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1 PROBLEMG6.2

1 Problem6.2

(a) Prove that for every integer n, there exists a colorinthefedges of the complete graldh by two
colors so that the total number of monochromatic copieiéaé at mist(})2~>.

(b) Give a randomized algorithm for finding a coloring withnast (};) 2~> monochromatic copies d€
that runs in expected time polynomial in n.

(c) Show how to construct such a coloring deterministicalgolynomial time using the methods of con-
ditional expectations.

Proof:
(a) Each edge has 1/2 probablity to be colored in each of tbeetlors. There are 6 edges in edcf) so
the probability that &4 is monochromatic is 2%6 =279,

The expected number of monochromdigis thus(Z) .27, so that there exists such coloring such
that the number of monochromat{g is at most(})2~>.

(b) By fliping a coin, if it is head, we use color 1, otherwise use color 2. Assuming we have
probability p to get such a coloring, then:

(3)z°=a-m(})2 5+

So,
- (1) /32
7P = s
~ (a)/32
N YT
1
(0)/32+ 1 @)

Simply repeat the process, with success probabilitp.ofThe expected number of trials before a
success is thus/p, where

% = (2) /3241 =1+0(n*) = O(n*) (2)

(€)
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2 Problem 6.14

Consider a graph it p, with p=1/n. Let X be the number of triangles in the graph, where a triaigy!
a clique with tjree edeges. Show that
Pr(X>1)<1/6

and that
limy_oPr(X >1)>1/7 (3)

(it Hint: Use the conditional expecation inequality.

Proof:
By using the conditional expectation inequality, we have

© prix =1)

Pr(le):Pr(X>O):_;E[X|Xi:1] (4)
For any trianglePr (X = 1) = p°, and
E[X|X =1 =1+ (n;3)p3+<n;3)p3+<n13)p2 (5)
So,
(3) 03
Pr(X>1) =
( = ) i; 1+ (ngs) p3+ (nES) p3+ (nIS) pz
_ (3)p°
1+ ("37) P+ (") PR+ (") P
n 3
< (5)r
< %3p3 (6)

Sincep = 1/n, we havePr(X > 1) < (n°p?)/6.
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We also have:

lim Pr(X >1) = lim Ly .
e ol (") PP (1) PP (M) P2
n 3
— lim (3)/n

L () () e ()
n(n—1)(n—2)/(6n3)

a r!iﬂlo1+(n—3)(n—4)(n—5)/(6n3)+(n—3)(n—4)/(2n3)+(n—3)/n3
B 1/6
B an1+1/6+0+0
_1/6
- 7/6
1
= 5 (7)

3 Problem 6.16

Use the lovatz local lemma to show that if

4@) (kf 2) (5 < 1 (8)

then it is possible to color the edgeskyf with two colors so that is has no monochromdgicsubgraph.

Proof:
Using lovatz local lemma, we need tdg < 1.
Define the events sé& as

E ={E | E € K, Ei ismonochromatic} (9)
By fliping coins, we can color the graph with two colors, eaolochas the same probability of 2.
k k
The probability for eacl; is thus 2 (%)(2) — 212, since there ar€) edges in eachy.

Next we need to prove that= (';) ()

Two Ky are dependent means they should have at least two commos, exiggay three common
vertices. To bound the degree of dependence, we do the fatloMhoose one edge from the curr&Rit
choose one or more vertices from tKig and the rest from all vertices not in th{g. Any such a selection
is an instance of choo$e- 2 vertices from all the vertices. So the degree of dependence is bounded by

()02

Pr(LnJ E)>0 (11)
i=1

We have 4lp <1, so we have

4
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which means that it is possible to color the graph wuch th@heeKy is monochromatic.

For any oneKy, to construct a graph which is dependent on it, we can choosatzes from this
graph, and the rest from all vertices which are not in s Any such an instance must be an instance
that



