (Õ)

�,+

¹

�5�•O .

Lemma 10 Consider the class of Euler curves be-
tween

�

O

E

( w

� and
�,+

��E

(

�

� . If an Euler curve ( is such
that (3)

�

OM�©BÂO and (Õ)

�,+

�

�

G

O , thenthe maximumtem-
perature that the Euler curve reaches is õ

Ö

ñ

 Zö

”

Ã . Further-
more, this maximumtemperature is an increasingfunction
of

+

�

.

Proof: At the maximum temperaturepoint we know
that (3)

�÷O . Hence,
U

�MvXí

•

� �

$

 

A

�MvX$F;� <í

•

, or equiv-
alently, vî 

Ö

$

”

�ø��vxí

•

;� . Plugging this into the equation
for the temperaturewe get that the maximum tempera-
tureis �

A

�

�

�MvX$F;� <í

•

�

õ

Ö

ñ

 �ö

”

Ã .
We now considerthe secondstatementof the lemma.

Theconditionthat (.)

�

OM�‡B6O impliesthat �

U

�

$

 

A

B•O , and
hence��(

w

4

A©G

O . Theconditionthat (Õ)

�-+

�

�

G

O implies
that �

U

�MvXí

•
•

�

$

 

A

��vx$Zí

•
•

;Z 

G

O , or equivalently,
�

A

�

(
w

�:�

$

 

A

��vxí

•
•

;� 

G

O , or equivalently,
�

(
w

�MvX$�í

•
•

;� 
�

(

�

�

�

�MvXí

•
•

�

��vx$Zí

•
•

;Z ����

$

 

�

(
w

�MvX$�í

•
•

;� ��

(

�

�MvXí

•
•

;� ��

�

�MvXí

•
•

����vx$�í

•
•

;� F�

G

O . This impliesthat ��(

�

�|a

(

�

�

vXí

•
•

;� 

4

(xw

�

vX$�í

•
•

;� 

B6O

Wenow differentiatethemaximumtemperature,or more
simply

U

$��

A

 , with respectto
+

�

. Thederivativeof
U

$��

A

 is
a

U

 

U

)

�

A

 !�

�

U

$

A�)

�

A

$ . Since
U

)

�¥�

A�) , this can be writ-
ten as �

Ö

Ã

”

—

”

ñ

�

a

A

4

�

U

�|�ù�

Ö

Ã

”

—

”

ñ

�

��(
w

4

A

� . We want to
show that this derivative is positive. Since A•G

O , it suf-
�ces to show that Aú)

�

�7(
w

4

A

�CBûO . Since we know
that ��(

w

4

AüG

O , it suf�ces to show that A:)eG

O . By
direct computation,A

) is �

�

(
w

�

vx$�í

•·•

;� 

�¤a

(

�

�

vXí

•š•

;Z 

4

��(

�

�

�

�

��í

•

�

�MvXí

•·•

�|�MvX$�í

•·•

;� ��� �� . Sincewe know that ��(

�

�

a

(

�

��vxí

•·•

;� �4

(xw

��vx$Zí

•š•

;Z ôBýO , and the denominatoris
clearlypositive,it thenfollowsthat A\)‰G

O . Andwecancon-
cludethatthemaximumtemperatureis anincreasingfunc-
tion of

+

�

.

3.2. The Temperature Constrained Maximum
Work Problem

Wenow turnourattentionto Ý

/

q

Ü

�-+

w

�ˆO

E

+

�%E

(
w

E

(

�

� ,
that is we now assumetheexistenceof a temperaturecon-
straint (#GC(

Ø3Ù

¹ . If oneaddsan inequalityconstraintto
an unconstrainedproblemsuchas ours, the resultingex-
tremumcurvecanbedecomposedinto subcurves,whereei-
therit is thecasethethesubcurve is anEulercurve,it is the
casethattheinequalityconstraintholdswith equalityonthe
subcurve[14]. An immediateconsequenceof thefollowing

lemmais thattheportionof Ý

/

q

( , whereÝ

/

q

(

�

(‰ØÚÙ

¹ ,
is a singleline segment.

Lemma 11 Considertwopoints
�

O

E

(

¹

� and
�-+

� E

(

¹

� , Then
let þ

�

denotetheconstanttemperature curvethat connects
�

O

E

(

¹

� and
�-+

� E

(

¹

� . Let þ

 

denotesometemperaturecurve
such þ

 

�-+

�

G6þ

�

�-+

� for
+NÀ

H

O

E

+

�rI

. Thenþ

�

doesat leastas
much workas þ

 

.

Proof: Considera horizontalline of temperature(

�

of in-
�nitesimally smallwidth (call it A�( ) where (

�

žg( , such
that it intersectsþ

 

in at leasttwo places.Let
ÞŠ�

and
Þ� 

be two consecutive times when the line (

�

and þ

 

inter-
sect,whereat

Þ �

, þ

 

transitionsfrom beingabove (

�

to
beingbelow (

�

. Hence,at
Þ  

, þ

 

transitionsfrom being
below (

�

to beingabove (

�

. Let A

+

�

and A

+

 

be in�nites-
imal periodsof time around

Þ �

and
Þ  

. Let
�

�

and
�

 

denotethe power appliedduring
Þ �

and
Þ  

(we are as-
sumingthat the widths of

ÞŠ�

and
Þ� 

are in�nitesimally
small, so we can think of the power as a constant).We
know that since þ

 

is decreasingat
ÞŠ�

it is the casethat
v

”

ì

”

•·•

�

þ
)

 

�

Þ©�

���0/

�

�

�92

(

�

. Similarly, ”

ì

”

•
Ã

�

þ5)

 

�

Þ� 

�]�

/

�

 

�g2

(

�

. It will be suf�cient to show that the work
doneby þ

 

during during A

+

�

and A

+

 

is at mostthework
done by þ

�

during A

+

�

and A

+

 

. The work done by þ

 

during theseintervals, is
�

��;<$

�

A

+

�

4

�

��;<$

 

A

+

 

, The work
doneby þ

�

during theseintervals,
�

2

(

��/:�

��;<$

�

A

+

�

4

A

+

 

� ,
which is at least

�

2

(

�

�7/ú�u��;�$

�

A

+

�

4

A
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� . Thus it is suf�-
cient to show that H

�
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�

�

���

2

(

�

���7/ú�u��;�$

I

A

+

�

4

H

�
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�
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2

(

�

��/:�u�š;<$

I

A
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G

O . By dividing by
�

2

(

�

�7/:����;<$ , this is
equivalent to H

�

/

�

�

��2

(

�

�u��;�$1�¸�

I

A

+

�

4

H

�

/
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(

�

�u��;�$1�

�

I

A
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G

O .
Let

q

�Œ/

�

�

��2

(

�

�6� and ´

�ª/

�

 

��2

(

�

�6� . Notethat
q

�

þ5)

 

�

Þ��

���

�

2

(

�

� and ´

�

þ5)

 

�

Þ©�

�<�

�

2

(

�

� . Observe that
since

�

�

B	O andtemperaturein decreasingin the region
Þ��

, it is thecasethat O

G

q

46�

ž

� , or equivalently �!�

G

q

ž

O . Since þ

 

is increasingduring
Þ1 

, ´

&	O . Further
observe that

q

A

+

�

4

´7A

+

 

�•O . Theexpressionthatweneed
to provecannow berewrittenas H

�sq

4‚���%�š;<$��~�

I

A

+

�

4

H

�

´

4

���u�š;<$��ª�

I

A

+

 

G

O . Now A

+

 

�ÿ�

q

A

+

�

�

´ , so we needto
show ´\H

�rq

4•���u��;<$N�6�

I

�

q

H

�

´

4•���u��;�$‡�6�

I

G

O . Call ³

�

�sq

4•������;<$ and È

�

�

´

4•������;<$ , soweneedto show
�

È

$*�

���

�

³

�ª���]�

�

³

$��ª���

�

È

�ª���

G

O . Note that O

G¸³•G

�

and È

&¤� . If ³

�C� thenit this is trivially true,soassume
³‹ž

� . Thendividing throughby
�

È

�ˆ��� and
�

³

�6��� , it is
suf�cient to show that

�

È

 �4

È

40���]B

�

³

 54

³

40��� , which
holdssince ³©G6È .

We now know that either Ý

/

q

(

�

à!Ý

/

q

( , or the
Ý

/

q

( consistsof threeparts:anEulercurve up to (
ØÚÙ

¹ ,
a line segmentat (

Ø3Ù

¹ andanEulercurve down to (

�

. We
will now considerthe casethat Ý

/

q

(

¨

�

à!Ý

/

q

( and
considerthedifferentpartsof this compositecurve. In par-
ticularwewantto computethetimes � and (

�

��� , suchthat
Ý

/

q

(

�,+

�3�

(xØ3Ù

¹ exactly when
+•À

H �

E

(

�

���

I

. First we



de�ne thesetimes,andthenweshow thatthey havethisde-
siredproperty.

Considertheclassof Eulercurves ( thatgofrom
�

O

E

( w

�

to
�-+

��E

(xØ3Ù

¹

� for differentpossible
+

�

's. A necessaryand
suf�cient condition for ( to have a maximum at

+

�

is
that (3)

�-+

�

�CB O . If (Õ)

�,+

�

�

ž

O , there is some time
earlier than

+

�

with temperaturegreaterthan ( Ø3Ù

¹ . By
direct computation(Õ)

�-+

�

� is �.2��MvXí

•š•

�“U

4ga

A

�MvXí

•š•

;Z ��

�

� .
To show that (Õ)

�,+

�

�¸BøO is is suf�cient to show that
U

4ªa

A

��vxí

•·•

;� ��

�WG

O . This is equivalent to showing that
( Ø3Ù

¹

4

(xw

�MvX$�í

•·•

;� F�

�

�6a

( ØÚÙ

¹

��vxí

•·•

;� ��

�ÉG

O . We claim
that the left had side of this equationis increasingin

+

�

.
The derivative of the left handsideas a function of

+

�

is
�ÕaM2

( w

��vx$�í

• •

;� F�

Y

4�a�2

(XØ3Ù

¹

�MvXí

• •

;� ��

Y

whichis alwayspos-
iti ve. Since (Õ)

�

OM�

G

O , thereis a thereis a uniquevalue
of

+

�

suchthat (Õ)

�,+

�

�"�#O . We denotethis valueof
+

�

by
� . That is, � is the solution to the equationto the equa-
tion (xw

�MvX$�í���;� X4

�7(
Ø3Ù

¹

�Ša

(
Ø3Ù

¹

��vxí��7;� 3�•O . Notethatfor
+

�

G�� , thetemperatureis never above (
Ø3Ù

¹ .
Consider the class of Euler curves ( that go from

�

O

E

(xØÚÙ

¹

� to
�-+

��E

(

�

� for different possible
+

�

's. If
(3)

�

OM� & O then the Euler curve exceeds (îØ3Ù

¹

just to the right of O . So let us study the condi-
tion that (3)

�

OM�

G

O . By direct computation (Õ)

�

OM� is
�Õ2

�VU

46a

A

�

�

�‡�ü�.2

�

(
ØÚÙ

¹

4

A

�

�

� . Evaluatingthis we get
that (3)

�
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�

(
ØÚÙ

¹

�MvXí

•š•

�

(
Ø3Ù

¹

��vx$Zí
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(

�

�

�
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The partial derivative of (.)

�

O�� with respect to
+

�

is
2F 

(
ØÚÙ

¹

�

a��MvXí

•·•

�

�

�ta��MvX$�í

•·•

;� ��

�

� , whichis alwayspositive.
Since(3)

�

O��

G

O , thereis a unique
+

�

suchthat (Õ)

�-+

�

�‡�ªO .
We denotethis value of

+

�

by � . That is, � is the solu-
tion to theequation(îØÚÙ

¹

�MvX$�í���;� 54

��(

�

�|a

(

�

�MvXí���;� 3�•O .
Notethatfor

+

�

G

� , thetemperatureis never above (îØ3Ù

¹ .

Theorem 12 We considerthe curve Ý

/

q

(

�

O

E

(
w

E

+

�FE

(

�

� .
Let � and be � de�ned as above. If

+

�

G	�

4
� , then
Ý

/

q

(

�

à!Ý

/

q

( . If
+

�

&

�

4�� , thenthecurve Ý

/

q

(

travelsalong the Euler curve from
�

O

E

(‰w

� to
�

�

E

(
Ø3Ù

¹

� ,
then staysat (

ØÚÙ

¹ until time
+

�

��� , and �nally travels
alongtheEulercurvefrom

�-+

�

�
�

E

(
Ø3Ù

¹

� to
�-+

�
E

(

�

� .

Proof: First notethat if
+

�

�

�

4�� , thenthecurve asde-
scribedabove is theEulercurve, becauseall pointssatisfy
theEulercondition.Themaximaof this curve is (

ØÚÙ

¹ . By
Lemma10 we know that the maximumtemperaturethat

à!Ý

/

q

( reachesis a increasingfunction of
+

�

. Hence,if
+

�

ž��

4�� then à!Ý

/

q

(0žƒ(
Ø3Ù

¹ and Ý

/

q

(

�

à"Ý

/

q

( .
Now considerthe casethat

+

�

&

�

4�� . We know that
the loci of pointson Ý

/

q

( with temperature(‰Ø3Ù

¹ forms
a line segment þ thanrunsfrom time

+

¹ to
+��

. Notethatby
the de�nition of � and � , it is the casethat

+

¹

ž

+��

. We
claim that it mustbe the casethat

+

¹

�

� . If
+

¹

&

� then
youwouldhave a contradictionto thefeasibilityof Ý

/

q

( ,
sinceby de�nition, � is the latesttime whereEuler curve
doesn't violatethe (îØÚÙ

¹ temperatureconstraint.If
+

¹

ž��

onegetsacontradictionto optimalityof Ý

/

q

( . This is be-
causeonecouldreplacetheportionof Ý

/

q

( , from time O

to a time slightly larger than
+

¹ , with anunconstrainedEu-
ler curve timethatwould �nish morework.An identicalar-
gumentimpliesthat

+

í

�

+

�

��� .

3.3. Computing a SeparatingHyperplane

Wenow arereadyto addressof theproblemof determin-
ing whethera point is feasiblein our convex programming
formulaof theproblem,andif not, �nding a separatinghy-
perplane.Consideran arbitrarypoint whereeach ( ? takes
thevalue æ( ? , andeach Ü ?,  ¡ takesthevalue æÜ ?,  ¡ . Theonly
problematicconstraintsarethe Ý

/

q

Ü constraints.Wethus
focuson theseconstraintsfor theremainderof this subsec-
tion.Considerthe = th suchconstraint.Giventhevaluesof

+

? ,
+

?

���

,
æ

(x? and
æ

(x?

���

wecancomputethevalues� and � asde-
�ned in thelastsubsectionby binarysearchusingthede�n-
ing equations.

Considerthe casethat
+

?

���

�

+

?
G��

4
� . Let Ð

�

+

?

���

�

+

? . Thenwe know that maximumtemperaturecon-
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slightly tricky part of computingthe gradientis differen-
tiating � with respectto (î? , anddifferentiating� with re-
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