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Abstract

In a network of bufferless packet multiplexers, the user-
perceived capacity of an ingress–egress tunnel (connection)
may degrade quickly with increasing path length. This is
due to the compounding of transmission blocking probabil-
ities along the path of the connection, even when the links are
not overloaded. In such an environment, providing users (e.g.,
client ISPs) with tunnels of statistically guaranteed bandwidth
may limit the network’s connection-carrying capacity.

In this paper, we introduce and analyze a transmission-
scheduling algorithm that employs randomization and traf-
fic regulation at the ingress, and batch scheduling at the
links. The algorithm ensures that a fraction of transmissions
from each connection is consistently subject to small block-
ing probability at every link, so that these transmissions are
likely to survive long paths. For this algorithm, we obtain
tight bounds on the expectation and tail probability of the
blocking rate of any ingress–egress connection. We compare
the bounds to those obtained using the FCFS link-scheduling
rule. We find that the proposed scheduling algorithm signifi-
cantly improves the network’s connection-carrying capacity.

In deriving the desired bounds, we develop an analytic frame-
work for stochastically comparing network-wide routing and
bandwidth allocation scenarios with respect to blocking in a
packet multiplexer. The framework enables us to formally
characterize the routing and bandwidth allocation scenarios
that maximize the expected blocking rate along the path of a
tagged connection.

1 Introduction

Transit networks often provide a “virtual leased-line” service
in the form of ingress–egress tunnels (connections) of guar-
anteed capacity. The user of the transit network, for example,
a lower-tier Internet Service Provider, is guaranteed a statis-
tically bounded and small transmission blocking rate (e.g.,
fraction of lost packets) as long as it injects traffic into the
tunnel without violating a certain input traffic characteriza-
tion.

Given a desired statistical (upper) bound on the blocking
rate of all connections, theconnection-carrying capacityof
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a network is the number of connections that the network can
serve (hence network utilization) without violating the desired
bound. The virtual leased-line model offers significant im-
provements in the connection-carrying capacity of transit net-
works compared to services based on lossless multiplexing
(e.g., TDM-based leased lines) [15].

The connection-carrying capacity of a network depends on
the amount of buffering available for contention resolution
at the core nodes (routers or switches). This is true for every
work-conserving link scheduling rule (e.g., FCFS). However,
some scheduling rules may perform better than others with
limited buffers. In other words, for a given router buffering
capacity, a network’s connection-carrying capacity depends
on the link-scheduling algorithm used at the core routers.

In this paper, we consider the problem of transmission
scheduling in networks of time-slotted bufferless links to
provide virtual leased-line services–efficiently in terms of
connection-carrying capacity. We assume the connections
are permanent: once admitted a connection remains in the
network. Thus the scheduling is one of maximizing the
number of connections the network can admit without vi-
olating the blocking rate guarantees. The links are buffer-
less in the sense that buffering can be used for alignment of
arriving packets with time-slot boundaries but not for con-
tention resolution. The focus on networks with small or no
contention-resolution buffers is motivated by the emergence
of high-speed routers using on-chip static RAM implemen-
tation of packet buffers [1], and all-optical packet switches
where buffers can be implemented using bulky fiber delay
lines [12]. We limit this exposition to the bufferless case, as
opposed to the case where links may have very small buffers,
in order to sidestep the analytical complications caused by
the loss of traffic characterization upon traversing a buffered
link [9,14].

For the class of networks considered in this paper, links are
modeled as follows: define thespeedupof a link as the max-
imum number of constant-size packets that can be simulta-
neously served by the link during a time slot. Each link is
equipped with a number ofalignmentbuffers equal to the
link’s speedup. Packets arriving at the head of a link within a
time slot are stored in the alignment buffers. The stored pack-
ets are then transmitted at the beginning of the following link
slot. This model is representative of optical fiber links in a
transit network. A link with speedups models an optical fiber
link that carriess wavelength channels of identical capacity



through wavelength division multiplexing (WDM). Improved
speedup is not without cost: incrementing the speedup of a
link requires an additional optical transceiver at each of the
link’s ends.

For bufferless links, FCFS scheduling degenerates into a nat-
ural scheduling algorithm that we refer to as the Earliest Ar-
rivals rule (EA). In EA, packets arriving within a slot are
considered for transmission in their order of arrival. If the
number of packets arriving at the link within a time slot ex-
ceeds the speedup, excess packets are blocked. Careful read-
ing of the results in [14] shows that EA would result in
good connection-carrying capacity only when links have large
speedup values. At small values of speedup, the transmission-
blocking rate of a connection deteriorates quickly with in-
creasing path length, even when links are lightly loaded.

The high cost of optical transceivers needed to increase the
speedup of a link raises the question of whether there are
scheduling algorithms that support good connection-carrying
capacity at small speedup values. In this paper, we present
such an algorithm in the context of a reservation-based trans-
mission control framework that is of practical importance in
networks carrying loss-sensitive (e.g., TCP) traffic. Before
presenting an overview of the proposed algorithm and the an-
alytical results, we describe the reservation-based framework
and state how the EA scheduling rule applies in its context.

The reservation-based framework implements virtual leased
lines as follows: each connection regularly generates trans-
mission requests for future time slots along its ingress–egress
path. A request may be blocked due to contention at any link.
If a request is not blocked, the egress sends an acknowledg-
ment back to the ingress. Packets entering the transit network
are buffered at the ingress and grouped into slot-sized data
frames. The data frames are then released into the bufferless
network according to the schedule of acknowledged reserva-
tions. In the context of this framework, the order of arrivals at
a link in the EA rule is the order of receiving the transmission
requests for a particular time slot (as opposed to the order of
arrival of the corresponding data frames).

Observe that with acknowledgments each ingress–egress con-
nection behaves as a lossless pipe of capacity equal to the rate
of successfully acknowledged transmission requests. Loss
can only occur at the ingress due to buffer overflow. If the
ingress is equipped with appropriately large buffer, loss oc-
curs only due to the difference between the packet arrival rate
and the rate of successful reservations over a time scale much
longer than a time slot duration. This allows loss-sensitive
flows such as TCP and its high-speed variants [5, 7] to fully
utilize the virtual pipe of successful reservations. Given an
expression for the tail of the blocking rate distribution of a
connection, the network operator can overprovision the band-
width allocated to the connection so that the expected rate
of successful reservations is arbitrarily close to the nominal
connection bandwidth allocation. Additional details about the
reservation-based framework can be found in [4].

1.1 Overview of Proposed Solution
As an alternative to EA, we introduce a scheduling algorithm,
BATCH, where, at every link, transmission requests from each
connection are presented to the link in batches. Each batch
covers a futurereservation epochof fixed duration. Transmis-
sion requests are scheduled at a link in the order of reception
of the corresponding batches.

BATCH specifies rules for generating time slot requests at the
ingress and for scheduling requests at core links. It also re-
quires the ingress to perform “phase randomization” to re-
duce the likelihood of synchronized (completely overlapping)
reservation epochs among different connections. BATCH im-
proves the transmission-blocking rate for connections travers-
ing a large number of hops by guaranteeing that a subset of
transmissions from each connection are consistently subject
to small blocking probability at every hop—even when the
expected blocking rate at the links is comparatively high.

1.2 Results and Contributions
The paper reports quantitative and qualitative results charac-
terizing the performance of BATCH. We obtain a tight bound
on the expected blocking rate of any network connection un-
der both EA and BATCH as a function of the speedup and load
at the links. Moreover, for BATCH, we obtain a bound on the
tail probability of the blocking rate.

The expected blocking rate bound defines a tradeoff between
the path length and link utilization. The tradeoff is of practical
use in deriving path length and load constraints on connection
routing. Numerical results show that, at small values of link
speedup, the algorithm achieves significantly better tradeoffs
(hence connection-carrying capacity) compared to EA.

The qualitative results are summarized as follows. First, we
show that BATCH ensures correlation among scheduling deci-
sions at different links so that a subset of the transmission re-
quests in each reservation epoch are subject to blocking prob-
ability less than the expected blocking rate at every hop (The-
orem 2, Section 8). Second, BATCH is fair in the sense that
connections sharing a link have equal bounds on the expected
blocking rate at that link (Theorem 3, Section 8). The fairness
result implies that BATCH does not give favorable treatment
to connection traversing long paths at the cost of penalizing
other connections.

Given the load at the links, the bounding analyses require the
characterization of “worst-case” routing and bandwidth allo-
cations scenarios (regimes) that maximize the expected block-
ing rate for a tagged connection at every link it traverses.1 To-
ward this end, we define a stochastic order relation among the
regimes that result in a prescribed load value at a particular
link. The order relation is defined with respect to the distri-
bution ofcontentionat any time slot (number of requests for
a link time slot). This analytic framework leads to necessary

1Because of the fairness property, the expected blocking rate over all con-
nections sharing a link is the same as the expected blocking rate of the tagged
connection at that link.



and sufficient conditions for maximal expected request block-
ing rate (i.e., maximum given the value of the load) at the link.
This characterization of worst-case regimes provides a proof
of the observation in [16] that the buffer overflow probability
in a multiplexer of regulated streams is largest whenever each
stream has the minimum bandwidth allocation.

The analysis yields a product-form bound for the blocking
probability of individual transmission requests in terms of the
blocking probability at the link. Analysis of the request block-
ing probabilities at a link builds upon the blocking probabil-
ity in a constant-service time multiplexer of periodic streams.
The blocking rate bounds are tight since they represent the
performance of a connection routed along a set of links where
the conditions for maximal expected blocking rate are satis-
fied.

1.3 Related work
Research related to resource management in networks with
limited buffers within the optical packet and burst switch-
ing communities focuses primarily on system performance
metrics, such as switch and network throughput as op-
posed to quality of service guarantees (See [2, 12] and ref-
erences therein). When links are slotted and without con-
tention resolution buffers, Optical Burst Switching (OBS) is
a reservation-based transmission control scheme that imple-
ments the EA scheduling rule.

Research on statistical quality of service guarantees focuses
mostly on devising scheduling strategies that support packet
delay guarantees assuming that contention resolution buffers
are large enough to prevent packet loss (for example, see [10]
and reference therein).

Work on statistical loss guarantees typically aims at deriv-
ing bounds on the tail probability of the queue size at a link,
given an input traffic characterization. The bounds are then
used in dimensioning the link buffer size to achieve a desired
loss rate [8,11,18]. Today, transit networks providing virtual
leased-line services rely on this buffer-provisioning approach.
Obviously, it is not applicable when buffer capacity is limited
by technological constraints.

The work by Reisslein et al. [14] provides a bufferless-
multiplexing framework for supporting statistical delay guar-
antees in multihop networks. Using traffic regulation at the
ingress and bufferless multiplexing at the core, they transform
the problem of providing ingress–egress delay guarantees into
one of providing loss guarantees. The loss bounds are ob-
tained using an approximate fluid-multiplexer model. In the
next section, we argue that the fluid model may severely un-
derestimate the blocking probability in packet multiplexers,
and specify the speedup-based model adopted in this paper.

The remainder of the paper is organized as follows. We char-
acterize the performance of the EA rule under the speedup-
based link model in Section 3. In Section 4, we present the

proposed transmission-scheduling algorithm, BATCH. In Sec-
tion 5, we identify conditions on routing and bandwidth allo-
cation that result in maximal expected blocking rate at every
link along the path of a tagged connection. Bounds on the re-
quest blocking probabilities at a link are derived in Section 6,
and bounds on the expectation of the blocking rate and its
tail probability are obtained in Section 7. The correctness and
fairness results are presented in Section 8, followed by numer-
ical results in Section 9. Finally, we present our concluding
remarks in Section 10.

2 Bufferless Multiplexing Model

Blocking in a network of bufferless multiplexers (links)
has been analyzed in [14] using an approximate fluid-
multiplexing model. The fluid model builds on the fundamen-
tal assumption that, at each (arbitrarily small) time step, a link
can simultaneously serve traffic from any number of connec-
tions as long as the sum of their instantaneous transmission
rates does not exceed the link capacity. In this section, we
identify some limitations of the fluid model and introduce the
link model used in this paper.

Limitations of the fluid model
When used to predict the performance of bufferless multiplex-
ers of packetized traffic, the fluid model may underestimate
the blocking probability: If the multiplexer serves packets se-
quentially (as a single server system), the fluid assumption
(stated above) does not hold for time steps of length equal
to or smaller than the packet transmission time. As a result,
the fluid model fails to account for blocking due to multiple
arrivals within a packet transmission time.

The quality of the fluid approximation is sensitive to the rela-
tion of the link capacity to connection peak transmission rates.
This follows from the fact the peak transmission rate of a con-
nection can be chosen arbitrarily and remains constant across
all time scales. For example, if the link capacity is larger than
the sum of peak transmission rates for all connections sharing
the link, blocking never occurs in the fluid service model irre-
spective of the load.2 This is again in contrast to the behavior
of packet multiplexers where the peak transmission rate of ev-
ery connection is–by force–equal to the link capacity at time
scales shorter than or equal to the packet transmission time
(time slot). Under heavy load, blocking occurs frequently in
a bufferless packet multiplexer due to the coincidental arrival
of multiple packets within a time slot.

Due to the above limitations, the fluid approximation is in-
adequate for computing bounds on the blocking performance
in networks of bufferless packet multiplexers. However, the
performance bounds obtained using the fluid model in [14]
can be interpreted as highlighting the performance gains that
can be obtained by provisioning each link to act as a multi-

2In this case, the load can be made arbitrarily close to1 without incurring
any traffic loss by having connections transmit at peak rate more frequently.



server system capable of serving multiple packets in each time
slot. The issue becomes whether the scheduling rule affect
the amount of overprovisioning needed to achieve the desired
performance bounds.

Bufferless packet multiplexers with speedup
Now, we extend the statistical benefits of simultaneously serv-
ing multiple connections to packet multiplexers by explicitly
modeling the link as a time-slotted multi-server system. This
link model enables us to differentiate among link schedul-
ing rules with respect to the number servers (e.g., optical
transceivers) required per link to achieve a desired blocking
performance.

During each time slot, the instantaneous rate of a connection
is a binary random variable assuming the value of1 if the
connection requests transmission during that slot, and0 oth-
erwise. A link can serve transmissions from a number of con-
nections not exceeding itsspeedupvalue. Under this speedup
model, a bufferless link is a multi-server system where the
number of servers is equal to the speedup, and all servers have
the same constant service time.

We demonstrate the role of speedup using an example that
later turns out being of particular interest. Consider a link
multiplexing N periodic connections. Each connection of-
fers to the link one packet exactly everyM slots. Tak-
ing any M consecutive link slots (a period of the link) as
a reference, each connection is equally likely to offer its
packet during any of theM slots. Furthermore, the slot
choice of each connection is independent from other connec-
tions. Lets be speedup of the link. Then, for a given load
ν ∈ {0, 1/M, 2/M, . . . , (M − 1)/M}, the number of con-
nections,N , has to satisfyN = ν sM .

Suppose that speedup is increased by a factorf in order to
scale the link capacity by the same factor. The load can be
kept the same by either (1) increasing the number of connec-
tions N by a factorf while keepingM fixed, or (2) keep-
ing the number of connections fixed by increasing their band-
width allocations by a factorf , which is equivalent to shrink-
ing M by the same factor (given that in the current example,
each connection requests exactly1 slot everyM ). In either
case, increasing the speedup at a fixed load results in im-
proved link blocking performance. The improvements in the
first case can be established only in the limit ass (and by pro-
portionality N ) approach∞, for example using CLT. Since
we are contemplating the problem of multiplexing ingress–
egress traffic aggregates, which are naturally limited in num-
ber, we are not interested in such limiting regimes.

For the second case, suppose the slots within the reference pe-
riod are numbered1 throughM . Let γi,j be a bernoulli ran-
dom variable that assumes the value1 if connectioni chooses
slot j (i.e., with probability1/M ). Then the number of con-
nections requesting slotj is γj ,

∑N
i=1 γi,j . By the Chernoff

bound, for1/2 ≤ ν < 1: Pr{γj > s} < e−s(1−ν)2/(3ν)

which drops quickly ass increases.

As mentioned previously, the high cost of optical transceivers
necessary to activate additional wavelengths (that is increase
the speedup of a link) drive the interest in scheduling rules
that perform well at relatively small values of speedup. In the
next section we find that the Earliest Arrivals (EA) rule does
not satisfy this requirement.

3 Performance of the EA Rule

Consider the example introduced in the previous section. Un-
der the EA rule, the probability of blocking a packet (or trans-
mission request) from a tagged connection is bounded by the
probability thats or more connections, out of the remaining
N − 1 connections, choose the same slot as the tagged con-
nection.3 Denoting this probability withβ, we have:

β =
N−1∑
i=s

(
N − 1

i

) (
1
M

)i (
1− 1

M

)N−1−i

. (1)

Suppose that packets from a given connection are blocked at
each link according to an independent bernoulli trial. Then
the probability of blocking of a packet along a path ofh
links (identical to the one under consideration) is bounded by
1− (1− β)h. This is also the expected value of the blocking
rate (fraction of blocked packets) experienced by a connec-
tion. In Section 5, we find that the example above represents
a worst-case analysis of the blocking performance under EA
when traffic entering the network is shaped at the ingress into
periodic streams to minimize the blocking rate.

To visualize the performance of EA in terms of a network’s
connection-carrying capacity, we plot the tradeoff between
the link utilization and the path length to maintain a desired
bound on the expected blocking rate. We refer to such trade-
offs as “U -P tradeoffs.” Poor tradeoffs indicate that the net-
work can provide blocking guarantees only at light link loads
(small number of connections sharing each link) and prevent
routing traffic over long paths, thus implying poor network
utilization. Figure 1 shows theU -P tradeoffs at different
value of the link speedups. They are obtained by fixing
N = 128 connections and setting the periodM according
to the speedup and the desired link load. The plots indicate
that speedup plays a major role in determining the network’s
connection-carrying capacity. For instance, ats = 1 and link
load of only10%, the network cannot support an expected
blocking rate of0.1 for connections traversing more than a
few hops. On the other hand, whens = 100, the network
can support an expected blocking rate bound of0.02 at link
utilization above85% for connections traversing more than
25 hops. The middle plot shows that, even at speedup as
large as20, supporting an expected blocking rate bound of
0.1 severely limits the diameter of the network.

3Since EA is defined for traditional and reservation-based packet
switches, we use the termpacketto refer to actual packets or to the corre-
sponding transmission requests.
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Figure 1: Link utilization versus path length (U -P ) tradeoffs for link capacity128 slots/period and different values for link speedups. Left:
link speedups = 1, middle: s = 20, right: s = 100. Each contour is the locus of a constant expected blocking rate in theU -P
plane.

In the remainder of the paper, we introduce an alterna-
tive transmission-scheduling algorithm and compare theU -P
tradeoffs it supports with those of EA. We find that the pro-
posed algorithm supports significantly better tradeoffs.

Remarks.
The bound in (1) can be improved by assuming that the time-
slot request by the tagged connection is equally likely to be
received in any order among thei + 1 connections contend-
ing for the slot (i.e., by multiplying the summand byi+1−s

i+1 ).
However, this assumption does not hold in general due to
traffic phase effects that arise in multiplexing regulated traf-
fic (See [6] and references therein).

Though the EA scheduling rule can be modified to realize
the assumption by randomly accepting a subset of lengths
from thei + 1 transmission requests contending for the slot,
this may lead to practical complications. In the reservation-
based framework described at the beginning of this paper, if
a request arrives for a time slot that already hass scheduled
packets, a victim would have to be chosen at random from the
s + 1 contending requests. Canceling an existing reservation
results in wasted resources on downstream links and compli-
cates processing of acknowledgments. A different compli-
cation arises in traditional packet switches (without reserva-
tions) because alignment buffers are typically implemented
at the routers’ input interfaces rather than at the output links:
choosing a random subset of packets destined to the same out-
put is best done through a central arbiter, which can itself be-
come a bottleneck in routers with large number of interfaces
and link speedup.

4 The BATCH Scheduling Algorithm

The BATCH scheduling algorithm is defined in the context of
the reservation-based transmission framework described ear-
lier. In the reservation framework, the ingress border router
of a connection regularly generates requests for time slots at
a rate equal to the connection’s bandwidth allocation, and re-
leases constant-size data frames into the network according to

the schedule of acknowledged transmission requests.4

The transmission requests are transmitted from the ingress
router in the form of reservation packets that are processed
by core link schedulers as they traverse the connection’s path.
A link scheduler may block requests due to contention. To
avoid contention between data and reservation traffic, we as-
sume, as in burst-switched networks [13,20], that reservation
traffic is transmitted out-of-band over special control chan-
nels, and are processed in each router in a dedicated control
plane.5

BATCH is composed of an ingress algorithm for the genera-
tion of transmission requests, and a link scheduling rule.

4.1 The ingress algorithm
The ingress router periodically sends a reservation packet
along the path of the connection. Each reservation packet con-
tains the batch of time slot requests covering a futurereser-
vation epochof fixed duration. The time between successive
transmissions of reservation packets at the ingress is equal to
the duration of a reservation epoch so that a new epoch starts
immediately at the end of the preceding one. The duration
of time between the transmission of the reservation packet
and the start of the corresponding reservation epoch is called
the horizon. Figure 2 specifies the timing relationships be-
tween events in the reservation process for two consecutive
reservation epochs at the ingress of a connection. In addition,
Figure 3 shows the timing relationships between events for a
single epoch over two consecutive links.

The ingress algorithm specifies the requested slots by the con-
nection within each epoch, and performsphase randomiza-
tion as described next.

4Arriving packets are grouped into constant-size frames at the ingress
router.

5The volume of reservation traffic generated by a connection should be
made much smaller than the volume of its data traffic by the appropriate
choice of the frame size [19]. We assume that the capacity of the control
channels and router control planes are dimensioned so that no reservation
traffic is lost.
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Figure 2: Timing diagram of the reservation process at the
ingress of a connection for two consecutive epochs.
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Figure 3: Timing diagram showing the pattern of requested
slots by a connection on two tandem links.

4.1.1 Pattern of requested slots: Let sµ be the ca-
pacity of the first link along the path of a connectionc in
frames/second, wheres is the link’s speedup. Since a con-
nection can inject at most one data frame per time slot into
the network, fromc’s point of view the link capacity is simply
µ slots/second. Further, letρ denotec’s bandwidth allocation
in frames/second. The ingress of connectionc chooses the
slots to request according to the staircase functionαρ,µ(t) =⌈
t ρ

µ

⌉
, t ≥ 0, which specifies the number of requested slots

in an interval of lengtht slots. Precisely, if connectionc re-
quests its first slot atτ0 , then for allτ ≥ τ0 , connectionc
requests slotτ iff αρ,µ(τ − τ0 + 1) > αρ,µ(τ − τ0). The
staircase pattern limits the variation in the number of slots be-
tween two consecutively requested slots to±1. In the absence
of blocking, this minimizes both the maximum and expected
inter-transmission delay.

4.1.2 Phase Randomization: Upon the initialization
of a connection, the ingress picks a phase shift uniformly at
random from the length of a reservation epoch. The phase
shift is added to the horizon and the time of initialization to
obtain the starting slot of the first reservation epoch. Phase
randomization ensures that, at every link, reservation epochs
from different connections overlap at random phases. It plays
an important role in determining the blocking performance of
the scheduling algorithm (Section 6).

4.2 Link scheduling rule
Core link schedulers sequentially process reservation packets
(request batches) in the order of reception. Requests within a
batch are also scheduled sequentially or in parallel. Each link
scheduler maintains a time-slot availability vector indicating
the number of frames scheduled for transmission within each
slot in a bounded interval. The number of frames scheduled
for transmission during a slot is at most equal to the link
speedup,s. If a new request arrives for a slot having less
thans scheduled frames, the request is granted. Otherwise it
is blocked.

The scheduling algorithm is parameterized by a globally de-
fined minimum bandwidth allocation in frames/second and
the minimum batch size (number of requests within a batch
for a connection having minimum bandwidth allocation). To-

gether, these parameters determine the duration of a reserva-
tion epoch, which is common for all connections. The actual
batch size for a connection is determined by the connection’s
bandwidth allocation.

It should be clear that the time complexity of the algorithm is
O(1) per transmission request. We discuss the storage com-
plexity of the algorithm in Section 10.

5 Analysis Framework

In the remainder of the paper, we analyze BATCH to obtain
bounds on the expectation of the blocking rate experienced by
an arbitrarily tagged connection and its tail probability. The
analysis of blocking is probabilistic due to phase randomiza-
tion at the ingress routers (Section 4.1.2).

We seek bounds parameterized by the load at each link along
the path of the connection. These bounds must be obtained by
analyzing the transmission-scheduling algorithm under con-
ditions that maximize the blocking rate at each link, given
its load. In this section, we identify necessary and sufficient
conditions for maximal blocking rate at a link. We then char-
acterize the network-wide bandwidth allocation and routing
scenarios, calledregimes, under which these condition holds
at every link along the connection’s path. The characteriza-
tion is defined over all possible sets of ingress–egress con-
nections and bandwidth allocations. It is independent of the
link-scheduling rule, thus can be used in the analysis of EA
as well as BATCH.

We begin by stating our modeling assumptions and establish-
ing some properties of the pattern of slots requested by a con-
nection at any link.

5.1 Notation and model assumptions
Let L = {1, 2, . . . , L} represent the set of links in the net-
work, and letCl be the set of connections sharing linkl ∈ L.
Let µl denote the capacity of linkl in slots/second and let
sl ≥ 1 be its speedup value. Further, denote the bandwidth
allocation of a connectionc by ρc frames/second. A connec-
tion can request at most1 transmission per time slot at any
link irrespective of the speedup. Thus we haveρc ≤ µl for
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Figure 4: An example envelope pattern generated byαρc,µl(τ −
τ0 + 1) whereρc/µl = 2/5. Any sequence of consecu-
tive link slots of length5 is a period of the pattern.

every link l andc ∈ Cl. The analysis is carried-out under the
following assumptions:

(M1) Links are not oversubscribed:
∑
c∈Cl

ρc < slµl for all l.

(M2) Connection bandwidth allocations and the link capaci-
ties are integral multiples of a minimum allocationρ0 .

(M3) Connection phases are statistically independent.

Despite (M1), blocking still occurs whenever the number of
connections requesting transmission during a link slot ex-
ceeds the link speedup. Since the minimum allocationρ0

can be made arbitrarily small, assumption (M2) simplifies the
analysis without any loss of generality. Assumption (M3) re-
lates to the randomization of connection phases at the ingress
routers. It implies that slots requested by two different con-
nections at a link are statistically independent, unless these
connections share an upstream link.

5.2 Transmission request patterns in BATCH

We say that the request pattern of a connectionc at some linkl
is defined byαρc,µl

if for some starting slotτ0 on l, the pattern
matches the one generated fromαρc,µl

using the ingress rule
(Section 4.1.1).

Let (l1, l2, . . . , lh) represent the path of a connectionc. The
pattern of connectionc’s request onl1 is defined byαρc,µl1

. It
is straightforward to show that this request pattern is periodic.

Property 1 LetTc,l be the denominator of the rational num-
ber ρc/µl in its simplest form. Then the request pattern de-
fined byαρc,µl

is periodic with period sizeTc,l slots.6,7

Figure 4 is an example illustrating the periodicity of the enve-
lope pattern whenρc/µl = 2/5.

It is easy to see that the periodicity of the pattern of slots re-
quested by the ingress is maintained across links of different
capacity, except for missing requests due to blocking at up-
stream links.

6A functionf is periodic with periodL if for all x: f(x + L) = f(x).
7A rational number is in its simplest form when the nominator and the

denominator have no common divisors.

Property 2 Consider two tandem links,li andli+1, along the
path of a connectionc. If the pattern of slots requested byc
on li is defined byαρc,µli

, then in the absence of blocking, the
pattern of slots requested byc on li+1 is defined byαρc,µli+1

.

If the connection experiences blocking upstream of a linkl,
the functionαρc,µl

defines anenvelope patternfor c at l: re-
quested slots follow exactly the periodic pattern defined by
αρc,µl

except for the requests missing due to blocking up-
stream.

The following is a direct consequence of Property 1.

Property 3 The pattern of the requested slots on a linkl due
to the superposition of the patterns defined by{αρc,µl

|c ∈ Cl}
is periodic with a period sizeTl equal to the least common
multiple of the sizes of the connection periods.

Let T0,l be the denominator of the rational number
ρ0
µl

in its
simplest form. (i.e., the period size of a connection of min-
imum allocation at linkl. Then by assumption (M2),T0,l is
an integral multiple ofTl. We refer to any sequence of length
T0,l of consecutive slots onl as the period of linkl. We state
this as a definition for ease of reference:

Definition 1 (Link period) LetT0,l be the size of the period
of a connection of minimum allocationρ0 at link l. Then any
sequence of consecutive slots of lengthT0,l on l is called the
period of linkl.

Using the properties developed in this section, we now char-
acterize the routing and bandwidth allocation scenarios that
lead to maximal blocking rate at a link.

5.3 Conditions for maximal expected link blocking rate
As described in Section 2, in our packet-multiplexer model,
request blocking occurs at a link whenever a number of con-
nections, larger than the speedup of the link, contend for the
same slot. Since contention at a link may be affected by
blocking at other links in the network (e.g., upstream links),
we define contention as follows.

Definition 2 (Contention). Letτ be a time slot on some link
in the network. Contention atτ , under a regimeG (a network-
wide routing and bandwidth allocation scenario), denoted
χG

τ , is a random variable representing the number of requests
for slot τ underG.

The probability of blocking at a link is the probability of con-
tention at any slot exceeding the link speedup. Then, the prob-
ability of blocking at a link is maximum when contention at
every slot, as a random variable, is (stochastically) maximum
given the prescribed link load:



Definition 3 (Regimes of Maximal Contention) LetG be the
family of regimes that satisfy a prescribed load at linkl. A
regimeG∗ ∈ G is said to result in maximal contention at link
l if for each slotτ on l, Pr{χG∗

τ > κ} ≥ Pr{χG
τ > κ} for all

G ∈ G andκ ≥ 1. Equivalently, for eachG ∈ G, G∗ is said
to result inhigher contentionat l compared toG.

The above definitions provide a convenient language for rea-
soning about conditions that maximize the expected block-
ing rate at a link without any assumptions about the schedul-
ing algorithm used (except work conservation). It is easy to
see that if a regime results in maximal contention at linkl,
then it not only maximizes the probability of blocking at any
given slot (irrespective of speedup), but also maximizes the
expected number of blocking events at that slot. That is, it
maximizes the expected blocking rate (as a fraction of total
transmissions) at the link. Furthermore, since the expected
blocking rate must equal the average of the expected blocking
rate of all connections atl (each weighted by the connection’s
normalized contribution to the load), an increase in the ex-
pected blocking rate atl may increase but never decrease the
expected blocking rate of each connection. Thus, in bound-
ing the blocking rate of a connection under any scheduling
algorithm, we should consider only regimes that maximize
contention at every link it traverses.

Back to our analysis of BATCH. To completely characterize
contention at a link, it is sufficient to study contention over a
single link period. This follows directly from Property 3 given
the definition of a link period (Definition 1). Furthermore, ob-
serve that contention is maximal at a linkl only if the time slot
requests from different connections are statistically indepen-
dent. Otherwise by (M3), a subset of connections must share
at least one upstream link, hence are less likely to contend
for the same slot.8 When the statistical independence of time
slot requests is satisfied, we simply say that the connections
sharingl are statistically independent. Building on these two
observations, the following theorem states that a regime re-
sults in maximal contention at a link iff all connections routed
through the link are statistically independent, have bandwidth
allocation equal toρ0 (the smallest possible allocation), and
do not experience blocking at upstream links.

Theorem 1 LetG be the family of regimes that satisfy a pre-
scribed load at linkl such that all connections sharingl un-
der any regime inG are statistically independent. A regime
G∗ ∈ G results in maximal contention at linkl iff for every
connectionc routed throughl underG∗, the pattern of slots
requested byc on l is the pattern defined byαρ0 ,µl

.

Proof: See Appendix.

The theorem formally establishes the intuitive observation
in [16] that the probability of blocking in a multiplexer of pe-
riodic packet streams is maximal at a given load, only when

8For instance, these connections cannot contend for the same slot atl if
the upstream link has speedup1.

all connections have minimum transmission rates. That is,
when the number of statistically independent periodic sources
contributing to the load is maximum. Although at first glance
this appears to be an obvious result, it becomes less so un-
der careful consideration. On one hand, if each connection
requests only1 slot per link period (i.e., has minimum band-
width allocation), there is a better chance that the link receives
a large number of requests for the same slot. This is because
requests by the same connection must be for different slots.
On the other hand, when a connection requests multiple slots
per link period, because of periodicity, each request falls into
a smaller interval of slots within the link period. As a result,
the probability that a particular slot is chosen by the connec-
tion is higher. This raises the possibility that even though a
fewer number of independent connections are contributing to
the load in the second case, contention at a slot may end up
being higher, in the formal sense.

The theorem implies that the blocking rate of a tagged con-
nection traversing a sequence of links is maximal given the
load at the links only if the following conditions are satisfied:

(1) it competes at each link against a different set of con-
nections (which we call, the “background connections”
at the link), and at every link,

(2) the background connections do not experience request
blocking along the upstream portions of their paths, and,

(3) the tagged connection contributes a small portion of the
load at every link so that the blocking it experiences up-
stream does not significantly improve the probability of
blocking of its surviving requests.

Together (1), (2) and (3) imply that to obtain an upper-bound
on the blocking rate along the path of the tagged connection,
each link can be studied in isolation, thus leading to a product-
form expression for the overall request blocking probability
along the tagged connection’s path.

Remarks. The proof of Theorem 1 uses the properties of the
(staircase) request pattern of BATCH. It is otherwise oblivious
to all other aspects of the scheduling algorithm. Therefore,
the theorem applies to networks using any work-conserving
scheduling rule provided that the pattern of time-slot requests
by all connections follow the periodic staircase pattern.

When the EA rule is used instead of BATCH in the
reservation-based framework, each reservation packet carries
only one time slot request. If the requests are generated ac-
cording to the staircase pattern, Theorem 1 implies that the
analysis of EA in Section 3 is actually a worst-case analysis
of the request blocking probability along a path of identical
links. The same applies when EA is used in the context of
a traditional packet switching network (without reservations)
provided that packets entering the network are slot-sized, and
that the traffic of each connection is shaped at the ingress into



a periodic stream.9

In summary, the results in this section provide a framework
for the analysis of BATCH and comparing its performance to
the EA scheduling rule. We analyze the link blocking perfor-
mance under BATCH in the next section.

6 Blocking at a Link

In this section, we study blocking within a reservation epoch
from an arbitrarily tagged connectionc, at a linkl. We derive
bounds on the probability of blocking of individual requests
in the batch covering the reservation epoch. The bounds are
exact expressions for the blocking probabilities under the con-
ditions specified by Theorem 1. They are therefore tight.

6.1 Preliminaries
Consider a particular reservation epoch of the tagged connec-
tion c as a reference epoch. The reference epoch spansn pe-
riods at linkl numbered1, 2, . . . , n. Let N be the number of
connections sharing linkl. Since all reservation epochs have
the same duration, the reference epoch overlaps with either
one epoch (complete overlap), or two reservation epochs from
each of the remainingN − 1 connections. Complete overlap
of reservation epochs occurs when the respective connections
start (and end) their epochs at the same link slot.

Due to phase randomization (Section 4.1.2), reservation
epochs from each ofN − 1 connections overlap withc’s ref-
erence epoch at a uniform random phase. That is, each con-
nection is equally likely to end their current epoch and start a
new one at any slot within the reference epoch.

Suppose that we can ignore upstream processing delay en-
countered by a reservation packet, which typically depend on
the length of the upstream portion of its path. Then reserva-
tion packets arrive at linkl in the same temporal order of the
start of the corresponding reservation epochs. Specifically, a
reservation packet is received at the link ahead of the start of
the corresponding reservation epoch by duration equal to the
horizon (Section 4). If, due to upstream processing delays,
reservation packets are not received at the link in the proper
order, we say that the order of reservations is violated.

Let δ be the maximum upstream processing facing any con-
nection, expressed in time slots. Thenn can be chosen large
enough that, with arbitrarily high probability, the order of
reservations is not violated. Suppose thatc’s reservation
packet is received at linkl, delayed byδ slots. The proba-
bility that the order of reservations is violated is at most the
probability that another connection starts a reservation epoch
within δ slots from the start ofc’s epoch. Due to phase ran-
domization, this probability is δ

nT0,l
. Thus, for a fixed time

slot duration and link period, this probability can be made ar-

9Note that the performance of EA without ingress shaping would be
worse due to burstiness of packet arrivals.
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Figure 5: Illustration of connection ranks.

bitrarily small by the choice ofn. Moreover, the value ofn
does not have to be very large as the time-slot duration (equiv-
alently, data frame size in bits) can be chosen so thatδ is a
small fraction of a time slot. In the following analysis, we as-
sume that the probability of violating the order of reservations
is negligibly small.

For notational convenience, we consider epochs starting
within the slots of a period withinc’s epoch, to have started at
that period’s leading boundary. This implies that each period
of the reference epoch belongs to exactly one epoch of each
connection, hence covered by one reservation packet (batch
of requests) from each of them.

Define the rank of a connection during a period as the order
of scheduling of its batch of requests relative to theN re-
quest batches covering the period. Recall that request batches
are processed, without interleaving, in the order of reception
of the corresponding reservation packets at the link’s inter-
face. We assume that reservation packets are received in the
same temporal order of the starting slots of the corresponding
epochs.

LetR1, R2, . . . , Rn be a sequence of random variables denot-
ing the ranks of connectionc during the periods of the refer-
ence epoch. In every realization,R1, . . . , Rn is a decreasing
sequence since withinc’s epoch, each of the connections com-
peting withc has to end an epoch and start a new one, during
which it succeeds connectionc in rank.

The concept of ranks is illustrated in Figure 5. The diagram
shows the reservation epoch of connectionc under considera-
tion (the reference epoch) along with the overlapping epochs
of the connections competing withc, namelyc1, c2, andc3.
The duration of a reservation epoch spansn = 3 link peri-
ods. Connectionc’s reservation epoch (at the top) overlaps
with two epochs from each ofc1 andc2, and one epoch of
c3. The figure shows the rank of each connection during the
periods of the reference epoch. Connectionc succeedsc1 in
rank during the first two periods of its reservation epoch and
precedes it during the third. This is because the first two peri-
ods ofc’s epoch overlap with an epoch ofc1 that had started
earlier, whereas the third period overlaps with the first period
of a new epoch ofc1. In this example connectionc ranks
fourth, third, and second (in that order) in the three periods
spanned by its epoch. Connectionc3 precedesc1 throughout
their completely overlapping epochs. Since the rank during a



period is defined by the order of processing reservation pack-
ets covering that period,c’s requests in periodi of the refer-
ence epoch, can be blocked only due to contention caused by
connections that precedes it in rank. We start by assuming
that connectionc requests one slot per link period: define the
random variablesX1,l, X2,l, . . . , Xn,l as

Xi,l ,

{
1 c’s request within periodi is blocked
0 otherwise.

Due to periodicity in the generation of reservation packets
at the ingress routers, the order of reception of reservations
packets at linkl remains unchanged in every epoch preceding
or succeeding the reference epoch. Thus the analysis ofXi,l,
i = 1, . . . , n applies to every reservation epoch of connection
c. Let Xl =

∑n
i=1 Xi,l. Then the worst-case expected block-

ing rate that can be experienced by connectionc at link l is
given by:

E[Xl/n] =
1
n

n∑
i=1

Pr{Xi,l = 1}, (2)

where,

Pr{Xi,l = 1}=
N∑

k=1

Pr {Xi,l = 1|Ri = k}Pr {Ri = k} .

(3)

During periodi > 1, c faces blocking due to contention
among a subset of the connections that preceded it in rank
during periodi− 1. This indicates thatPr{Xi,l = 1} should
be decreasing over the periods of the epoch. A proof is given
in Section 8.

It is worth noting that Equation (2) is an upper bound on the
c’s expected blocking rate when it requests multiple slots per
link period. This is because, the event that all ofc’s requests
within periodi are blocked, occurs with probability no greater
thanPr{Xi,l = 1}.

In the following subsections, we obtain expressions for the
distribution of ranks and bounds on the blocking probabilities,
then use them to establish the properties of the transmission-
scheduling algorithm.

6.2 Distribution of ranks
For k = 1, . . . , N , Pr {Ri = k}, is the probability that for
anyr ∈ {0, 1, . . . , k − 1}, (k−1)−r connections (out of the
N −1 connections competing withc) start new epochs within
the sequence of consecutive periods of lengthn− i that ends
immediately before the first period ofc’s epoch (the reference
epoch), and at leastr connections (in addition toc) start new
epochs at the beginning of the reference epoch, withc always
ranking thei + 1st among them (see Figure 6). Thus, for

︸︷︷︸

timeperiod i
in− i

reference epoch (n= 6)

Figure 6: The Rank of connectionc during periodi. Connections
that start epochs within the dark-shaded periods precede
c in rank duringi. Those are in addition to connec-
tions starting new epochs during the first period ofc’s
epoch (light-shaded) and whose reservation packets are
received beforec’s packet.

1 < i < n:

Pr {Ri = k} =
k−1∑
r=0

(
N − 1

k − r − 1

) (
1− i

n

)k−r−1

·
N−k+r∑

j=r

1
j + 1

(
N − k + r

j

) (
1
n

)j (
i− 1

n

)N−k+r−j

,

(4)

where the factor 1
j+1 represents the probability thatc’s reser-

vation packet is thei+1st to be processed among thej pack-
ets that belong to the connections whose epochs completely
overlap withc’s, which is j!

j+1! = 1
j+1 .

For i = 1, all of the N − 1 connections have to start new
epochs within then periods ending with and including the
first period of the reference epoch. Then,

Pr {R1 = k} =
k−1∑
r=0

1
N − k + r + 1

(
N − 1

k − r − 1

)

·
(

1− 1
n

)k−r−1 (
1
n

)N−k+r

. (5)

Similarly, for i = n, all connections have to start new epochs
within the reference epoch. Then:

Pr {Rn =k}=
N−1∑

j=k−1

1
j + 1

(
N − 1

j

)(
1
n

)j(
1− 1

n

)N−1−j

.

(6)
Recall that any realization of the sequenceR1, R2, . . . , Rn is
monotonically decreasing. WhereasRn is at most the number
of connections that started new epochs at the beginning of the
reference epoch,R1 is all of theN − 1 connections except
those starting new epochs at the first period of the reference
epoch, and whose reservation packets happen to be received
afterc’s packet.

6.3 Rank-based blocking probabilities
We now obtain an expression for the conditional probability
Pr{Xi,l = 1|Ri = k}. Let the size of a link period onl be
M slots, and thatl has speedups requests (frames) per slot.
Then connectionc’s request during periodi is blocked iff at
leasts connections out of thek−1 precedingc in rank during



that period request the same slot asc. Thus, we have:

Pr{Xi,l = 1|Ri = k} =
k−1∑
j=s

(
k − 1

j

) (
1
M

)j (
1− 1

M

)k−1−j

.

(7)
The above equation is obtained by observing that, due to uni-
form phase randomization, each connection is equally likely
to request any of theM slots in periodi.

7 Multihop Paths

In this section, we provide expressions for the expectation of
blocking rate experienced by an arbitrarily tagged connection,
and its tail probability. The expressions result directly from
the analysis in previous sections, under the conditions of The-
orem 1.

Expected blocking rate bound
Since connection bandwidth allocations are integral multiples
of ρ0 (assumption (M2)), the number of link periods spanned
by a reservation epoch at every link is equal to the minimum
batch size (Section 4). Consider the case where the mini-
mum batch size is chosen such that a reservation epoch spans
n periods on each link, and letPc denote the path of the
tagged connection,c. Furthermore, letX1, X2, . . . , Xn indi-
cate whether the request in periodi of an epoch of connection
c has been blocked at any link along the path.

Under the conditions of Theorem 1, the blocking probability
of a requestPr {Xi = 1} has the following product form:

1− Pr {Xi = 1} =
∏
l∈Pc

(1− Pr{Xi,l = 1}), (8)

Let X be the number of blocked requests in the reservation
epoch, i.e.,X ,

∑n
i=1 Xi. ThenE[X/n] is the expected

blocking rate for connectionc.

E[X/n] =
1
n

n∑
i=1

E[Xi] =
1
n

n∑
i=1

Pr{Xi = 1} (9)

Substituting from (8), we get

E[X/n] = 1− 1
n

n∑
i=1

∏
l∈Pc

(1− Pr{Xi,l = 1}) . (10)

Tail probability bound
Consider the sequenceX1, . . . , Xn defined in the previous
section. Since the pattern of requested slots by each con-
nection is periodic at every hop, then fori = 2, . . . , n,
Pr{Xi = 1} = Pr{Xi = 1|Xi−1 = 1}Pr{Xi−1 = 1}.
In other words,Xi = 0 impliesXj = 0 for j = i + 1, . . . , n.
This immediately produces a bound on the tail of the block-
ing rate distribution:Pr{X/n ≥ i/n} = Pr{Xi = 1}, where
X = X1 + X2 + · · ·+ Xn as defined above.

8 Qualitative Results

In this section, we establish some qualitative properties of
BATCH regarding correlation of scheduling decisions at dif-
ferent links, and fairness in apportioning blocking events
among connections sharing each link.

8.1 Correlation of scheduling decisions
We say that BATCH is correct if, under worst-case conditions
(of Theorem 1) a fraction of requests from each connection
are consistently subject to blocking probability smaller than
the expected blocking rate at every link they traverse. Cor-
rectness is defined in terms of worst-case routing and band-
width allocation scenarios because the bounds corresponding
to these conditions are the ones used for deriving link load
and path length constraints on connection routing. These con-
straints determine the network’s connection-carrying capac-
ity.

If correct, BATCH would result in better utilization–path
length tradeoffs compared to algorithms, such as EA, where
all request traversing a link are subject to identical block-
ing probability, equal to the expected link blocking rate.
From (8), requests subject to lower blocking probability at
every hop are likely to survive a larger number of hops.

Let g(k) = Pr{Xi,l = 1|Ri = k} for some periodi ∈
{1, . . . , n} on link l. Then the following result is obvious
from (7):

Lemma 1 The functiong is independent ofi, and is an in-
creasing function ofk.

To prove the correctness of the algorithm we need to define
the following strict stochastic order relation.

Definition 4 Consider two discrete random variablesY1 and
Y2 with finite supportS ⊂ Z, and let m = max S. We
say thatY1 is (stochastically)strictly larger thanY2 (denoted
Y1 >st Y2) if for all a ∈ S\{m}, Pr{Y1 > a} > Pr{Y2 > a}.

Lemma 2 Y1 >st Y2 ⇒ E[f(Y1)] > E[f(Y2)] for all increas-
ing functionsf .

Proof: Similar to [17, Proposition 9.1.2].

Now we state our correctness result:

Theorem 2 (Pr{Xi,l = 1}, i = 1, . . . , n), is a strictly de-
creasing sequence.

Proof: We sketch the proof. According to (3), we need to
show thatE[g(Ri)] > E[g(Ri+1)] for i = 1, . . . , n−1. Using
a coupling argument, we can show that

Rn >st Rn−1 >st · · ·>st R1.



Then, by Lemma 2, for any increasing functionf , andi =
1, . . . , n− 1:

N∑
k=1

f(k) Pr{Ri = k} >
N∑

k=1

f(k) Pr{Ri+1 = k}. (11)

Sinceg(k) , Pr{Xi,l = 1|Ri = k} is independent of the pe-
riod indexi, and is an increasing function ofk (Lemma 1), we
can substituteg for f in the equation above. Thus completing
the proof.

Theorem 2 implies that a subset of requests from (each epoch
of) each connection are consistently subject to blocking prob-
ability smaller than the expected link blocking rate, at every
link.

8.2 Fairness of BATCH

We say that a scheduling algorithm is fair if, at every link,
all connections sharing the link have identical tight bounds
on the expected blocking rate at the link. Note that without
the tightness requirement, a common upper bound may not
be indicative of relative worst-case performance of different
connections. The following theorem establishes the fairness
of BATCH.

Theorem 3 BATCH is fair.

Proof: Substituting from (3) into (2) we get the following
bound on the expected blocking rate of an arbitrarily tagged
connection at some linkl:

E[Xl/n] =
1
n

n∑
i=1

N∑
k=1

Pr{Xi,l = 1|Ri = k}Pr{Ri = k}

(12)
The bound is tight since (7) gives an exact expression for
Pr{Xi,l = 1|Ri = k} when the conditions of Theorem 1
are satisfied atl. Furthermore, because of the choice of
the tagged connection, the bound applies to all connections
routed throughl.

The fairness result implies that any quantitative improvement
in the expected (path) blocking rate bounds for connections
traversing a large number of hops (compared to EA) does not
come by improving their expected blocking rate bounds at any
link while worsening the bounds for other connections (e.g.,
those routed over shorter paths).

Remarks. Recall that the characterization ofR1, . . . , Rn was
obtained in under the assumption thatn is large enough that
the order of reservations is almost never violated (more pre-
cisely, the probability of violation is negligible). Whenn
is too small, the bounds in Section 7 and the qualitative re-
sults presented in this section do not apply: the processing
delays experienced by a reservation packet are large enough
that some connection experiencing large upstream processing

delays is subject to higher request blocking probability com-
pared to other connections. In such case, the best bound on
the blocking probability is (1), which states that the block-
ing probability of a request at a given link is bounded by the
probability that a number of other connections at least equal
to the link speedup request the same link slot. That is, when
n is too small, the performance of BATCH is equivalent to EA
with respect to the expected blocking rate. As discussed in
Section 6, bothn and the time slot duration should be chosen
so that the probability of violating the order of reservations is
negligible.

9 Numerical Results

In this section, we evaluate the effectiveness of BATCH in im-
proving the traffic-carrying capacity of bufferless networks.
This is in comparison to the “natural” bufferless scheduling
rule EA. As in Section 2, we use the tradeoff between the
link utilization and path length to guarantee a desired bound
on the expected blocking rate of a connection. We refer to
such tradeoffs as “U -P tradeoffs”.

We consider a network of identical links under the conditions
of Theorem 1 where each connection requests only one slot
per link period. The links are identical in the sense of hav-
ing equal capacity and speedup. The capacity is expressed as
number of slots per link period.

Under normal operating conditions, we are interested in the
U -P tradeoffs to achieve an expected blocking rate in the in-
terval(0, 0.1], when network link can be shared by up to few
hundred independent connections (ingress-egress aggregates)
and the network diameter extends to30 hops. Recall that if
the expected blocking rate bound is0.1, the expected capacity
of the bandwidth tunnel allocated to a connection is at least
90% of the nominal capacity.

We know from Section 2 that, at large values of speedup
(s ≥ 100), EA results in goodU -P tradeoffs. We also know
that large speedup values may not be cost-effective. Our nu-
merical results indicate that for small values of link speedup
(e.g., speedups ≤ 10) both EA and BATCH are unable to pro-
vide the desiredU -P tradeoffs. However, for speedups in the
range10 < s < 100, BATCH provides substantial improve-
ments over EA.

Improvements inU -P tradeoffs due to BATCH can be seen
in the plots of Figures 7 and 8. The plots are obtained using
the following settings: the link capacity is128 data frames
per link period, and the number of slots per link period is
M = 128/s, wheres is the link speedup. Each connection
requests only1 slot every link period. Thus, at a given link
load, the number of independent connections competing at
the link is fixed irrespective of the speedup.

The leftmost plot of Figure 7, shows that, at60% link utiliza-
tion (load), EA can provide an expected blocking rate of0.1



for connections traversing at most10 hops. This is compared
to BATCH with n = 20 (rightmost plot) which can provide
the same guarantee at70% link utilization for connections
traversing more than25 hops. For an expected blocking rate
guarantee of0.02 BATCH can support path lengths up to25
hops at utilization60%, compared to less than5 hops for EA
under the same conditions.

Providing the same expected blocking rate guarantee as EA
over longer paths, but without significant improvements in
maximum link utilization, effectively improves the network’s
connection-carrying capacity by allowing the network opera-
tors to route traffic over paths that are unusable with EA. On
the other hand, even modest improvement in maximum link
utilization (sufficient to carry an extra connection) may trans-
late into an improvement in connection-carrying capacity that
is linear in the number of hops. As a simple example, on av-
erage each link may be able to carry an extra half connection
when the average path length is2 hops.

Comparing the tradeoffs under BATCH with n = 10 andn =
20 shows that the tradeoffs improve with increasingn. This is
because a larger number of requests in each epoch face small
blocking probability at each link (the rank remains small for a
larger number of periods). Extremely large values ofn are not
desirable, however, from a packet delay perspective: There
may be a large number of consecutively blocked requests at
the beginning of each epoch resulting in large packet delay at
the ingress.

Figure 8, shows the effect of higher link speedup on the trade-
offs improvements provided by BATCH. Whereas, the left-
most plot shows that EA cannot support an expected block-
ing rate guarantee of0.02 at 80% link utilization (even over
1-hop paths), BATCH can provide this guarantee at the same
load over paths up to20 hops. By comparing the rightmost
plot (s = 50, n = 20) with the EA ats = 80 (not shown), we
found that they provide almost identical tradeoffs. This leads
us to conclude that BATCH can provide the same tradeoffs as
EA at up to37.5% saving in speedup.

Under the conditions of Theorem 1, increasing the link ca-
pacity (in frames per link period) while maintaining the same
load implies increasing the number of independent connec-
tions contending for link slots. We therefore expect theU -P
tradeoffs to deteriorate. The tradeoffs in Figures 9 are ob-
tained by doubling the link capacities compared to the re-
sults in Figure 7. That is the link capacities are taken to be
256 frames/period. Comparing both figures shows that dou-
bling the link capacity results in slightly worse tradeoffs. Still,
BATCH provides significant tradeoff improvements over EA.

10 Concluding Remarks

Now we give some remarks regarding the complexity of
BATCH, and discuss possible avenues for further research. It
is easy to see that work performed by the ingress to generate

a time slot request isO(1). The same applies to work per-
formed by a link to schedule a transmission request. At any
given time, a link may receive transmission request batches
that together span the duration of up to two (future) reserva-
tion epochs. Since the link has to keep track of the availability
of link slots, the space complexity of the algorithm is twice
the size of the reservation epoch, hence linear in the number
of link periods per epoch. The exact storage requirements
depend on the size of a link period in slots (or equivalently,
the bandwidth allocation granularity,ρ0). Each slot is repre-
sented by a number of bits proportional to the link speedup.
This number should be large enough to specify the input ports
that will offer data frames (packets) to the output link during
the slot (i.e.,log the sum of link speedups). The schedule
of reservation is used to configure the switch fabric to trans-
fer arriving packets at the input to the proper output links. It
should be noted that the storage requirement typically ranges
from fraction of one Mbit to few Mbits [3]. This is not a large
burden on routers, especially that memory used by the sched-
uler need not be as fast as packet buffers, hence are not subject
to the same capacity limitations.

BATCH can be extended in straightforward manner to net-
works where links are equipped with limited contention-
resolution buffering capacity [3]. As in [14], we limited our
presentation to the bufferless case for reasons of analytical
tractability. Simulation results not reported in this paper in-
dicate that BATCH improves the path-length vs. utilization
tradeoffs in networks with limited buffers and link speedup
= 1 compared to the FCFS scheduling rule.

The underlying idea in BATCH is that ofRolling Priorities .
From the point of view of a connection, time is divided into
fixed-size epochs. Packet transmitted by the connection to-
ward the end of an epoch are subject to a small loss (block-
ing) probability at each link. In other words, packets at the
beginning of an epoch are treated as if they have low schedul-
ing priority at each link, while packets towards the end are
treated as if they have high priority. At any link, the overlap of
epochs form connections sharing the link should minimize the
chance that higher-priority packets from different connections
arrive simultaneously at the link. This is required when he
expected blocking rate at the link is high, since the low block-
ing probability for higher-priority packets must be achieved
at the expense of low priority ones. The challenge is to im-
plement Rolling Priorities without limiting network scalabil-
ity. For example, without explicit coordination of scheduling
decisions among different links. BATCH avoids contention
among high priority requests using randomization.
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Appendix: Proof of Theorem 1

Necessity proof
First we establish the intuitive result that a regimeG ∈ G pro-
duces maximal contention atl only if the time-slot requests onl
underG face zero blocking probability at upstream links. In other
words, only if the request pattern of each connectionc travers-
ing l underG is defined byαρc,µl :

10Suppose thatG is a regime
of maximal contention atl. To reach contradiction, we construct
a regimeG′ ∈ G that results inhigher contentionat l; that is
Pr{χG′

τ > κ} ≥ Pr{χG
τ > κ} for all κ ≥ 1. Let CG

l be the
set of connections sharingl under a regimeG ∈ G. Since a regime
is a global routing and bandwidth allocation scenario, there may be
other regimes inG that route the same set of connections through
l, with the same bandwidth allocations, but differ fromG in the
set of connections routed through some other link(s) or their band-
width allocations. Let this subset ofG (includingG itself) be labeled
GG. Consider any sequence of consecutive of lengthM = T0,l on
l, numbered0, 1, . . . , M − 1, and suppose that a request for slot
τ ∈ {1, . . . , M} from connectionc has upstream blocking proba-
bility p > 0 underG. Then we can write for allκ ≥ 1:

Pr{χG
τ > κ} = p · Pr{χG

τ > κ| c’s request forτ is blocked}

+ (1− p) · Pr{χG
τ > κ| c’s request forτ is not blocked}.

Consider someG′ ∈ GG that is identical toG except thatc’s request
for τ has zero upstream blocking probability (e.g.,c does not share
upstream links with any other connections). For1 ≤ κ ≤ |CG

l |, we
have:

Pr{χG′
τ > κ} = Pr{χG

τ > κ| c’s request forτ is not blocked}

> Pr{χG
τ > κ},

which contradictsG being a regime of maximal contention atl.

10Recall that the request pattern of a connectionc is defined byαρc,µl

if for some starting slotτ0 on l, the pattern matches the one generated by
αρc,µl using the ingress rule (Section 4.1.1).

Now we argue thatG ∈ G results is a regime of maximal contention
at l only if ρc = ρ0 for everyc ∈ CG

l . Suppose that the pattern of
requested slots by each connectionc ∈ CG

l is defined by the pattern
αρc,µl to satisfy the first necessary condition. By assumption (M2),
if ρc > ρ0 for some connectionc ∈ CG

l , thenc requests an integral
number of requests greater than1 every link period. Note however
that this number cannot exceedM irrespective of the link speedup.

Let N = |CG
l | and suppose that connections are arranged in non-

decreasing order of their number of requests per period so that
r1 ≤ r2 ≤ . . . ≤ rN whererj denotes the number of requests
per period by thejth connection. Further, let the slots of a partic-
ular link period be numbered0, 1, . . . , M − 1. Since connection
request patterns are periodic, theith request from thejth connec-
tion, i = 0, . . . , rj − 1, must be for a slot in the segment (interval)

of the slots
h
iM

rj
, (i + 1)M

rj

i
within the period.11 Furthermore, the

choice of slot in a segment determines the choice in all segments.
Therefore, ifrj > 1, therj requests are not statistically independent
(these requests cannot conflict). Uniform phase randomization im-
plies that connectionj is equally likely to choose any slot within a
segment.

Let nm denote the number of requests up to and including requests
from themth connection under regimeG, i.e, nm =

Pm
j=1 rj and

let χnm be the contention at time slotτ after thenm slot requests
have been revealed.12 Suppose thatk > 1 is the first connection
such thatrk > 1 (there is at least one connection requesting one slot
per period), then form1 = 1, . . . , k − 1, χnm1

=
Pm1

j=1 Zj , where
Z1, Z2, . . . , Zk−1 are independent Bernoulli random variables with
success probability1/M , such thatZi = 1 represents whether con-
nectioni requests slotτ . χnm1

are therefore Bin(nm1 , 1/M) ran-
dom variables:

Pr{χnm1
= κ} =

 
nm1

κ

!„
1

M

«κ„
1− 1

M

«nm1−κ

. (13)

We usem2 to index the connections requesting multiple slots per
period starting with thekth one. Form2 = 0, . . . , N − k, de-
fine Ym2 as the number of requests forτ from thek + m2th con-
nection. Sinceτ can be chosen by at most one out of therk+m2

requests (each request covers a different segment of the period),
Ym2 , m2 = 0, . . . , N − k are independent Bernoulli random vari-
ables with success probability1/(M/rk+i) = rk+m/M . Thus we
have:

χnk+m2
= χnk+m2−1 + Ym2

= χnk−1 +

m2X
j=0

Yj ,
(14)

Note that (14) applies to the case where all connections request more
than1 slot per period (k = 1) by adopting the conventionχn0 = 0.

In general, we can express the pmf ofχnj , for j = 1, . . . , N , recur-
sively as

Pr{χnj = κ} = Pr{χnj−1 = κ}
“
1− rj

M

”
+ Pr{χnj−1 = κ− 1}

“ rj

M

”
. (15)

11For simplicity, we consider only the case whereM/rj is an integer. The
case where segments differ in size (by±1) is similar but tedious.

12Since all slots within the period are equally likely to be chosen by any
given number of requests from any particular connection, we study con-
tention at an arbitrary slotτ . To simplify the notation, we useχnm in place
of χG

τ,nm
.



Now, consider a regimeG′ identical toG at l (same set of connec-
tions and bandwidth allocations), except that thekth connection is
exchanged withrk connections each requesting one slot every pe-
riod. The rk requests are statistically independent: each request
is for a slot chosen at random from within theM slots in the pe-
riod. Thus, we haveχ′nj

= χnj , j = 1, . . . , k − 1, andχ′nk
=

χ′nk−1 +
Pk+rk

i=k Zi, where as defined above,Zi is a Bernoulli ran-
dom variables with success probability1/M that assumes the value
1 iff connectioni requests slotτ .13 It follows thatG′ has a configu-
ration similar toG. Specifically, letn′m andk′ be defined underG′

similarly to nm andk underG. Thenχ′n′m1
, m1 = 1, . . . , k′ − 1

are binomial random variables defined as in (13), and (as in (14))
for m2 = 0, . . . , |CG′

l | − k′, χ′nk′+m2
= χ′nk′−1

+
Pm2

i=0 Y ′
i ,

whereY ′
i is a Bernoulli random variable that assumes the value1

iff τ is requested by thek′ + ith connection underG′. Therefore,
Pr{χ′nk+j

> κ} ≥ Pr{χnk+j > κ} for j = 0, . . . , N − k and
κ ≥ 1 implies that successively exchanging the remaining con-
nections inG will similarly result in higher contention. In other
words, to establish the necessary condition, it suffices to prove that
Pr{χ′nk+j

> κ} ≥ Pr{χnk+j > κ} for j = 0, . . . , N − k and
κ ≥ 1.

In the following we adopt the notation:Pn(κ) , Pr{χn = κ},
P ′

n(κ) , Pr{χ′n = κ}, Qn(κ) , Pr{χn > κ}, andQ′
n(κ) ,

Pr{χ′n > κ}, for anyn. First we state some properties of contention
pmfs underG andG′. From (13) and (14), we have

Pnk+j (0) =

„
1− 1

M

«nk−rk jY
i=0

“
1− rk+i

M

”
,

and, similarly,

P ′
nk+j

(0) =

„
1− 1

M

«nk jY
i=1

“
1− rk+i

M

”
.

Also, from (15),

Pnk+j (1) = Pnk−rk (1)

jY
i=0

“
1− rk+i

M

”
+ Pnk−rk (0)

jX
i=0

rk+i

M

Y
0≤m≤j

m6=i

“
1− rk+m

M

”
,

where,Pnk−rk (1) = nk−rk
M

`
1− 1

M

´nk−rk−1
. P ′

nk+j
(1) has a

similar expression whereP ′
nk

(1) replacesPnk−rk (1) and the in-
dexed sum and products run from1 to j.

Lemma 3 (Properties of contention pmfs.) Forj = 0, . . . , N − k

(i) P ′
nk+j

(0) > Pnk+j (0)

(ii) Q′
nk+j

(1) > Qnk+j (1)

(iii) ∃κ̃ > 1 such thatP ′
nk

(κ) − Pnk (κ) < 0 for 1 ≤ κ <
κ̃ andP ′

nk
(κ)− Pnk (κ) ≥ 0 for all κ ≥ κ̃.

Proof: We sketch the proof. Parts(i) and (ii) are straightforward
using algebraic manipulation and the application of Bernoulli’s in-
equality; noting thatQnk+j (1) = 1 − Pnk+j (0) − Pnk+j (1),

13Recall thatnj is the number of requests up to and including requests
from thejth connection under regimeG.

and similarly forQ′
nk+j

(1). Parts (i) and (ii ) together imply that
P ′

nk
(κ) − Pnk (κ) changes sign atκ = 1 (since (ii) implies

P ′
nk

(1) < Pnk (1)). The difference of the mass functions has to
change sign at least at one higher value ofκ. This is because under
G′, τ can be chosen by more than one of therk requests. That is,
Pnk (nk − rk + i) = 0 < P ′

nk
(nk − rk + i) for i = 2, 3, . . . , rk

(note that both pmfs are zero for allκ > nk). Part (iii ) re-
sults by showing that for anyκ > 1, P ′

nk
(κ) ≥ Pnk (κ) implies

P ′
nk

(κ + 1) ≥ Pnk (κ + 1).

The following is a consequence of Lemma 3:

Lemma 4 Q′
nk

(κ) ≥ Qnk (κ) for all κ ≥ 1.

Proof: SinceP ′
nk

(κ) − Pnk (κ) < 0 for 1 ≤ κ < κ̃, Q′
nk

(κ) −
Qnk (κ) is increasing in the interval[1, κ̃). Then, by Part (ii ) of
Lemma 3,Q′

nk
(κ) > Qnk (κ) for κ ∈ [1, κ̃). Furthermore, since

P ′
nk

(κ) − Pnk (κ) ≥ 0 for all κ ≥ κ̃, the desired inequality holds
for κ ≥ 1.

The lemma above states that contention atτ is higher underG′ after
nk requests have been scheduled. We now use induction to prove
the necessary condition.

Lemma 5 Q′
nk+j

(κ) ≥ Qnk+j (κ) for 0 ≤ j ≤ N − k andκ ≥ 1.

Proof: The desired result has been proved forj = 0 in Lemma 4.
Suppose thatQ′

nk+j
(κ) ≥ Qnk+j (κ) for somej > 0 and allκ ≥ 1,

and that, to reach contradiction,Q′
nk+j+1(κ

∗) < Qnk+j+1(κ
∗) for

someκ∗ ≥ 1. The caseκ∗ = 1 contradicts Part (ii ) of Lemma 3.
Forκ∗ > 1, we get from (14)

Qnk+j (κ
∗)+

rk+j+1

M
Pnk+j (κ

∗) > Q′
nk+j

(κ∗)+
rk+j+1

M
P ′

nk+j
(κ∗),

or, equivalently,

rk+j+1

M

“
Pnk+j (κ

∗)− P ′
nk+j

(κ∗)
”

> Q′
nk+j

(κ∗)−Qnk+j (κ
∗).

Sincerk+j+1 < M , and by the induction hypothesisQ′
nk+j

(κ∗) −
Qnk+j (κ

∗) ≥ 0, the inequality implies

Pnk+j (κ
∗)− P ′

nk+j
(κ∗) > Q′

nk+j
(κ∗)− Qnk+j (κ

∗).

By rearranging, we get

Qnk+j (κ
∗ − 1) > Q′

nk+j
(κ∗ − 1),

which contradicts the induction hypothesis. Thus completing the
proof.

Sufficiency proof
Suppose thatG ∈ G satisfies the necessary condition, yetG is not
a regime of maximal contention ofG at l. Then there is a regime
G∗ ∈ G that satisfies the necessary condition and results in higher
contention atl thanG. Sufficiency is established by observing that
regimes inG satisfying the necessary conditions for maximal con-
tention atl are statistically identical at that link: Under every regime
in G satisfying the necessary condition, each connection requests
exactly one slot per link period, and all slots within the period are
equally likely to be requested by any connection. Thus contradicting
the claim thatG not being a regime of maximal contention ofG at l.


