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Abstract

Intel's SpeedStep and AMD’s PowerNOW technologies alloe/ Windows XP operating system
to dynamically change the speed of the processor to prolattgry life. In this setting, the operating
system must not only havej@ab selection policyo determine which job to run, but alsspeed scaling
policy to determine the speed at which the job will be run. \We @n online speed scaling algorithm
that isO(1)-competitive for the objective of weighted flow time plus eme This algorithm also allows
us to efficiently construct a®(1)-approximate schedule for minimizing weighted flow time jegbto
an energy constraint.

1 Introduction

In addition to the traditional goal of efficiently managirighé and space, many computers now need to
efficiently manage power usage. For example, Intel’s Spegdsd AMD’s PowerNOW technologies allow
the Windows XP operating system to dynamically change teedpf the processor to prolong battery life.
In this setting, the operating system must not only hayebaselection policyto determine which job to
run, but also aspeed scalingolicy to determine the speed at which the job will be run. Sehpolicies
must be online since the operating system does not, in dehesge knowledge of the future. In current
CMOS based processors, the speed satisfies the well knowrroobrule, that the speed is approximately
the cube root of the power [Mud01, BBS0]. Thus, in this work, we make the standard generalizatian
the power used by a processor is equal to speed to some powdr, where one should think ef as being
approximately 3 [YDS95, BKPO7]. Energy is power integrateer time. An operating system is faced
with a dual objective optimization problem as it both wamtsdnserve energy, and optimize some Quality
of Service (QoS) measure of the resulting schedule.

By far the most commonly used QoS measure in the computeragditerature iaverage response/flow
timeor more generallyeighted response/flow tim€he flow timeF; of a jobi is the time lag between when
a job is released to the system and when the system compiatgeh. Pruhs, Uthaisombut, and Woeginger
[PUWOS] studied the problem of optimizing total flow timg ( ;) subject to the constraint that the total
energy does not exceed some bound, say the energy in theypatteé showed how to efficiently construct
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offline an optimal schedule for instances with unit work joBsr unit work jobs, all job selection policies
that favor a partially executed job in favor of an unexecybddare equivalent. Thus the job selection policy
is essentially irrelevant.

If there is an upper bound on energy used, then there (3(ng-competitive online speed scaling policy
for total flow time. To understand intuitively why this is tltase, consider the situation when the first
job arrives. The scheduler has to allocate a constant dimcti the total energy to this job; otherwise, the
scheduler would not b€ (1)-competitive in the case that no more jobs arrive. Howe¥enainy more jobs
arrive in the future, then the scheduler has wasted a carfsgarion of its energy on only one job. By
iterating this process, one obtains a bound ¢f) on the competitive ratio with respect to total flow time.
(See Section 6.)

Albers and Fujiwara [AF07] proposed combining the dual otiyes of energy and flow time into the
single of objective of energy used plus total flow time. Ojitimg a linear combination of energy and total
flow time has the following natural interpretation. Suppttesd the user specifies how much improvement in
flow time, call this amounp, is necessary to justify spending one unit of energy. Fomgte, the user might
specify to the Windows XP operating system that he is wiltmgpend 1 erg of energy from the battery for
a decrease of 3 micro-seconds in response time. Then thmathedule, from this user’s perspective, is
the schedule that optimizes= 3 times the energy used plus the total flow time. By changingitiies of
either energy or time, one may assume without loss of getetiaht p = 1.

[PUWO8] observe that in any locally-optimal normal scheqglach jol is run at a power proportional
to the number of jobs that depend éinRoughly speakingnormal means that no job completes exactly
when another job is released. We say that aj@ependn a jobi if delaying: would delay;j. In the
online setting, an obvious lower bound to the number of jblas tlepend on the selected job is the number
of activejobs, where an active job is one that has been released babhgst completed. Thus Albers and
Fujiwara [AF07] propose the natural online speed scaliggrthm that always runs at a power equal to the
number of active jobs. They again only consider the case ibfwork jobs. They do not actually analyze
this natural algorithm, but rather analyze a batched vanatn which jobs that are released while the
current batch is running are ignored until the current béitiehes. They show that this batched algorithm
is 8.3e(3+2—‘/5)a-competitive with respect to the objective of total flow timpkis energy, and also give a
dynamic programming algorithm to compute the offline optistdedule for unit work jobs.

One reason that both [PUWO08] and [AF07] consider only unitijobs is that it seems that the optimal
schedule for arbitrary work jobs is quite difficult to chaexize.

1.1 Our Results

We give significantly stronger results for the problem of mmizing the objective of (weighted) flow time
plus energy. We both improve the algorithm and analysiséshecial case (unit jobs, no weights) consid-
ered previously [AF07] and then we give algorithms for theempeneral problem with weights and arbitrary
work jobs.

First, we show that the natural online speed scaling algariproposed in [AF07] is 4-competitive for
unit work jobs. This guarantee is independentof In comparison, the competitive rat833e(3+2—‘/5)a
obtained in [AFO7] is a bit over 400 when the cube-root rulelhdgy = 3).

More importantly, we consider the case of arbitrary worksjodind consider a much more general QoS
measure: weighted flow. We assume that each job has a pdsitdger weightw;. The weighted flow
objective is then the weighted sum of flow tim@s,; w; F;. Weighted flow generalizes both total flow time,
and total/average stretch, which is another common QoSureasthe systems literature. The stretch/slow-



down of ajob is the flow time divided by the work of the job. Mawgrver systems, such as operating systems
and databases, have mechanisms that allow the user or temgpggive different priorities to different jobs.
For example, Unix has th& ce command. In our setting, the weight of a job is indicativetwf flow time
versus energy trade-off for it. The user may be willing torapbmore energy to reduce the flow time of a
higher priority job, than for lower priority jobs.

Our analysis consists of two steps. We first relax the ohjedtinction to be fractional weighted flow
plus energy, instead of weighted flow plus energy. In thetibaal weighted flow time measure, at each
time step a job contributes its weight times the fraction ofinished work to the objective (See Section
2 for details). In the second step we show how to modify ouowtigm for fractional weighted flow plus
energy to obtain results for weighted flow plus energy at tiss bf a small factor in the competitive ratio.
The main reason for this two step analysis is that fractifloal is substantially easier to analyze than total
flow. For example, for a constant speed processor, compthimgptimal weighted flow schedule is NP-
hard [LLLK84], but the simple algorithm Highest Density §ifHDF) is optimal for fractional weighted
flow. HDF is the algorithm that always runs the active job vith maximundensity where the density of a
job is the ratio of its weight to its work. HDF is still the optal job selection policy for fractional weighted
flow when speed scaling is allowed.

Our algorithm is a natural generalization of the algoritmogmsed in [AF07]. We define the algorithm
A to be the one that uses HDF for job selection, and always ruagpawer equal to the fractional weight
of the active jobs. In Section 4 we consider the case of unitkwinit-weight jobs. We show that algorithm
A is 2-competitive with respect to the objective of fractibfiew plus energy. As a corollary to this, we
show that the algorithn® (proposed by [AFQ07]), that runs at power equal to the numbanfinished jobs
is 4-competitive for total flow plus energy. More generalie show that algorithml is 2-competitive for
instances where all jobs have unit density. This leads tthenalgorithmB’ that is 4-competitive for total
flow plus energy in the unit density case.

In Section 5 we consider jobs with arbitrary work and arhjtsaeights. Lety = max (2, a_(af(f;;ll)/(afl) )
We show that algorithm is v-competitive with respect to the objective of fractionaiflplus energy. For
anya > 1, the value ofy < max(2, 2« — 2). For large values of, v is approximatel\2«/ In a (ignoring
lower order terms) and far = 3, v =~ 2.52. We then used to define an algorithnd’,, which is parame-
terized bye > 0, and isyu.-competitive with respect to the objective of total weightfw plus energy,
wherep, = max(1 + 2, (1 + €)*). When the cube-root rule holds, by pickiag= .463, 1. is about3.15,
and the competitive ratig.. is a bit less than 8. For large valuesagfpickinge ~ In o/« implies thatC,
is approximatel2a?/ In? o competitive.

The analysis in [AF07] was based on comparing the onlinedidkeealirectly to the optimal schedule.
However, even for the case of unit work jobs, the optimal dake can be rather complicated [PUWO0S8,
AFQ7]. Our analyses of algorithm are based on the use of a potential function, and does nateaggito
understand the structure of the optimal schedule. Thisogmprhas two advantages over previous methods.
First, our analysis is simpler and tighter than the analys[#\F07] in the case of unit-work unit-weight
jobs. Second, we can extend our analysis to the case ofasbittork and arbitrary weight jobs. We give
an overview of our potential function analysis techniqu8éction 3.

Further, our results also give a way to compute the schetlateoptimizes weighted flow subject to a
constraintE on the energy used. It is not too hard to see that if we tracalbpbssible optimal weighted
flow schedules for all energy bounds and we traced out all optimal weighted flow plusimes energy
schedules for all possible factops that the resulting schedules are the same. That is, a dehg€ds an
optimal weighted flow schedule for some energy bo#ihifland only if it is an optimal weighted flow plus
p time energy schedule for some factar Thus, by performing a binary search over the possiblend




applying our algorithnC, one can find a9 (1)-approximate weighted flow schedule subject to an energy
bound ofE.

1.2 Related Results

Theoretical investigations of speed scaling algorithmsvmtiated by Yao, Demers, and Shenker [YDS95],
who considered the problem of minimizing energy usage wilaeh sk has to be finished on one machine
by its deadline. Since [YDS95] the vast majority of the altfonic literature has focused on problems
where jobs have deadlines. One reason that much of the chseas focused on speed scaling of jobs
with deadlines is that in general, algorithm design andyaislare significantly more difficult in speed
scaling problems than in the corresponding schedulinglenolon a fixed speed processor, but deadlines
help constrain how the energy can be distributed througthewtchedule, thus making scheduling problems
with deadlines more amenable to analysis.

In many computational settings, however, most processestioave natural deadlines associated with
them. As one example of this point, observe that neithertimor Microsoft Windows use deadline based
schedulers. This observation motivates our work, in whiehcansider flow rather than a deadline-based
objective.

[YDS95] show that there is an optimal offline greedy algaritto compute the energy optimal schedule
subject to deadline feasibility constraints. Constant petitive online algorithms are given in [YDS95,
BKPO07, BBCP08, BCPRK]. In particular, the online algoritiBptimal Available (OA), proposed in
[YDS95], was shown to b&(1)-competitive in [BKPO7] using a potential function anak/siOA runs
at the speed that would be optimal, given the current stategasen that no more jobs arrive in the future.
The speed scaling component of our algoritdnis similar in spirit as it can be described as: run at a con-
stant factore — 1 times the optimal speed given the current state, and givemthmore jobs arrive in the
future. The potential functions that we use to analyizare reminiscent, but certainly not the same, as the
one used in [BKP07] to analyze OA. Competitive algorithmstfmoughput and weighted throughput are
given in [CCL07]. There have been a couple papers in the literature ord sweding with the makespan
objective. The makespan can be thought of as a common deddltiall the jobs. [PvSUO08] give a poly-log
approximation algorithm for makespan on identical machiwéh precedence constraints give a bound on
the available energy. [Bun06] gives an efficient algoritlbradmpute all Pareto optimal schedules for tasks
on one machine with release dates, and for unit-work tasksudtiple machines with release dates.

We do not attempt to exhaustively survey the constantly grgwterature on speed scaling. We refer
the reader to a somewhat dated survey[IP05] for furtherdracind.

One recent negative result by Bunde [Bun06] shows that esenrfit-work jobs, optimal flow time
schedules can not generally be expressed with the starmardrithmetic operations, and the extraction of
roots.

2 Definitions

An instance consists of jobs, where job has a release timg, a positive worky;, and a positive integer
weightw;. The density of job is ’;’ and the inverse density % We assume, without loss of generality,
thatr; < rp < ... < r,. An online scheduler is not aware of jotuntil time r;, and, at timer;, learns
y; and weightm. For each time, a schedule specifies a job to be run and a spesrica the job is run.
A job i completes once; units of work have been performed énThe speed is the rate at which work
is completed; a job with worlg run at a constant speedcompletes in seconds. The power consumed



when running at speedis s*, where we assume that> 1. The energy used is power integrated over time.
We assume that preemption is allowed, that is, a job may hmesded and later restarted from the point of
suspension. A job iactiveat timet if it has been released but not completed at time

As an algorithm runs, we will keep track of the total weighjalfs active at time. There are actually
two different notions of a job’s weight. When we just use wajgve mean the original weight; of the job.
When we sayfractional weightof a jobi at time¢, we mean the weight of the job times the percentage of
work on the job that has not yet been finished. We will use amb@ardor weight and omit it for fractional
weight.

Let X be an arbitrary algorithm. Lat,(¢) denote the weight of jobs active at timdor algorithm
X. (Note that we make algorithms lower case in subscriptsyfoographic reasons.) Let,(t) denote the
fractional weight of the active jobs at timdor algorithmX . Let s, (¢) be the speed at timefor algorithm
x, and letp,,(t) = (s, (t))* be the power consumed at timéy algorithmX. Let E,(t) = f,ﬁzo po(k)dk
be the energy spent up until timdoy algorithmA.

Just as we defined weight and fractional weight, we can defisighted flow time and fractional
weighted flow time analogously. We use the well-known obetion that the total weighted flow time is
the total weight of the set of active jobs, integrated oveeti LetW,.(t) = [{_, w,(k)dk be the fractional
weighted flow up until time for algorithm X. Let W,(t) = [{_, @.(k)dk be the weighted flow up until
timet for algorithmX . Our objective function combines flow and energy and wélglt) = W, (t)+E.(t)
be the fractional weighted flow and energy up until titfer algorithm X, and G, (t) = W, (t) + E.(t)
be the weighted flow and energy up until timéor algorithmX. Let £, = E,(c0), W, = W, (o0),
W, = W(0), G = Gx(o0) andG,, = G, (c) be the energy, fractional weighted flow, weighted flow,
fractional weighted flow plus energy, and weighted flow ploergy, respectively, for algoritht¥. We use
Opt to denote the offline adversary, and subscript a varlapfe " to denote the value of a variable for the
adversary. SV, is the fractional weighted flow for the adversary.

3 Amortized Local Competitiveness

A common notion to measure an on-line scheduling algorithfndal competitivenessneaning roughly
that the algorithm is competitive at all times during theaxen. Local competitiveness is generally not
achievable in speed scaling problems because the advensgrgpend essentially all of its energy in some
small period of time, making it impossible for any online @lighm to be locally competitive at that time.
Thus, we will analyze our algorithms usiagnortized local competitivengsshich we now define. LekX

be an arbitrary online scheduling algorithm, aldan arbitrary objective function. Lé?% be the rate
of increase of the objective at timet. The online algorithmX is amortized locallyy-competitive with
potential functiond(t) for objective functiorf{ if the following two conditions hold:

Boundary Condition: @ is initially O, and and finally nonnegative. That i8(0) = 0, and there exists
some time’ such that for alk > ¢’ it is the case thab(¢) > 0.

General Condition: For all timest,

dH, dH, d

We break the general condition into three cases:

Running Condition: For all timest when no job arrives (1) holds.



Job Arrival Condition: & does not increase when a new job arrives.

Completion Condition: & does not increase when either the online algorithm or theradvy complete a
job.

Observe that whef(t) is identically zero, we have ordinary local competitivesnelt is well known that
amortized local-competitiveness implies that when the algorithm completiee total cost of the online
algorithm is at most times the total cost of the optimal offline algorithm.

Lemma 1 If online algorithmX is amortized locallyy-competitive with potential functiof(¢) for objec-
tive functionH, thenH, < vH,,.

Proof: Let ¢4, ..., t3, be the events that either a job is released, the online #ghgori completes a job,
or the adversary completes a job. I&{®(¢;)) denote the change in potential in response to ekeritet
to = 0 andrs,.1 = +oo. Integrating equation 1 over time, we get that

3n+1
Hm + Z A(q)(tz)) < 7Ho .
i=1

By the job arrival condition, and the completion conditiare can conclude thadf, + ®(o0) —®(0) < vH,,
and finally, by the boundary condition, we can conclude fiiat< v H,,. [ ]

Now consider the case that the objective functio&jghe fractional weighted flow plus energy. Then
4G — w(t) + p(t) = w(t) + s(t)*, and equation 1 is equivalent to:

dd(t
walt) + 5a(0)° — A(wolt) + 5,(0%) + T <. @
For our purposes, we will always consider the algoritAmwheres, (¢)® = w,(t). Thus equation 2 is

equivalent to:
(1) — 1 (wolt) + 50(0)%) + 0D < 0. ©)

If wo(t) + so(t)* = 0 then equation 3 is equivalent to

dd(t
P < o, (4)
Thus, we are essentially required to pick a potential fumcatisfying equation 4. Note thataf,(¢) +
so(t)* = 0 then it must be the case that the adversary has no activefjtibsea, andw,(t) = s,(¢)* = 0.
If wo(t) + so(t)* # 0 then equation 3 can be rewritten as
2w, (t) + 220

7= wo(t) + so(t)™ )

Since we want to choosgto be as small as possible, while still satisfying ineqyditthe right side of this
inequality will denote our competitive ratio.



4  Unit Work and Unit Weight Jobs

In this section we consider jobs with unit work and unit weighe first show that the speed scaling
algorithmA, wheres, (t) = w,(t)'/* is 2-competitive for the objective function of fractionaivl time plus
energy. We then show how to modif{ to obtain a 4-competitive algorithm for the objective fuootof
(integral) flow time plus energy. Later we extend the analysithe case when all jobs have unit density.

We first recall the following classic inequality and its chawy [HLP52](Section 8.3), that we use
throughout this paper.

Theorem 2 (Young’s Inequality) Let f be a real-valued, continuous, and strictly increasing timt on
[0, c] with ¢ > 0. If f(0) =0, anda, b such thaia € [0, ], andb € [0, f(c)], then

a b
/ f(:n)d:v—l—/ FD(@)de > ab,
0 0
where /(1) is the inverse function of.

Corollary 3 For positive reals:, b, 1, pandq such thatl /p + 1/q = 1, the following holds:

aP 1\ 4/P pa
pu— + (—) — > ab.
p H© q

Note that foru, = 1, this is the classic Holder’s inequality.
We now prove the main result of this section.

Theorem 4 Assume that all jobs have unit work and unit weight. The speating algorithmA, where
sa(t) = wa(t)V/« is 2-competitive with respect to the objectivef fractional flow plus energy.

Proof: We prove that algorithmi is amortized locally 2-competitive using the potentialdtian

2a0

*0= B+

(max(0, wa(t) — wo(t))”

wheres = (o — 1)/a.

We first need to verify the boundary condition. Cleadly0) = 0, asw,(0) = w,(0), and®(t) is
always non-negativeb satisfies the job completion condition since the fractioveight of a job approaches
zero continuously as the job nears completion and there distontinuity inw,(t) or w,(t) when a job
completes.® satisfies the job arrival condition since bath(¢) andw,(t) increase simultaneously by 1
when a new job arrives.

We are left to establish the running condition. We now brédekargument into two cases. In the first
case assume that thaf,(¢) < w,(t). This case is simpler, since the offline adversary has laagiénal
weight. Hered®(t) = 0 and%ﬁt) = 0 by the definition of®. Since we know thaiv, (t) < w,(t), it must be
the case thab,(t) + s,(t)* # 0, and then that the right side of equation 5 is clearly at raost

We now turn to the interesting case that(t) > w,(t). For notational ease, we will drop the time

from the notation, since all variables are understood taibetfons oft. We consideri® /dt.

e _ 2 d((wa_wo)6+l)—2(
it~ (B+1) dt — “A\Wa =0

9 d(wg — wy) '

7 (6)



Since jobs have unit density, the rate at which the fractisreght decreases is exactly the rate at which

unfinished work decreases, which is just the speed of thaitdigo Thusfl—’f = —s. Moreover since
Sq = wcl/a, by the definition of4, equation 6 can be written as

dd

T —20(wg — W) (sq — $0) = —2a(wg — wo)ﬁ(wcl/a — So) - @)

Sincew, > w, — w,, it follows that —w/® < —(wq — w,)"/* and asB + 1/a = 1 by definition of 3,

equation 7 implies that
d
(fi_t < —2a(wg — w,) + 2a(we — wo)ﬁso . (8)
Applying Young’s inequality (cf. Corollary 3) with = 1, a = s9, p = o, b = (w, — w,)?, andg = %, we

obtain that(w, — w,)?s, < B(w, — w,) + s&/a. Thus equation 8 can be written as

dd

E < _2a(wa - wo) + 2aﬁ(wa - wo) + 233 = _2(wa - wO) + 233 . %)
If w, + s§ = 0 then equation 9 implies thég < —2w,, and equation 4 holds. b, + s§ # 0 then,
plugging equation 9 into the right side of equation 5, we whéebound on the competitive ratio of

2w, + 22 _ 2Wa+ (=2wa + 2w, + 255) _ 2w, + 253

< =2. (10)
Wo + 8§ Wy + 8 Wy + 8

We now modify the algorithnd to handle integral flow time. Consider the algorittihthat at all times
runs a partially finished job if one exists (there will be atghone), and otherwise runs an arbitrary job.
FurtherB runs at power equal to the (integral) weight of unfinishedjokhat iss,(t) = wi/a. To analyze
algorithm B, we relateB to algorithmA. For the optimum algorithm we use its total fractional floméi
plus energy as a lower bound to the integral objective. Winkdegobserving that under any algorithm each

jobincurs a flow time plus energy of at least 1.
Lemma 5 If all jobs have unit work and unit weight, then for any instawithn jobs,G, > n.

Proof: Suppose a job has flow tinje then by convexity of the power function its energy is mirded if it is
run at speed/ f throughout, and hence it uses atlefist1/f)* = (1/f)*~! amount of energy. It suffices
to show thatf + (1/f)*~! > 1 for any f > 0. Clearly, thisis true iff > 1. If f < 1,then(1/f) > 1and
hence(1/f)>~! > 1as(a— 1) > 0. [

Lemma 6 Assume that all jobs have unit work and unit weight. The atgor B, wheres,(t) = w(t)"/*,
is 4-competitive with respect to the objectivef total flow plus energy.

Proof: ConsiderB and A running on the same input instance. At any titnéhe fractional weightv(t)
underB never exceeds that unddr since if they were ever equal, then algoritfihmust run at least as fast
as algorithmA. B has at most one partially executed job at any time, whichigsghatw, (t) < w,(t) + 1.
SinceB runs at speed at leastwhen it is not idling, it follows thal?, < W, + n. SinceE, = W and
E, = W, it follows thatGy = W, + Ey = 2W,, < 2W, + 2n = G, + 2n. By Theorem 4, we have that
G, < 2G, and since?, < G,, it follows thatGy, < G, + 2n < 2G, + 2n < 4G,. The last step follows as

G, > n by Lemma 5. [ ]



4.1 Unit Density Jobs

We first note that algorithm is 2-competitive for instances with unit density jobs.

Theorem 7 Assume that all jobs have unit density. The algoritdmwhere s,(t) = @(t)'/?, is 2-
competitive with respect to the objectiéeof total fractional flow plus energy.

Proof: We choose the same potential function as in the proof of Tmat and show that the same proof
works. First, it is easily seen that the boundary conditiand the arrival conditions hold, and hence it
remains to show the running condition. For unit density jabe rate at which fractional weight decreases
is equal to the rate at which work decreases which is equéilegspeed, i.edw/dt = —s. The running
condition follows by observing that this is only propertyedsn the analysis of Theorem 4. [ |

We now modify A to handle integral flow time. Consider the algoritiirintroduced in the last sub-
section, that gives preference to partially run jobs, arad thns at power equal to total integer weight of
unfinished jobs. The following is an easy lower bound of optim
Lemma 8 Any algorithm must incur a total flow plus energyof y.z_l/a

2

, Wherey; is the size of joh.

Proof: We consider each job separately. If a job of gjde executed at average spegdts weighted flow
time is exactly(y/s) - y (as the job has unit density, its weight is algp and its energy consumption is at
least(y/s) - s = ys* L. If s < y'/*, the first term is at leag>~/*, otherwise, ifs > 3/, the second
term is at leasy?~1/. [

We can now show that algorithif is 4-competitive.

Lemma 9 Assume that all jobs have unit density. The algorifBmvheres, (t) = w(t)'/, is 4-competitive
with respect to the objectiv@ of total flow plus energy.

Proof: Clearly, at any time the fractional weight undBrnever exceeds that unddr At any time under
B, if the (unique) partially executed job has sizethenw,(t) < wy(t) + y < wq(t) + y. SinceB runs

at speed at leagf/ when the partially executed job has sizeit follows thatT, < W, + 3, 52 /.

SinceE, = W, andE, = W,, it follows thatG, = 2W;, < 2W, + 25,50/ = G + 25,40 /",

By Theorem 7, we have that, < 2G, and sinceG, < G,, together with Lemma 8 it follows that
Gy <2G,+ 2527V < 4G,. m

5 Arbitrary Size and Weight Jobs

In this section we consider jobs with arbitrary work and tdry weight. We first show that the algorithm
A sy = max(2, a_(af(f)‘;ll)/(a,l)) competitive with respect to fractional weighted flow plugrgy. Later
we show how to usel to obtain an algorithm for (integral) weighted flow time plkrsergy. This algorithm
will be parameterized byand denoted aS.. The competitive ratio of’. will be .. wherey, = max(1+

%, (14 €)*). We first state a simple algebraic fact, the proof of whichlsafiound in [BKPO7].

Lemma 10 Letq,r,d > 0andy > 1. Then(q + 6)* 1 (q — pr — (p — 1)) — ¢* (g — pr) < 0.

We now show the main result of this section.



Theorem 11 The speed scaling algorithr, where the job selection policy is HDF arg(t) = w(t)'/?,
2(a=1) ) competitive with respect to the objectigieof fractional weighted flow

» a—(a—1)1-1/(a=1)
plus energy. In particulary = 2 for1 < o < 2, andy < 2(a— 1) fora > 2. Fora > 2 + e we have
v < a — 1, and finally, for largen, v =~ 2o/ Inav.

ISy = max (2

Proof: For technical reasons it will be convenient to work with irsedensity which is defined as the ratio
of the work of a job divided by its weight. In this terminolothe algorithm HDF is the one that works on
the job with the least inverse density at any time.

Letw,(h) andw,(h) be functions of time denoting theotal fractional weight of the active jobs which
have an inverse density of at ledstfor algorithmA and some fixed optimum algorith@pt respectively.
Note that forh = 0, these terms simply correspond to the total fractional tvegg timet. We will prove
that A is amortized locally-competitive using the potential function

B(0) = [~ (wa(h)(walh) = (8+ (k) dh (11

where = (o« — 1) /«, andn is some constant that we will set later.
That ¢ satisfies the boundary condition follows easily singgh) = w,(h) = 0 for all values ofh
at timet = 0 and as time approaches infinity. Similanly,satisfies the job completion condition since the
fractional weight of a job approaches zero as the job neamplagion, and there are no discontinuities.
Now consider the arrival condition (which is somewhat nowidl in this case). Suppose a jalwith
inverse density:; and weightw; arrives at time. If h < h; then bothw,(h) andw,(h) increase simulta-
neously byw;. If b > h; then bothw,(h) andw,(h) remain unchanged. Thus after the arrival of jahe
change in the potential function is

hi

w7 [(wah) ) () = (8+ Dwa(h) = ) = walh)? (wa(h) = (3 + Do) db . (12)

The fact that each summand
(wa(h) + wi)” (wa(h) = (B4 Dwo(h) — Bwi) — wa(h)” (wa(h) — (8 + 1)wo(h)) (13)

in the integral above is not positive follows from Lemma 10d@ytingg = we(h), r = wy(h),d = w; and
u = B+ 1. Thus the arrival condition holds.

We now consider the running condition. Let, andm, denote the minimum inverse density of a job
that is alive underd and Opt at timet, respectively. Assume algorithi is running jobi with inverse
densityh; = m,. Then forh < m,, let us consider the rate at whiah,(#) changes witht. The remaining
work decreases at rates, and hence the fractional weight decreases at-rate- (w;/y;) wherey; is the
(original) work of this job. Thus,

dwa(h) _ Wi S
a "y mg
and ifh > m, then®e() — o Similarly, 2s(t) — — 2 if h < m, and is0 otherwise. We now evaluate
a2
e o [ d(wa(h)*) d((wa(h) wo(h)))
a " < dt —(B+1) dt dh
0 “ h 0 o h
= n(B+1) [/ wa(h)ﬁwdh_ wq(h) Mdh
h=0 dt h=0 dt
0 “ h
=3 [T ()t () ( )dh] : (14)
h=0 dt

10



We now focus on the first integral in equation 14. Sidcerorks on job with minimum inverse density
mg, there is non-zero contribution only whéne [0, m,]. Further, forh € [0,m,), it is the case that
wq(h) = we(0) = w,. Thus,

© dwg(h) Ma dwg(h) ( (—sa)>
pZZaN?) gy pZZaN) gp B _2a)) - _,,Be — _
/h . wq(h) s dh - wq(h) s dh =mg [ w] p W, Sq Wg, - (15)

The fact that—wgsa = w, follows by the definition of4, ass, = wcl/a.
We now focus on the second integral in equation 14. We have,

—/OO wa ()P ) g [ ()P an < /m w2 dh = wls, . (16)
h=0 dt h=0 me h=0 mo
The inequality 16 follows since, (k) is non-increasing function df, andw,(0) = wy.

We now focus on the third integral in equation 14. Recall thath) = w, for h € [0, m,). Because
the algorithm is working on the highest density jB2") = — 2 for i € [0,m,) and %) = 0 for
h > m,. Then recalling thatv,(h) is non-increasing with, we get,

> a h Ma a Ma — a —
—/ wa(h)ﬁ_lwo(h) dwa( )dh = wa(h)ﬁ_lwos—dh §/ waﬁ 1u)os—am = waﬁ M08y = W, .
h h

=0 dt h=0 Mg =0 Mg
(17)
Combining equations 14, 15, 16 and 17 we obtain
dd
I = (B Dn(=wa+ B, + wiso) . (18)

We now consider two cases depending on whether [1, 2] or whethera > 2. Fora < 2, we apply
Young’s inequality (cf. Corollary 3), with = w?, b = s, p = 1/3, andq = «, andy = 1, which yields
that

(e

wiso < fuwa+ 2. (19)
Plugging this in the inequality 18 we obtain that
dd s
% S”?(ﬁ"i'l)((ﬁ_ 1)wa+ﬁwo+5) . (20)

Now consider the subcase thaj(t) = s,(t)* = 0. Then, equation 20 implies that

92 <n(B+1)(3 -~ . (21)

Settingn = 2a/(8 + 1) we get that2 < —2w, as required by equation 4. Now consider the subcase

thatw,(t) + s,(t)® # 0. Plugging the bound of{% in equation 20 into the right side of equation 5, and
regrouping terms, we obtain a bound on the competitive mdtio

(2 =n(B+ 1) = B))we +nB(8+ Dwo + n(f+1)sg/a
Wy + S§

(22)

Recalling that) = 2a/(3 + 1), and substituting this equality into equation 22, we eliatéthew,, term.
Furthermore, observing tha3 (3 + 1) = 2(a — 1) < 2 and thaty(5 + 1) /a = 2, we obtain the desired
competitive ratio of 2 for this case.

11



We now consider the case of > 2. Applying Young’s inequality (cf. Corollary 3), wita = w?,
b=s0,p=1/3,andq = o, andp = (o — 1)_1/(0‘_1), we get that

1\*8 /s
wgso < /Lﬁwa + (;) (—0) .

o
As a8 = o — 1 and plugging in the value of, we have that—*” = o — 1 = a3 and hence,
wese < pfwa + P - (23)
Plugging equation 23 into equation 18 we get
dd

o S8+ Vwa+ B(8 + Do+ BB+ pswa + BB+ 1)s5)] - (24)
Now consider the subcase thaj(t) = s,(t)* = 0. Equation 24 is then equivalent to
ad
7 Sn[=(B+Dwa+ B8+ 1)pwa] - (25)

Settingn = Wiﬁ—l) we get that this is equivalent ¢ < —2w,, as required by equation 4. Now

consider the subcase thag(t) + s,(t)* # 0. Plugging the bound o@% in equation 24 into the right side
of equation 5, and regrouping terms, we obtain a bound ondimpetitive ratio of

2+ 0B+ 18— 1))wa + 08B+ 1)(wo + 55)

Wo + 8¢
Recalling thaty = m, we can eliminate the), term. Thus we obtain a bound on the competitive
ratio of 28 2 0
a fe—
T—/f  a—(a-DrUeD ) (20)
|

To obtain a guarantee for integral weighted flow time, we detfire algorithnC, to be the one that uses
HDF for job selection, and whenever there is unfinished wibrkins at a power equal tad + ¢) times the
power that algorithmd would run at. Note thaf’. must simulate algorithm, and is not the same algorithm
as run at powef1 + €) times the fractional weight of the active jobs.

Corollary 12 Lety. = max((1 + 1), (1 + €)*). The algorithmC,, wheres,, (t) = (1 + €)sa(t), iS pey-
competitive with respect to the objecti¢eof weighted flow plus energy. For large valuesngfchoosing
e ~ Ina/a optimizeg, ~ o/ Ina.

Proof: Given an inputinstance, and any arbitrary speed funetj¢t), consider the following two schedules.
The first is obtained by running HDF at speedt) and the second is obtained by running HDF at speed
(1 + €)s4(t). A simple inductive argument (a formal proof can be foundBhISP06]) shows that at any
timet, if some jobj has received: amount of service under the first schedule, then it has redeit least
min(p;, (1 + €)z) amount of service under the second schedule, wheithe size of joly.

This implies that if joby is alive undelCe, thenj has at least a¢/ (1+¢) fraction of its weight unfinished
underA. ThusW, > (e/(1 + €))W,, or equivalentlylV.. < (1+ )W,. MoreoverE,, < (1 + ¢)°E, as
the speed undeT. is always within(1 + ¢) times that ofA. Together with Theorem 11, the result follows.

|
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6 An Online Lower Bound

In this section, we show that the problem of minimizing floméi subject to a fixed energy bound online
has no constant competitive algorithm. This records in&literature a fact that was generally known by
researchers in this area.

Theorem 13 Assume that there is some fixed energy bokindnd the objective is to minimize total flow
time. Then there is n@(1)-competitive online speed scaling algorithm even for upitknand unit weight
instances.

Proof: We will give an adversarial strategy for generating an inptlihe jobs are divided into batches
By, ..., By. BatchB; containsn; = ((2 — 1/a)*E)Y (2a=1)2i/(2a=1) jobs that arrive together at some time
after both the online algorithm and the optimal scheduleHanished all the jobs in batch;_.

We first consider the adversary’s schedule. Schedulinghbtds equivalent to the off-line problem
without release dates. [PUWO08] shows that the optimalexjsato minimize flow time is to run thg” job
to finish at power equal to; = p(n; — (j — 1)) for some constani. The job run at speed;/a takes time
-1/

0; to finish. The total energy; expended on batcB; is then
n; 11 n; n;
E; = ZUJ’_ Ja _ pl_l/aza(m — i+ 1)1—1/a _ pl—l/azjl—l/a ’
j=1 j=1 j=1

which implies that

< o) )a/(a—l)
P=lm 15074 .
ijzljl l/a

The optimal flow time for batclB; is then

ng (Z;L;ljl_l/a)a/(a_l)

. ~1/a _ 1/« .- 1-1/a
J=1 J=1 i

We now approximate the sum by an integral (the error is nidgédor these calculations) and obtain that
the optimal flow time for batctB; is

n2a—1 1/(a—1)
e — . 27
<<<2 = 1/a>aEi>> @0
Plugging our choice of; = ((2 — 1/a)*E)Y/(a~1)2i/(2a—1) into equation (27), we get that the optimal
flow time for batchB; is
L\ 1/(a=1)
2E
< & ) @8)

The adversary, who knows could set

(L+1—1q)2"22F

TSl (11— aaak (29)

i

13



With this choice, we clearly have th@le E; = E, as desired. The adversary’s flow time of batchthen

gip\ /Y (g (041 — k)2e20k Heh
E; B (0+1— )22 ‘

(30)

The quantityy >t _, (£ + 1 — k)22722k is O(2¢). Thus the adversary’s flow time of each batch is at most

(26)1/(a—1)

Hence the adversary’s total flow time, which is the sum of ttve fime of the batches, i9(2¢/(*~1)). Note
that the last block consumes a constant fraction of the total energy.

We now consider the online algorithm. Assume that the ordilgerithm wasO(1)-competitive for
flow time. Consider batci®;, and let us graciously assume that the online algorithm pestao energy
on the jobs in the previous batches, and yet has accumulatédwmtime for these batches. If the online
algorithm were to allocate enerdy; to batchB;, then according to equation (28), its flow time for batgh

i 1/(a—1
is at Ieast(zEE) /(=)

the adversary’s total flow time i©(2/(®=1)). Thus, to beO(1) competitive, the online algorithm needs

i 1/(a— . . . . .y
that (22 fle= _ O(2/(@=1)) This is equivalent td = Q(1). Thus, to beO(1)-competitive, the
E, i)

online algorithm needs to allocate a constant fractionsoéitergy to each batch, and it can only do this for
a constant number of batches, which is a contradiction. [ ]

. By the previous calculations, we know that, in the case B)dt the last batch,
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