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Knowledge used in an intelligent tutoring system to teach students is usually acquired from authors who 

are experts in the domain.  A problem is that they cannot directly add and update knowledge if they 

ŘƻƴΩǘ ƭŜŀǊƴ ŦƻǊƳŀƭ ƭŀƴƎǳŀƎŜ ǳǎŜŘ ƛƴ ǘƘŜ ǎȅǎǘŜƳΦ  ¦ǎƛƴƎ ƴŀǘǳǊŀƭ ƭŀƴƎǳŀƎŜ ǘƻ ǊŜǇǊŜǎŜƴǘ ƪƴƻǿƭŜŘƎŜ Ŏŀƴ 

allow authors to update knowledge easily.  This thesis presents a new approach to use unconstrained 

natural language as knowledge representation for a physics tutoring system so that non-programmers 

can add knowledge without learning a new knowledge representation.  This approach allows domain 

experts to add not only problem statements, but also background knowledge such as commonsense and 

domain knowledge including principles in natural language.  Rather than translating into a formal 

language, natural language representation is directly used in inference so that domain experts can 

understand the internal process, detect knowledge bugs, and revise the knowledgebase easily.  In 

authoring task studies with the new system based on this approach, it was shown that the size of added 

knowledge was small enough for a domain expert to add, and converged to near zero as more problems 

were added in one mental model test.  After entering the no-new-knowledge state in the test, 5 out of 

13 problems (38 percent) were automatically solved by the system without adding new knowledge.   
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1.0 INTRODUCTION 
An Intelligent Tutoring System (ITS) can teach students to learn and acquire domain knowledge provided 

by the system, and the system needs to acquire such knowledge from authors who are domain experts 

(Murray, 2003).  Although one might be able to team a domain expert with a programmer for the initial 

development of such a system, that approach is not sustainable.  For example, high school teachers who 

ŘƻƴΩǘ ƪƴƻǿ ŎƻƳǇǳǘŜǊ ǇǊƻƎǊŀƳƳƛƴƎ ŀƴŘ a formal language may want to add new domain problems to 

use in their class.  Moreover, different teachers have different directions and preferences on class 

materials, and would like an ITS to which they can add their own domain problems for their class.  

During the authoring process, authors should be able to follow each step of the problem solving, 

detect errors, and fix them by adding and updating knowledge.  They may not be able to do such tasks if 

the knowledge is represented in formal language.  Although it is possible that the system generates 

natural language explanations of its reasoning from the formal language, domain experts still cannot 

edit the knowledge directly.  This suggests developing a system using natural language to represent 

knowledge so that non-programmers can easily develop and maintain ITS knowledge.  

The thesis addresses mainly a goal to find a way to represent required background knowledge in 

natural language so that the system can understand a problem statement and solve it like a student can 

read and solve it.  The other goal is to find a way to represent generalized knowledge in natural 

language so that the size of knowledge which domain experts have to add decreases as more problems 

are added,  and converges to near zero.  All the other knowledge that the ITS needs, e.g., in order to 

solve problems and coach students during problem solving, is built into the ITS in a domain-general 

fashion, so that authors need never examine it nor debug it.   In short, the proposed system is intended 

primarily for use by domain experts to add domain problems to an existing ITS.   It can also be used to 

add domain problems to an initially empty ITS, but that usage is secondary. 

Some studies of applying natural language understanding to tutoring systems were performed 

before. Novak developed a physics problem solving system, ISAAC, that reads a problem statement 

written in natural language and solved the given problem (Novak Jr., 1977).  ISAAC received natural 

language input and transformed it into semantic frames which were a kind of formal representation.  A 

physics problem solver, MECHO (Bundy, Byrd, Luger, Mellish, & Palmer, 1979), also transformed a 

problem statement into formal language.  

These and other studies evaluated the potential of the idea adopting natural language as input 

form of knowledge for problem statements.  However, the advantage was limited because background 

knowledge such as commonsense knowledge had to be encoded inside program routines.  Only 

computer programmers were able to update such knowledge.  So, adding a new domain problem was 

limited to cases where all required background knowledge was already encoded in the systems.  If a 

domain problem failed to be translated properly or the background knowledge was incomplete, then 

the author had no easy way to fix or even understand the flaw.   This suggests that authors must be able 

to read and edit the background knowledge as well as the problem statements. 
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Acquiring knowledge from natural language is an old idea in the natural language processing area.  

A common approach in this idea was to transform natural language into formal representations such as 

logic forms (Jurafsky & Martin, 2000)(Brachman & Levesque, 2004) or semantic networks (Sowa, 

1990)(Shastri, 1990).  Using precise formal representations after transformation, the systems performed 

inference to accomplish a goal.  In modern work on knowledge capture and knowledge acquisition, 

formal language was commonly used to represent knowledge in systems such as KANTOO(Nyberg, 

Mitamura, & Betteridge, 2005), KAT (Moldovan, Girju, & Rus, 2000.), and WordNet2 (Harabagiu, Miller, 

& Moldovan, 1999).  In other systems, such as AURA (Chaudhri, John, Mishra, Pacheco, Porter, & 

Spaulding, 2007) and SHAKEN (Clark, et al., 2001), domain experts transformed contents of science 

textbook to graphical notations which is another form of formal language.  The main problem of this 

approach was that still only knowledge engineers and programmers could update the formal language 

when update is needed, and knowledge required for transformation (such as templates) was implicitly 

encoded in program code, thus also only programmers could update it.  

Another direction comparable to this thesis is to use natural language to represent logic.  There 

have been several such studies.  For instance, Natural Logic is an approach to recognize textual 

entailment (MacCartney & Manning, 2008).  Controlled Natural Language restricts natural language 

syntax to use English as formal language (Fuchs, Kaljurand, & Kuhn, 2008).  Logic-oriented studies mainly 

focus on obtaining sound logical inferences rather than expediting knowledge acquisition.  A problem in 

this approach rises when some knowledge cannot be represented in given constraints.  Then again, only 

programmers can change the constraints.   

A common issue in the previous studies was that using natural language in knowledge 

representation requires a proper way to deal with commonsense knowledge. One of the problems 

known in this approach is that there can be million different natural language expressions for the same 

element of underlying knowledge and there is no easy way to recognize them.  This is called the 

paraphrasing problem.  Textual entailment is an area dedicated to find a way for this problem.  For 

example, άǘƘŜ ŦƻǊŎŜ applied ǘƻ ǘƘŜ ƻōƧŜŎǘέ ǘŜȄǘǳŀƭƭȅ Ŝƴǘŀƛƭǎ άǘƘŜ ŦƻǊŎŜ ŜȄŜǊǘŜŘ ǘƻ ǘƘŜ ƻōƧŜŎǘέΦ  Using 

enough background knowledge has been recognized as one of the most important factors in the textual 

entailment (Iftene, 2009).  

As the needs for commonsense knowledge increased in many AI systems, attempts to build 

commonsense knowledge base started, such as Opencyc (OpenCyc Tutorial), Learner (Chklovski, 2003), 

OpenMind (Speer, 2007), MindNet (Dolan & Richardson, 1996), and TextNet (Harabagiu & Moldovan, 

1994).  They try to build a universal commonsense knowledgebase represented in formal language. 

However, it is unlikely that the complete set of universal commonsense knowledge can be built soon. 

Such resources were not used in this thesis because what we need is a small set of knowledge required 

to solve a given domain problem rather than the complete set of universal knowledge.  

A dilemma of knowledge representation in natural language was that commonsense knowledge 

was needed but it was not available.  A basic approach for this issue is that commonsense knowledge 

can be acquired in natural language from authors too.  Because an ITS is task specific, it is hypothesized 

that the amount of knowledge to add per a problem is feasibly small for an author to add in an ITS.  The 
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validity of this hypothesis will be tested by authoring physics problems from textbooks in studies 

(section 12.2). 

This thesis presents a way to allow authors to add not only problem statements, but also 

background knowledge including commonsense and domain knowledge.  The main approach is to use 

unconstrained natural language to represent knowledge so that authors can understand knowledge, add 

knowledge, detect bugs, and fix them easily.   

2.0 THE PREVIOUS ITS: PYRENEES 
The previous ITS, Pyrenees is presented here shortly to demonstrate the problems and difficulties clearly.  

The new system Natural-K will be presented later, and it was driven from Pyrenees to overcome the 

difficulties. 

2.1. FORMAL LANGUAGE REPRESENTATION OF PYRENEES 
Pyrenees is a model-tracing tutoring system for equation-based problems.  It teaches students both the 

principles themselves and how to apply them to solve a problem efficiently.  All of its pedagogical 

knowledge is hardwired into it, so the author need only provide the domain knowledge. Although it has 

been used with several task domains (including thermodynamics, statistics and microeconomics), 

introductory mechanics is the target domain.  Domain knowledge in Pyrenees includes a set of problems, 

a set of principles and ontology.  Problems are solved by finding a relevant set of equations then solving 

them algebraically.  Each equation should be an instance of a general principle.  For instance, consider a 

problem such as the following (Figure 1): 

Figure 1: The problem statement of the Skateboarder problem 

The set of relevant equations is: 

¶ V= 1.3 m/s 

¶ q= 143 degrees 

¶ Vy = V * sin (q) 

where V is the magnitude of velocity of the skateboarder, q is the direction of movement of the 

skateboarder, and Vy is the y component of the velocity.  The first two equations are givens, and the last 

equation is an equation of a general principle.  In the existing system, each variable is internally 

represented in first order logic as follows: 

¶ V : var(at(mag(velocity(skateboarder)), tpt(1))) 

¶ q: var(at(dir(velocity(skateboarder)), tpt(1))) 

¶  Vy: var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg))), tpt(1))) 

Skateboarder Problem:  
ΨA skateboarder rolls at 1.3 m/s up an inclined plane angled at 143 degrees. What is her vertical 
velocity?Ω 
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This says, for instance, that Vy is a variable (var) denoting the value at time point 1 (tpt(1)) of the 

component (compo) along the y-axis of an unrotated coordinate system (axis(y,dnum(0,deg))) of the 

velocity of the skateboarder. 

There are three domain knowledge bases: ontology, principles, and problems.  The ontology 

describes the domain objects, properties and relationships, as well as how to translate each formal term 

into English.  For instance, the ontology would indicate that skateboarder is an object, that 

at(mag(velocity(skateboarder)), tpt(1)) is a quantitative property, and that 

var(at(mag(velocity(skateboarder)), tpt(1))) is an algebraic variable for that quantitative property.   

The second knowledge base is a set of principles.  Principles are represented in formal language.  

Figure 2 shows a principle written in the Prolog code used by Pyrenees.  The name of the principle is 

Projection.  This principle receives three arguments, Vector, T and Ax, and returns a problem-specific 

equation.  For instance, if it receives Vector=velocity(skateboarder), T=tpt(1), and Ax=axis(y, dnum(0, 

deg)), then it returns the equation in Figure 4. 

pa_equation (along(projection(offaxis, Vector, T), Ax), V_x=V*Trig) :- 
  V_x = var(at(compo(Vector, Ax), T)), 
  V =   var(at(mag(Vector), T)), 
  V_dir = var(at(dir(Vector), T)), 
  offaxis_projection_trig(V_dir, Ax, Trig). 
 
offaxis_projection_trig(V_dir, axis(x, Rot), cos(V_dir-Rot)). 
offaxis_projection_trig(V_dir, axis(y, Rot), sin(V_dir-Rot)). 
Figure 2: Predicates defining a principle, Projection. 

The third knowledge base is a set of problems.  Like the principles, these are expressed in terms of 

the formal language.  Figure 3 illustrates the skateboarder problem represented in formal language.  The 

known quantities are given inside knownόΧύ ǘŜǊƳΣ ŀƴŘ ǘƘŜ ǎƻǳƎƘǘ ǉǳŀƴǘƛǘȅ ƛǎ ƎƛǾŜƴ ƛƴ soughtόΧύ ǘŜǊƳΦ 

p_definition(skateboarder, 

  [time_points([1]), 

   physical_object(skateboarder), 

   known(var(at(mag(velocity(skateboarder)), tpt(1))), dnum(1.3, m/s)), 

   known(var(at(dir(velocity(skateboarder)), tpt(1))), dnum(143, deg)), 

   coordinate_system_given(dnum(0, deg)), 

   sought(var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg))), tpt(1))), dnum(0.78, m/s)) 

]). 

Figure 3: A statement of the Skateboarder problem represented in formal language 

Pyrenees solves problems via a version of backward chaining called the Target Variable Strategy 

(Chi & VanLehn, 2007)(VanLehn, et al., 2004)(Chi & VanLehn, 2008).  The basic idea is simple:  Given a 

sought quantity, generate an equation that applies to this problem and contains the sought quantity. If 

the equation has any quantities in it that are neither known nor previously sought, then treat them as 
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sought and recur.  When the Target Variable Strategy stops, it has generated a set of equations that are 

guaranteed to be solvable.     

In the case of the problem above, the Pyrenees would start with the variable 

var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg))), tpt(1))) as the sought quantity.  It then 

checks all its principles, and finds that the principle in Figure 2 has a term in its equation that unifies 

with the variable.  This unification binds Vector to velocity(skateboarder), T to tpt(1), and Ax to axis(y, 

dnum(0, deg)) and creates the equation as Figure 4. 

var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg))), tpt(1))) =    
                var(at(mag(velocity(skateboarder)), tpt(1))) * sin(var(at(dir(velocity(skateboarder)), tpt(1)))-0).   
Figure 4: the generated equation for the skateboarder problem 

Pyrenees notes that the equation has two quantities in it.  The first is 

var(at(mag(velocity(skateboarder)), tpt(1))).  It checks the problem statement, and discovers that this 

quantity is known, so it does not need to recursively seek a value for it.  It now consider the second 

quantity in the equation, var(at(dir(velocity(skateboarder)), tpt(1))).  That too is known, so Pyrenees is 

ŘƻƴŜ ǿƛǘƘ ǘƘƛǎ ǇǊƻōƭŜƳΣ ƘŀǾƛƴƎ άǿǊƛǘǘŜƴέ Ƨǳǎǘ ƻƴŜ ŜǉǳŀǘƛƻƴΦ    

The take-home message of this section is that even though the skateboarder problem (Figure 1) is 

extremely simple, the formality of the knowledge used to represent and solve it would be a serious 

impediment to an author who has neither the time, skills, or inclination to master it.   

2.2. DIFFICULTIES IN AUTHORING IN FORMAL LANGUAGE 
The first obvious difficulty in authoring Pyrenees is in understandability.  [ŜǘΩǎ take a look at the sought 

quantity again. 

var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg))), tpt(1))) 

It is unrealistic to expect that domain experts can easily understand and write such quantities 

represented in formal language.  So, they cannot participate in authoring using this representation.  Also, 

it is difficult to read even for a knowledge engineer.  The second difficulty in authoring is in parenthesis.  

In a case where a knowledge engineer writes the quantity in formal language, the mis-matching 

parenthesis is a frequent source of mistakes and errors.  Syntax directed editors will balance the 

parentheses, but they may not know the argument structure of the knowledge representation, which 

makes mismatching parentheses hard to detect.  The first line below is wrong and the second is correct, 

but they are hard to tell apart: 

var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg)), tpt(1)))) 

 var(at(compo(velocity(skateboarder), axis(y, dnum(0, deg))), tpt(1))) 

Humans can understand and communicate without parenthesis using natural language. A natural 

language sentence looks simpler and easier, and the chance of writing an error is much smaller without 

parenthesis.  [ŜǘΩǎ ƭƻƻƪ ŀǘ ǘƘŜ ǾŀǊƛŀōƭŜ ǊŜǇǊŜǎŜƴǘŜŘ ƛƴ ƴŀǘǳǊŀƭ ƭŀƴƎǳŀƎŜ ŀƴŘ ŎƻƳǇŀǊŜ ƛǘ ǘƻ ǘƘŜ ŀōƻǾŜ 

formal version to see how easily authors can understand.  
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ά¢ƘŜ ǾŜǊǘƛŎŀƭ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ŀǘ Tмέ 

The third difficulty is in the strict argument ordering of formal language. Each of arguments should 

be given in predetermined order.  An author should remember the order and the required set of 

arguments for each quantity.  Following are simplified examples for force.  There can be different 

argument orders and all of them except one are errors to the system. The author should remember the 

right order of arguments for each quantity, and it is a big burden. 

force(agent, object, applied) : correct 

force(object, agent, applied)  : incorrect 

force(agent, applied, object)  : incorrect 

force(object, applied, agent)  : incorrect 

In the case of natural language representation, syntactic constraints using prepositions have a role 

in determining arguments.  It is naturally understood by authors, and the system also can accept them 

without a big difficulty. 

ά¢ƘŜ ŀǇǇƭƛŜŘ ŦƻǊŎŜ ŜȄŜǊǘŜŘ ǘƻ ǘƘŜ ƻōƧŜŎǘ ōȅ ǘƘŜ ŀƎŜƴǘέ 

ά¢ƘŜ ŦƻǊŎŜ ŀǇǇƭƛŜŘ ǘƻ ǘƘŜ ƻōƧŜŎǘ ōȅ ǘƘŜ ŀƎŜƴǘέ 

 ά¢ƘŜ ŦƻǊŎŜ ŀǇǇƭƛŜŘ ōȅ ǘƘŜ ŀƎŜƴǘ ǘƻ ƻōƧŜŎǘέ 

It is possible to display quantities in natural language from the formal language using a generation 

module, but domain experts still cannot edit them directly.  

In previous approaches, it was common to use natural language for authors and transform to 

formal language for a system.  However, transforming between natural and formal languages had many 

problems such as lack of flexibility, extensibility, and difficulty in managing commonsense knowledge, 

etc.  Basically, the difficulties were from the situation that programmers had to change transformation 

modules containing transformation knowledge whenever a new pattern of knowledge should be added.  

The idea presented in this thesis is to use natural language directly without transforming to formal 

language to avoid such difficulties. 

Natural language representation is more easily learned than formal language, which lowers the 

barriers for instructors and even students to add knowledge to the ITS.  Besides understandability and 

learnability, natural language allows the problem solverΩs reasoning and its knowledge to be understood 

more easily.  This is important when the user must trust the system.  Generating natural language 

explanation from knowledgebase in formal language is a challenging problem (Swartout, Paris, & Moore, 

1991 ) (Eugenio, Fossati, Yu, Haller, & Glass, 2005), but using natural language as knowledge 

representation enables explanation generation without difficulty.  This thesis presents a new approach 

using natural language as knowledge representation avoiding the difficulties in using formal language: 

understandability, learnability, and explanation generation. 
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3.0. TYPES OF KNOWLEDGE IN THE THREE LEVELS IN PHYSICS 
Three levels of knowledge representation are involved in physics problem solving, i.e. naïve 

representation, physics representation, and math representation (Larkin J. , 1983).  As an example, ƭŜǘΩǎ 

take a look at the skateboarder problem again (Figure 1).  The problem statement is written in 

unconstrained natural language which does not use the academic language of physics.  This 

representation of a problem is called the naïve representation.  

To solve this physics problem, the naïve representation should be translated into a well-defined 

representation that clarifies the given physics situation precisely. The concepts in physics implicitly given 

in naïve representation (e.g. velocity, acceleration, force, etc.) should be mentioned explicitly. This 

articulation of the problem in the academic language of physics is called its physics representation. In 

Figure 5-(a), the magnitude, direction, and y-component of the velocity were listed.  

Lastly, the math representation restates the problem in mathematical form.  By applying physics 

principles, one can create a solvable set of equations that represents the problem.  More specifically, 

the equations can be solved algebraically yielding values for all the variables, and every equation is 

either an assignment ƻŦ ǾŀǊƛŀōƭŜΩǎ ǾŀƭǳŜ ǘƘŀǘ ƛǎ ƎƛǾŜƴ ƛƴ ǘƘŜ ǇǊƻōƭŜƳ ǎǘŀǘŜƳŜƴǘΣ ƻǊ ǘƘŜ ŀǇǇƭƛŎŀǘƛƻƴ ƻŦ ŀ 

physics principle that is justified by the problem statement.  For instance, Figure 5-(b) shows the final 

representation of the skateboarder problem in its math representation. 

(a) Ψ¢ƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦоƳκǎΦΩ 
Ψ¢ƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мпо ŘŜƎǊŜŜǎΦΩ 
Ψ²Ƙŀǘ ƛǎ ǘƘŜ ȅ-component of the velocity of the skateboarder? ' 

(b) y=mag*sin(theta) , % projection principle 
mag=1.3 m/s, 
theta=143 degrees, 
y=? 

Figure 5: (a) physics representation and (b) math of the skateboarder problem. 

Given that there are 3 representations, one would expect two types of knowledge for converting 

from naïve to physics representation, and physics to math representation.  The first mapping, from the 

naïve (i.e. the input problem statement) to the physics representation, is driven by considerable 

informal background knowledge including commonsense.  CƻǊ ŜȄŀƳǇƭŜΣ ǘƘŜ ƴŀƠǾŜ ǊŜǇǊŜǎŜƴǘŀǘƛƻƴ άŀ 

ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎέ ƛƳǇƭƛŜǎ ǘƘŀǘ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ ŀ ǇƘȅǎƛŎŀƭ ƻōƧŜŎǘΣ ŀƴŘ ƛǘ Ƙŀǎ ŀ ƴƻƴ-zero 

velocity of 1.3 m/s.  Although this type of knowledge is sometimes called description phrase knowledge 

(Larkin J. , 1983)(Hestenes, 1987), we prefer the simpler phrase background knowledge.  

The second mapping, from the physics to the math representation, is driven by well-defined 

principle schemas.  Each principle has conditions designating when to trigger.  For example, this 

projection principle can be triggered when a physics object has a vector property (e.g., velocity) that is 

not aligned with an axis. This set of conditions plus other details are called a principle schema.  Such 

schemas convert physics representations into math representations. 

Some previous work, such as Fermi (Larkin J. H., 1998), Newton (De Kleer, 1975), Cascade (VanLehn, 

1999), and AURA (David Gunning, 2010), have used formal representations exclusively.  Input problems 
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were manually translated into formal language versions of a naïve representation.  Thus, a partial 

ŦƻǊƳŀƭƛȊŀǘƛƻƴ ƻŦ ά! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ǳǇ ŀƴ ƛƴŎƭƛƴŜŘ ǇƭŀƴŜέ ǿƻǳƭŘ ōŜ ǇƘȅǎƛŎŀƭψƻōƧŜŎǘόǎƪŀǘŜōƻŀǊŘŜǊύΣ 

surface(plane), supported_by(skateboarder, plane), etc.  The physics representation, math 

representation, background knowledge and principles schemas were all written in formal language.  

Other previous works adopted a method to transform natural language into formal representations 

(Mecho (Bundy, Byrd, Luger, Mellish, & Palmer, 1979),   ISAAC (Novak Jr., 1977), and pSAT (Ritter, 

1998)(Ritter, Anderson, Cytrynowicz, & Medvedeva, 1998)). Their systems were designed to translate 

naïve representation in natural language into physics representation in formal language. In this 

approach, background knowledge included both domain-specific knowledge (e.g., an inclined plane is a 

surface) and natural language processing knowledge.  This rather large, diverse knowledgebase was 

encoded in program code, and only the system developers were able to change it.  So, they still had the 

same problem that only the system developers can change background knowledge and the other formal 

representations.  

The proposed approach in this thesis is to represent both types of knowledge (background 

knowledge and principle schemas) in natural language, and to use natural language for the naïve and 

the physics representations.  The math representation of physics problems will continue to be written in 

mathematical notation.   In other words, because the naïve representation, background knowledge, 

physics representation, and principle schema are all represented in natural language, everything an 

author sees from the problem statement onward is in natural language until the very end, when the 

mathematical representation is generated by instantiation of generic equations that are part of the 

principle schemas.  Because authors are assumed to already know math as well as 9ƴƎƭƛǎƘΣ ǘƘŜȅ ŘƻƴΩǘ 

need to learn new languages or new representations in order to work with the system. 

4.0. REPRESENTING KNOWLEDGE IN NATURAL LANGUAGE 
The problem statement needs to be interpreted so that it can trigger relevant principles.  For the 

principles to be triggered, the problem must be described in terms of proper scientific concepts such as 

forces, accelerations and velocities.  Let us define the physics representation more precisely to refer to 

the representation that directly matches the principle schemas.  Thus, the physics representation of a 

problem must use proper scientific concepts such as forces, etc.  In theory, the physics representation 

could use complex syntax (e.g., relative clauses), pronouns and other constructs of natural language.  As 

ƭƻƴƎ ŀǎ ŀ ǎŜƴǘŜƴŎŜ Ŏŀƴ ƳŀǘŎƘ ǊǳƭŜǎ ǘǊƛƎƎŜǊƛƴƎ ǘŀǊƎŜǘ ǇǊƛƴŎƛǇƭŜǎΣ ǘƘŜ ǎȅǎǘŜƳ ŘƻŜǎƴΩǘ ŎŀǊŜ ŀōƻǳǘ ǘƘŜ ŦƻǊƳ 

of sentences.  In this way the system allows authors to write the physics representation in free natural 

language.  However, authors should write physics representations so that they can trigger relevant 

principles with limited matching conditions, so authors will tend to employ a fairly limited range of 

linguistic constructs for the physics representations  

 As an example, Figure 6 shows both a formal language and the corresponding natural language 

version of the physics representation of the skateboarder problem.  It seems plausible that an author 

who is trying to debug the translation of a problem could more easily understand physics representation 

written in natural language (Figure 6-(b)) rather than formal language (Figure 6-(a)).      
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(a) Formal 
language 
 

known(at(mag(velocity(skateboarder)), tpt(1)), dnum(1.3, m/s)). 
known(at(dir(velocity(skateboarder)), tpt(1)), dnum(143, degree)). 
sought(at(comp(velocity(skateboarder), y), tpt(1))). 

(b) Natural 
language 
 

Ψ¢ƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦоƳκǎ ŀǘ ¢мΦΩ 
Ψ¢ƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мпо ŘŜƎǊŜŜǎ ŀǘ ¢мΦΩ 
Ψ²Ƙŀǘ ƛǎ ǘƘŜ ȅ-component of the velocity of the skateboarder at T1? ' 

Figure 6: formal and natural language representations of the skateboarder problem. 

Although a principle includes a set of equations which should be instantiated when some conditions 

are satisfied, the rest of the principle can be represented in natural language.  For example, Figure 7-(b) 

shows the projection principle in natural language. The principle has a condition checking whether the 

object is a moving object (i.e 'An object_  moves_'), and it corresponds to the principle schema.  Notice 

that it is also represented in natural language here.  

Definitions of variables used in a principle are represented in natural language too here.  For 

ŜȄŀƳǇƭŜΣ ǘƘŜ ǎŜƴǘŜƴŎŜ άƳŀƎ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψέ ǇǊƻǾƛŘŜǎ ǘƘŜ ŘŜŦƛƴƛǘƛƻƴ ƻŦ 

the variable mag in natural language.  Thus, the definitions of the variables can be written by an author 

when he adds a principle.  The system just finds matches from the known facts in the current context 

(Figure 6-(b)) to the definitions of variables in a principle (Figure 7-(b)) when triggering.  In this way, 

everything except equations is defined in natural language. 

(a) 
Formal 
language 
 

҈±ȅ Ґ ±ϝǎƛƴόʻύ   
҈±Ȅ Ґ ±ϝŎƻǎόʻύ   
         
pa_true(along(projection(offaxis, Velocity), Axis)) :- 
Velocity=velocity(Object), 
moving(Object). 
 
pa_equation(along(projection(offaxis, Velocity), Axis), V_xy=V*Trig) :- 
  V_xy = var(compo(Velocity, Axis)), 
  V       = var(mag(Velocity)), 
  V_dir = var(dir(Velocity)), 
Velocity=velocity(Object) 
 Χ 

(b) 
Natural 
language 
 

'An object_  moves_' 
    implies x=mag*cos(theta),      
    y=mag*sin(theta)      
      where 'x is the x-component of the velocity of the object_' 
          and 'y is the y-component of the velocity of the object_' 
          and 'mag is the magnitude of  the velocity of the object_' 
          ŀƴŘ ϥǘƘŜǘŀ ƛǎ ǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψΩΦ 

Figure 7: the projection principle represented in formal language and natural language. 

Physicists would immediately understand the principle schema expressed as Figure 7-(b), could 

confirm that it is correct, and could write other ones like it.  On the other hand, they would require 

some training in order to understand the formal version of the projection principle shown in Figure 7-(a). 
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Even with training, because the formal language will always be relatively less familiar than the natural 

language, physicist might overlook minor errors such as misordering of arguments.  This formal version 

of the principle was from a previous system written in Prolog, so physicists trying to use it would have to 

learn the computer language, Prolog in this case.  We hypothesize that physics instructors would find it 

easier to write, check and debug the natural language versions.    

These two figures represent the basic hypothesis.  Although the domain mandates that the 

conceptual content be translated from naïve to physics to math concepts, it is much easier for authors 

to understand this translation if the content is written in natural language rather than a formal language.   

4.1. REPRESENTING BACKGROUND KNOWLEDGE 
The preceding section may suggest that in order to add a new problem to the tutoring system, the 

author could write a naïve representation to be read by students, and a physics representation in 

natural language to be read by the tutoring system.  The physics schemas in the tutoring system would 

then translate the given physics representation into a math representation.  If that translation failed, 

then the author could debug the newly written physics representation and/or the principle schemas 

since they are all written in natural language.   

While feasible, the approach just sketched is far from optimal.  Many researchers have noted 

learners make most of their mistakes when translating the naïve representation to the physics 

representation.  For instance, learners often fail to notice when forces, accelerations, velocities, 

displacements and other physics entities are present.  Indeed, the background knowledge is often 

considered the conceptual core of physics because the principle schemas are important, but not difficult 

to learn.  Thus, the tutoring system needs to tutor the students as they apply background knowledge.  

This means that the tutoring system needs to have a representation of such knowledge.   Of course, 

some of the background knowledge is famiƭƛŀǊ όŜΦƎΦΣ ŀ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ ŀ ǇƘȅǎƛŎŀƭ ƻōƧŜŎǘύ ǎƻ ƛǘ ŘƻŜǎƴΩǘ 

need tutoring.   

This motivated developing an intelligent system that can automatically generate physics 

representations from a naïve, natural language problem statement.  In order to do so, the system should 

have background knowledge connecting the problem statement (naïve representation) to the physics 

representation.  This knowledge includes the description phrase knowledge, and it can include linguistic 

knowledge, commonsense knowledge, and domain knowledge from physics. The idea proposed here is 

to represent background knowledge in natural language as inference rules, and to let authors add them. 

(a) Rules for 
background 
knowledge 

Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀ ǇƭŀƴŜΩ  
        implies ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦоƳκǎΩΦ 
Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мпо ŘŜƎǊŜŜǎΩ  
        implies ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мпо ŘŜƎǊŜŜǎΩΦ 

(b) Generalized 
rules using 
semantically 
binding 
variables 

Ψ!ƴ ƻōƧŜŎt_  moves_  at num_  ǳƴƛǘψΩ  
        implies ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  is num_  ǳƴƛǘψΩΦ 
Ψ!ƴ ƻōƧŜŎǘ_  moves_  at num_  ǳƴƛǘψΩ  
        implies ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  is num_  ǳƴƛǘψΩΦ 
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Figure 8: background knowledge translating the input sentences into physics representations. 

The background knowledge represented in natural language has a form of a rule with conditions 

and actions (Figure 8-(a)).  The action produces a fact in physics representation.  The condition matches 

the naïve representation and perhaps also some previously produced physics representation.  Basically if 

one of the parse trees of the condition is a subtree of that of the input sentence, they can match (the 

matching method will be explained in details in chapter 11.0).  These rules run in a forward chaining 

manner, like a production system, until they reach quiescence.   

Introducing semantically binding variables (e.g. object_, moves_, num_, and unit_) can generalize 

the rule to be applied to broader cases (Figure 8-(b)). For example, object_  can match all nouns whose 

ǎŜƳŀƴǘƛŎ Ŏƭŀǎǎ ƛǎ ΨƻōƧŜŎǘΩ ǎǳŎƘ ŀǎ ΨǎƪŀǘŜōƻŀǊŘŜǊΩΣ ΨŎŀǊΩΣ ŜǘŎΦ  It is possible to develop a system to 

automatically generalize the set of rules added by authors. However the generalization module was not 

implemented because authors can directly write the generalized rules in natural language. 

It is expected that the number of rules to be added decrease as more problems are added, and 

eventually converge to near zero per problem.  Ideally, in order to add a new problem to the tutoring 

system, the author types in the naive representatiƻƴ ǘƻ ōŜ ǊŜŀŘ ōȅ ǘƘŜ ǎǘǳŘŜƴǘΣ ǇǊŜǎǎŜǎ ǘƘŜ άǎǳōƳƛǘέ 

button, checks that the physics representation and the math representation are what the author 

intended, and checks the final answer that the system generates.  If any of the checks fail, then the 

author can try rewording the naïve representation (the problem statement).  If rewording always 

succeeds, then the author never needs to examine the background knowledge, physics representation, 

etc. in detail in order to find a bug or missing knowledge.  We call this happy state of affairs the no-new-

knowledge state of the system.  A question in this approach is about how many rules need to be added 

to the system in order to achieve the no-new-knowledge-state. 

Figure 9 shows the overall flow of knowledge in the system. The input physics statement in naïve 

representation is translated to the physics representation using the background knowledge.  The physics 

knowledge is translated to the math representation using the principle schema. The generated 

equations are solved, and the final answer is displayed.  All types of knowledge are represented in 

natural language except the math equations at the end. As shown in the figure, every step of the 

process and inference can be understood easily by non-programmers.  Thus this approach makes the 

system transparent to non-programmers enabling them to join the authoring task, and the intermediate 

inference results can be used to generate hints or explanations for tutoring. 
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Figure 9: The five types of knowledge represented in natural language, and their data flow during problem solving. 

5.0. SYSTEM ARCHITECTURE OF NATURAL-K 
Although problems in the physics domain have several types of knowledge, Natural-K, the system 

developed here, uses a little different but similar representation for them.  Both background knowledge 

and principle schema are represented in rules consisting of conditions and actions.  Both naïve 

representation and physics representation are represented in a natural language sentence.  The three 

levels of knowledge in physics are processed with one matching engine performing sentence to 

sentence matching. 

Figure 10 shows the system architecture of Natural-K.  The system has mainly three parts - the 

matching engine, the knowledgebase, and the context memory.  The knowledgebase stores all the 

background knowledge written in natural language.  Knowledge in natural language is parsed and 

Principle  
Schema: 

Background 

Knowledge: 

Ψ¢ƘŜ ƻōƧŜŎǘ_  moves_'    implies y=mag*sin(theta)      

      where 'y is the y-component of the velocity of the object_' 

          and 'mag is the magnitude of  the velocity of the object_' 

          ŀƴŘ ϥǘƘŜǘŀ ƛǎ ǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψΩΦ 

Naïve 

Representation: 

Physics 

Representation: 

Math 

Representation: 

y=mag*sin(theta) , mag=1.3 m/s, theta=143 degrees, 

y=? 

 

Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀ ǇƭŀƴŜΩ implies ΨǘƘŜ 

ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦоƳκǎΩΦ 

Χ 

 

ά! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀƴ ƛƴŎƭƛƴŜŘ ǇƭŀƴŜ ŀƴƎƭŜŘ ŀǘ 

143 degrees. Whŀǘ ƛǎ ƛǘǎ ǾŜǊǘƛŎŀƭ ǾŜƭƻŎƛǘȅΚέ  

 

Ψ¢ƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦо ƳκǎΦΩ 

Ψ¢ƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мпо ŘŜƎǊŜŜǎΦΩ 

Ψ²Ƙŀǘ ƛǎ ǘƘŜ ȅ-component of the velocity of the skateboarder? ' 

y = 0.78 m/s 

The y-component of the velocity of the skateboarder is 0.78 m/s 

Answer: 
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rŜǎǳƭǘƛƴƎ ŘŜǇŜƴŘŜƴŎȅ ŎƘŀǊǘǎ ŀǊŜ ǎǘƻǊŜŘ ŘǳǊƛƴƎ ŎƻƳǇƛƭŀǘƛƻƴ ǘƛƳŜ ǎƻ ǘƘŀǘ ƛǘ ŘƻŜǎƴΩǘ ǇŀǊǎŜ ǘƘŜ ǎŀƳŜ 

sentence twice. When an input sentence is given to the system, it is parsed and the matching engine 

finds rules in knowledgebase that can be matched using both the input and the current context memory. 

The matched rules produce new facts, and the new facts are inserted to the context memory. The new 

facts in the context memory can match new rules producing new facts again. This inference loops 

continue until the context memory ŘƻŜǎƴΩǘ ŎƘŀƴƎŜ ŀƴȅƳƻǊŜΦ  Equations are generated at the end, and 

the equation solver solves the equations generating final answers.   In this way, the simple architecture 

can process all the five types of knowledge in three levels in physics domain. 

 

Figure 10: the system architecture of Natural-K 

6.0. TYPES OF KNOWLEDGE IN NATURAL-K 
The basic types of knowledge were presented briefly in chapter 4.0.  Knowledge is represented in a form 

of rule.  All rules used in the system can be classified into two types, i.e. implication rules and truth rules.  

An implication rule produces facts, and inference using them is forward chaining.  On the other hand, a 

Inference Engine 

 
Backward chaining 

Forward chaining 
Matching 

Engine 

 

Knowledgebase 

Problem 

statement 

Syntactic Parser 

Equations 

Equation Solver 

Answers 

Context memory 
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truth rule only checks truth, and does not produce any fact.  Inference using truth rules is backward 

chaining.  

Implication rules include default rules, negation rules, and principles. Truth rules include logic rules 

and math rules. Their representation using natural language is presented in this chapter in detail. 

6.1. IMPLICATION RULES 
A background rule has conditions in the left side and actions in the right side.  Input sentences and 

known facts match conditions. If all the conditions are satisfied, the actions in the right side are 

generated as facts.  The generated facts are used to trigger other rules.  Multiple conditions (and actions) 

ŀǊŜ ŎƻƴƴŜŎǘŜŘ ǿƛǘƘ ΨŀƴŘΩ ŎƻƴƴŜŎǘƻǊΦ 9ŀŎƘ ŎƻƴŘƛǘƛƻƴ ŀƴŘ action is a natural language sentence enclosed 

with quotation marks όΨΧΩύΦ  

<condition 1> and  
<condition 2> and 
Χ  
<condition N> 
    imply <action 1> 
        and <action 2> 
                Χ 
        and <action N>.  
Figure 11: the basic form of an implication rule 

6.1.1. Default Rule  

Some facts are naturally assumed by default. When a physics problem describes a situation about a ball 

thrown, it is assumed that the ball is thrown nearby the earth if there is no mention about a nearby 

planet.  [ŜǘΩǎ Ŏŀƭƭ ǎǳŎƘ ƪƴƻǿƭŜŘƎŜ default knowledge, and a rule for default knowledge a default rule. A 

condition of the default rule has a tag unknown notifying that the condition is satisfied only when there 

is no fact that can match.  

Ψ¢ƘŜ ƭƻŎŀǘƛƻƴ ƛǎ ƴŜŀǊ a ǇƭŀƴŜǘψΩ  unknown 
    implies ΨǘƘŜ ƭƻŎŀǘƛƻƴ ƛǎ ƴŜŀǊ ǘƘŜ ŜŀǊǘƘΨ. 
 
'The location is near the earth' and 
'the magnitude of the gravitational acceleration on the earth is num_  unit_' unknown 
    imply 'the magnitude of the gravitational acceleration on the earth is 9.8 m/s^2'. 
Figure 12: examples of default rules 

One of the important properties of natural language is that background knowledge has a major role 

in inference.  A default rule also works as background knowledge, and it is triggered based on unknown 

facts.  Often only some of conditions are satisfied by default, and it is possible that the default rule has 

both known and unknown conditions.  Figure 12 shows two default rules. In the first one, the fact ΨǘƘŜ 

ƭƻŎŀǘƛƻƴ ƛǎ ƴŜŀǊ ǘƘŜ ŜŀǊǘƘΩ ƛǎ generated by default when there is no mention about a nearby planet.  In 

the second one, the fact about the gravitational acceleration 9.8 m/s^2 is generated when it is not 

mentioned and the location is near the earth. 
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6.1.2. Negative condition, and Unknown condition  

Representing a negative fact and a negative condition is straight forward (see examples in Figure 13).  

²Ŝ Ŏŀƴ ǳǎŜ ŀ ƴŜƎŀǘƛǾŜ ǎŜƴǘŜƴŎŜ ǿƛǘƘ ŀ ƴŜƎŀǘƛƻƴ ǿƻǊŘ όΨƴƻǘΩύ ŦƻǊ ƴŜƎŀǘƛƻƴΦ  No extra process is required 

in matching a positive fact to a negative condition.  But, it needs to check the existence of a negation 

word in case of matching a negative sentence to a positive condition because parse tree comparison will 

skip the extra word in the input sentence otherwise. 

The unknown condition is different from the negative condition that can accept a negative fact 

although they behave similarly except in some cases.  The positive fact (ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ ŎƻƴǎǘŀƴǘΩ 

in Figure 13) should match the positive condition, but not to the negative condition.  Its negative fact 

όΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ ƴƻǘ ŎƻƴǎǘŀƴǘΩύ should match the negative condition, but not to the positive one.  

As you can see, the matching behavior of a positive condition is the opposite of a negative condition.  

.ǳǘ ǘƘŜ ǳƴƪƴƻǿƴ ŎƻƴŘƛǘƛƻƴ ŘƻŜǎƴΩǘ ōŜƘŀǾŜ ƭƛƪŜ ǘƘŜ ƴŜƎŀǘƛǾŜ ŎƻƴŘƛǘƛƻƴΦ  Both the positive and 

negative facts should fail to match the unknown condition.  Given a negative fact, we know the truth 

about the fact.  A native fact is a known fact too. Thus, both a positive and a negative fact should fail to 

match an unknown condition.   

tƻǎƛǘƛǾŜ ŦŀŎǘΥ ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ ŎƻƴǎǘŀƴǘΦΩ 
bŜƎŀǘƛǾŜ ŦŀŎǘΥ ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ not ŎƻƴǎǘŀƴǘΦΩ 
 
Positive condition:    ΨǘƘŜ ǎǇŜŜŘ ƻŦ an object_  ƛǎ ŎƻƴǎǘŀƴǘΩ  
Negative condition:  ΨǘƘŜ ǎǇŜŜŘ ƻŦ an object_  is not ŎƻƴǎǘŀƴǘΩ 
 
Unknown condition: ΨǘƘŜ ǎǇŜŜŘ ƻŦ an object_  is constantΩ unknown 
Figure 13: An example for positive and negative facts, and positive, negative, and unknown conditions 

6.1.3. Negation Rule 

A negation rule is used to suppress other rules from triggering.  There can be exceptional cases for rule 

application. For example, when a car moves, there must be a driver in the car (the first rule in Figure 14). 

.ǳǘΣ ŀ ŎŀōƭŜ ŎŀǊ ŘƻŜǎƴΩǘ ƘŀǾŜ ŀ ŘǊƛǾŜǊ ƛƴ ƛǘΦ  In this case, there should be a way to suppress the rule of a 

cable car.  Writing a specific rule preventing a general rule from triggering is a natural way for this.  

Ψ! ŎŀǊ_  moves_' and 
Ψŀ ŘǊƛǾŜǊ ŘǊƛǾŜǎ ǘƘŜ ŎŀǊψϥ ǳƴƪƴƻǿƴ 
    imply 'a driver in the car_  ŘǊƛǾŜǎ ǘƘŜ ŎŀǊψΨΦ 
 
Ψ! ŎŀōƭŜ ŎŀǊ ƳƻǾŜǎψΨ and 
Ψŀ ŘǊƛǾŜǊ ŘǊƛǾŜǎ ǘƘŜ ŎŀōƭŜ ŎŀǊΩ ǳƴƪƴƻǿƴ 
    do not imply Ψŀ ŘǊƛǾŜǊ ƛƴ ǘƘŜ ŎŀōƭŜ ŎŀǊ ŘǊƛǾŜǎ ǘƘŜ ŎŀǊϥΦ 
Figure 14: an example of negation rule (A does not imply B). 

A negation rule has a form of (A does not imply B) instead of (A implies B).  A negation rule 

suppresses all other rules that can be triggered by the same set of facts satisfying its conditions.  The 

negation rule in the second rule of Figure 14 is more specific than the first rule.  The most specific rule 

says that the conditions do not imply the action.  The system imposes the highest priority on the most 
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specific rule matched.  Thus the more general rule (the first rule) is not triggered.  The subsumption 

relation between two rules is used to find the most specific rule, and it will be explained in the inference 

section (chapter 10.3). 

A negation rule can be used to deal with over-generation problems.  It is enough to add a more 

specific negation rule if a user finds a fact that is not supposed to be generated.  He can check the 

background rules generating the fact, and write a negation rule for the specific case to suppress it. 

6.1.4. Principle s 

One of the significant ideas proposed in this thesis is that principles can be represented in natural 

language too.  As shown in Figure 7-(a), principles were encoded in program codes in the previous 

approaches, and it was the reason why only programmers were able to update principles. By 

representing principles in natural language, non-programmers are enabled to update principles too.  

A principle rule is a kind of implication rule. The same matching module is used for principle rules 

and other implication rules. The only difference is that the output of a principle rule is equations.  The 

basic form of a principle is almost the same as that of an implication rule (Figure 11) except the ΨwhereΩ 

phrase at the end.  The definitions of variables in the equations are given to the ΨǿƘŜǊŜΨ phrase.  An 

example of a principle is given in Figure 7-(b).  

<condition 1> and  
<condition 2> and 
Χ  
<condition N> 
       imply <equations> 
      where <variable definition 1> 
          and <variable definition 2> 
          Χ 
          and <variable definition N>.  
Figure 15: the basic form of a principle 

6.2. TRUTH RULES 
Input sentences trigger implication rules producing new facts.  Implication rules are used for forward 

chaining producing new facts.  Truth rules work the opposite way.  ¢ǊǳǘƘ wǳƭŜǎ ŘƻƴΩǘ ǇǊƻŘǳŎŜ ŀƴȅǘƘƛƴg 

only checking truth of hypothesis.  A truth rule has hypotheses in the left side and conditions in the right 

side (Figure 16).  If all the conditions are satisfied, then all the hypotheses become true. 

<hypothesis 1> and  
< hypothesis 2> and 
Χ  
< hypothesis N> 
         if    <condition 1> 
        and <condition 2> 
                Χ 
        and <condition N>. 
Figure 16: the basic from of a truth rule 
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It is true that an object moves at the interval between T1 and T3 if it moves between T1 and T2 and 

between T2 and T3. This logic was represented by the first rule in Figure 17.  The second truth rule can 

be used to check the truth of facts in sub intervals. If an object moves between T1 and T3, then it is true 

that it moves between T1 and T2, and between T2 and T3. 

'An object_  moves_  at the interval between Ti_  and Tk_' 
    if     'the object_  moves_  at the interval between Ti_  and Tj_' 
    and 'the object_  moves_  at the interval between Tj_  and Tk_'. 
 
'An object_  moves_  at the interval between Ti_  and Tj_' and 
 'the object_  moves_  at the interval between Tj_  and Tk_' 
    if     'the object_  moves_  at the interval between Ti_  and Tk_'. 
 
Figure 17: examples of truth rule 

During inference, the system tries to find an existing fact in the context memory to match a 

condition in an implication rule.  When there is no such fact, it tries to validate the condition from truth 

rules. First, it finds the matching hypothesis in a truth rule.  Second, it checks validity of the conditions in 

the truth rules.  Some of the conditions can be matched by existing facts.  The other conditions failing to 

match by existing facts can match other truth rules.  This chain of inference is backward chaining 

starting from hypothesis searching toward existing facts. 

The truth rules can be used to find an answer for a qualitative question. For example, ΨŘƻŜǎ ǘƘŜ ōŀƭƭ 

Ǝƻ ƘƛƎƘŜǊ ǘƘŀƴ о ƳΚΩ ǊŜǉǳƛǊŜǎ ŎƻƳǇŀǊƛƴƎ ǘƘŜ ƘŜƛƎƘǘ ƻŦ ǘƘŜ ōŀƭƭ ŀǘ ǘƘŜ ŀǇŜȄ ŀƴŘ о ƳΦ  Figure 18 shows 

truth rules to validate this question. The input question matches the hypothesis of the rule, and if all the 

conditions in the right side are satisfied by existing facts, then the hypothesis becomes true.  As you can 

see, representing knowledge for a qualitative question can be naturally done, and it is one of the 

advantages of using natural language as knowledge representation.   

Input: 
Ψ5ƻŜǎ ǘƘŜ ōŀƭƭ Ǝƻ ƘƛƎƘŜǊ ǘƘŀƴ о ƳΚΩ 

Rule: 
Ψ!ƴ ƻōƧŜŎǘ_  goes higher than num1_  ǳƴƛǘψΩ 
    If    ΨǘƘŜ ƳŀȄƛƳǳƳ ƘŜƛƎƘǘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  is num2_  ǳƴƛǘψΩ 
   ŀƴŘ ΨƴǳƳн_  ƛǎ ƭŀǊƎŜǊ ǘƘŀƴ ƴǳƳмψΩΦ 
 
ΨThe maximum height of an object_  is num_  ǳƴƛǘψΩ 
    If    ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  is num_  unit_  at the interval between Ti_  and 
¢ƧψΩ 
   ŀƴŘ ΨǘƘŜ ƻōƧŜŎǘ_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ƛψΩ 
   ŀƴŘ ΨǘƘŜ ƻōƧŜŎǘ_  ƛǎ ŀǘ ǘƘŜ ŀǇŜȄ ŀǘ ¢ƧψΩΦ 
 
Figure 18: a qualitative question and a truth rule to check the validity 

Truth rules are useful in reducing the number of produced facts.  After a truth rule is triggered, the 

verified hypotheses are not generated as facts, and they ŘƻƴΩǘ ǘǊƛƎƎŜǊ ƻǘƘŜǊ ǊǳƭŜǎΦ  It can be useful to 

reduce the number of facts generated during inference. An author can choose between truth rules and 
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implication rules to represent knowledge though truth rules are mainly used for logic and math.  It will 

be explained in details later when explaining backward chaining (chapter 10.1). 

6.2.1. Logic Rule 
Truth rules are used for simple logic and math processing.  The condition (the right side) of a rule is logic 

(or math) expression, and the system has a predefined module to process the logic expression.  Figure 

19 shows examples of logic and math rules.  Note that the conditions in the right side of the rules are 

not string.  The first example is for numeric comparison of two numbers.  The second one is for 

summation of two numbers.  Mid time point creation is also done by logic rules.  The third example is 

for mid time point creation.  Even though the right side of the rule allows only predefined expressions, 

corresponding natural language expression in the left side is not limited, and implication rules can be 

added to accept paraphrases. 

'num1_  is smaller than num2_' 
        if num1_  < num2_. 
  
'num3_  is num1_  + num2_'  
        if num3_  = num1_  + num2_. 
 
Ψ¢Ƨ_  is a time point between Ti_  ŀƴŘ ¢ƪψΩ 
        If Tj_= mid(Ti_, Tk_). 
Figure 19: examples of truth rule for logic and math 

[ŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ǘƘŜ input άa swimmer reaches a place which is 35 deg west of northέ is given 

(Figure 20), and the system should infer that the actual direction of the swimmer is 35+90 degrees.  The 

ŎƻƴŘƛǘƛƻƴ ΨƴǳƳн_  is num_  Ҍ флΩ ƛǎ ǊŜǉǳƛǊŜŘ ƛƴ ǘƘŜ ǘǊǳǘƘ ǊǳƭŜ ǘƻ ŎŀƭŎǳƭŀǘŜ ƛǘ όǘƘŜ ǎŜŎƻƴŘ ŎƻƴŘƛǘƛƻƴ ƻŦ ǘƘŜ 

rule in Figure 20).  The value 35 will match num_  in the first condition of the rule.  The second condition 

of the rule will match the hypothesis of the math rule (the second rule) in Figure 19.  The value 90 will 

match num2_  in the math rule.  The math rule will assign 125 to num3_  after calculation, and this value 

will be assigned to num2_  in the second condition of the rule in Figure 20.  The condition is satisfied and 

the action part of the rule will be generated as a fact όƛΦŜΦ ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ 

ǎǿƛƳƳŜǊ ƛǎ мнр ŘŜƎǊŜŜǎΩύ. 

Input: 
ϥ! ǎǿƛƳƳŜǊ ǊŜŀŎƘŜǎ ŀ ǇƭŀŎŜ ǿƘƛŎƘ ƛǎ ор ŘŜƎ ǿŜǎǘ ƻŦ ƴƻǊǘƘΦΨ 

Rule: 
 Ψ!ƴ ƻōƧŜŎǘ_  reaches_  a place_  which is num_  unitAngle_  west of north' and 
'num2_  is num_  + 90' 
        imply 'the direction of the displacement of the object_  is num2_  unitAngle_'. 
Figure 20: an example sentence and a truth rule for math to calculate the actual direction (35+90 degrees) 

7.0. GENERALIZED REPRESENTATION 
Unrestricted natural language is allowed in conditions, actions, and hypotheses of a rule.  As long as two 

sentences match, the form of the ǎŜƴǘŜƴŎŜǎ ŘƻŜǎƴΩǘ ƳŀǘǘŜǊΦ  Theoretically ungrammatical sentences 
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also can match if their resulting (possibly broken) parse trees match although grammatical sentences are 

preferable.  A condition of a rule can be represented in specific natural language (Figure 8-(a)), and it 

also can be generalized to accept facts with a broader scope of patterns (Figure 8-(b)).  This chapter 

explains how to make generalized representation. 

7.1. THE SHORTER, THE MORE GENERAL 
A natural language sentence has the property that a specific expression can become more general by 

removing a modifier.  CƻǊ ŜȄŀƳǇƭŜΣ Ψŀ sports ŎŀǊΩ ƛǎ ƎŜƴŜǊŀƭized to Ψŀ ŎŀǊΩ simply by ǊŜƳƻǾƛƴƎ ΨǎǇƻǊǘǎΩ.  

Thus, a sentence can be generalized by rewriting a sentence shorter removing modifiers. Following is 

such generalization examples.  ¢ƘŜ ŦƛǊǎǘ ǎŜƴǘŜƴŎŜ ǿŀǎ ƎŜƴŜǊŀƭƛȊŜŘ ōȅ ŜǊŀǎƛƴƎ ΨǎǇƻǊǘǎΩΣ ǘƘŜ ǎŜŎƻƴŘ ǿŀǎ 

ƎŜƴŜǊŀƭƛȊŜŘ ōȅ ŜǊŀǎƛƴƎ Ψŀǘ оƳκǎΩΣ ŀƴŘ ǘƘŜ ǘƘƛǊŘ ǿŀǎ ƎŜƴŜǊŀƭƛȊŜŘ ōȅ ŜǊŀǎƛƴƎ Ψƻƴ ǘƘŜ ǊƻŀŘΩΦ 

ΨA sports car moves on the road at 3 m/s.Ω 
ΨA car moves on the road at 3 m/s.Ω 
ΨA car moves on the road.Ω 
ΨA car moves.Ω 

This is one of the advantages of using natural language as knowledge representation.  Generalizing 

a condition can be easily done by removing unnecessary words in it. 

7.2. USING  SEMANTICALLY  BINDING  VARIABLES 
Writing a short sentence is not enough to represent a generalized condition.  A word itself can be 

generalized.  CƻǊ ŜȄŀƳǇƭŜΣ ΨŎŀǊΩ Ŏŀƴ ōŜ ƎŜƴŜǊŀƭƛȊŜŘ ǘƻ ΨǾŜƘƛŎƭŜΩ ŀƴŘ ǘƻ ΨƻōƧŜŎǘΩΦ  WordNet (Fellbaum, 1998) 

has hypernym and hyponym relations, and the system looks in WordNet when matching a word and a 

variable.  Hypernyms are a set of more general words, and hyponyms are a set of more specific words. 

Introducing semantically binding variables is one of the ideas proposed in this thesis.  A 

semantically binding variable has an underbar ΨψΩ character at the end of a word to notify that any words 

with more specific meaning under this variable can match.  A semantically binding variable can be a verb, 

noun, adjective, or adverb. 

Any words can be used as a semantically binding variable after attaching an underbar, however 

there are several predefined variables (Figure 21).  Num_  is for numeriŎ ǾŀƭǳŜǎ όмΣ нΦлΣ ҌпΣ оϣнΣ ΧύΦ  

Unit_  is for units such as degrees, m/s, m, kg, sec, etc.  A time variable (T_, Ti_, Tj_, Χ) can match a time 

ƛƴŘŜȄ όǘΥлΥмΥǇƻƛƴǘύ ƻǊ ŀ ǘƛƳŜ ǾŀƭǳŜ ό¢мΣ ¢нΣ ¢оΣΧύΦ 

Variable Matching example 

num_ 
unit_ 
unitAngle_, unitA_ 
unitSpeed_, unitS_ 
unitDistance_, unitD_ 
unitMass_, unitM_  
unitTime_, unitT_ 
unitForce_, unitF_ 
¢ψΣ ¢ƛψΣ ¢ƧψΣ Χ 

1, нΣ оΣ ΧΣ мΦлΣ 2.0, ΧΣ -1, ҌпΣ оϣнΣ Χ 
ŘŜƎǊŜŜǎΣ ƳκǎΣ ƳΣ ƪƎΣ ǎŜŎΣ Χ 
degrees, radian 
ƳκǎΣ ƳκǎϣнΣ ƪƳκƘƻǳǊΣ ƪƳκƘƻǳǊϣнΣ ƳƛƭŜκƘƻǳǊΣ Χ 
cm, m, mile, km, fŜŜǘΣ ƛƴŎƘΣ ŎŜƴǘƛƳŜǘŜǊΣ ƳŜǘŜǊΣ ƪƛƭƻƳŜǘŜǊΣ Χ 
ƎΣ ƪƎΣ ǘƻƴŜΣ Χ 
ǎŜŎΣ ƳƛƴΣ ƘƻǳǊΣ ŘŀȅΣ Χ 
bΣ ƴŜǿǘƻƴΣ Χ 
¢мΣ ¢нΣ ¢оΣ ǘΥлΥмΥǇƻƛƴǘΣ ǘΥлΥмΥƭŜŦǘΣ ǘΥлΥмΥǊƛƎƘǘΣ Χ 
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Figure 21: predefined semantically binding variables 

For the case where one word is used for multiple variables, a number can be attached to the word.  

For example, object1_, object2_, object3_, etc.  Figure 19 showed an example that num1_, num2_, and 

num3_  were used in a rule. 

7.3. USING  SEMANTICALLY  BINDING  PHRASE  VARIABLES 
For further generalization of a natural language representation, a phrase variable is created in this thesis.  

ΨCƛƴŘ ǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭΩ Ŏŀƴ ōŜ ǘǊŀƴǎƭŀǘŜŘ ǘƻ ΨǿƘŀǘ ƛǎ ǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭΚΩΦ  In this case, the phrase 

ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭΩ ƛƴ ǘƘŜ first sentence was reused in the second one.  Recognizing such a phrase 

requires a phrase pattern.  If the phrase pattern is implicitly encoded in a program module to accept the 

pattern (or encoded in formal language), it has the same problem that only computer programmers can 

update the module.  It is not easy to update such a module even for programmers.  Often a template is 

used to recognize such a phrase, but such a template also can be updated only by programmers.  

Natural language representation can be used instead of template if a way to match a phrase is 

supported.  Using generalized natural language to recognize phrases is to completely separate the 

knowledge representation from programming level.  Generalized natural language can be understood as 

a kind of template written in natural language.   

A semantically binding phrase variable is introduced to match a phrase and reuse it in the action 

part.  The former sentence above can match the first example in Figure 22.  The word with two 

underbars, property__  is a semantically binding phrase variable which can match a phrase with a head 

word which is ǎŜƳŀƴǘƛŎŀƭƭȅ ǳƴŘŜǊ ΨpropertyΩ όǎǳŎƘ ŀǎ ǎǇŜŜŘΣ ƳŀǎǎΣ  ǎƛȊŜΣ Χύ.  ¢ƘŜ ǿƻǊŘ ΨǎǇŜŜŘΩ ƛǎ ǘƘŜ 

ƘŜŀŘ ƻŦ ǘƘŜ ǇƘǊŀǎŜ ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭΩΣ ŀƴŘ ǘƘƛǎ ǿƻǊŘ ƛǎ ǎŜƳŀƴǘƛŎŀƭƭȅ ǳƴŘŜǊ ǘƘŜ ǾŀǊƛŀōƭŜ ǿƻǊŘ 

ΨǇǊƻǇŜǊǘȅΩΦ  5ǳǊƛƴƎ ƛƴŦŜǊŜƴŎŜΣ ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭΩ matches ΨǇǊƻǇŜǊǘȅψψΩΣ ŀƴŘ ƛǘ ǊŜǇƭŀŎŜǎ ǘƘŜ ǾŀǊƛŀōƭŜ ƛƴ 

ǘƘŜ ǊƛƎƘǘ ǎƛŘŜ ƻŦ ǘƘŜ ǊǳƭŜ ǇǊƻŘǳŎƛƴƎ ΨǿƘŀǘ ƛǎ ǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭΚΩΦ 

'find_  property__' 
    implies 'what is property__?'. 
 
Ψ!ǎǎǳƳŜ ǘƘŀǘ ŘƻψψΩ 
    implies ΨŘƻψψΩΦ 
Figure 22: example rules using semantically binding phrase variables 

It is important that there is no predefined semantically binding phrase variable.  Any words are 

allowed to be semantically binding ǾŀǊƛŀōƭŜǎΦ  !ƴ ŀǳǘƘƻǊ Ŏŀƴ ŎǊŜŀǘŜ ŀƴȅ ǇƘǊŀǎŜ ǾŀǊƛŀōƭŜ ǳǎƛƴƎ ǘƘŜ ΨψψΩ 

ƴƻǘŀǘƛƻƴ ŀǘ ǘƘŜ ŜƴŘ ƻŦ ŀ ǿƻǊŘ όŦƻǊ ŜȄŀƳǇƭŜΣ ΨŎƻƭƻǊψψΩΣ ΨǎǇŜŜŘψψΩΣ ΨƳƻǾŜǎψψΩΣ ΧύΦ  Semantically binding 

variables are not constraints on the representation language, but notations for matching scope. The 

system looks in WordNet when matching a semantically binding variable and the head word of an input 

phrase.   

A phrase variable can match a clause too. !ƴ ƛƴǇǳǘ ΨŀǎǎǳƳŜ ǘƘŀǘ ǘƘŜ car moves in a constant speedΩ 

can match the condition of the second rule in Figure 22.  The head word of the clause ƛǎ ΨmovesΩΣ ŀƴŘ ƛǘ 

matches ǘƘŜ ǇƘǊŀǎŜ ǾŀǊƛŀōƭŜ ΨŘƻψψΩ which can match any active verb.  Thus the clause Ψthe car moves in 
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a constant speedΩ matches ΨŘƻψψΩΣ ŀƴŘ ǘƘŜ action of the rule becomes Ψthe car moves in a constant 

speedΩΦ  

A phrase variable has a significant role in time phrase processing ǎǳŎƘ ŀǎ ΨǿƘŜƴ ΧΩ ŀƴŘ ΨŀŦǘŜǊ ΧΩΦ  It 

will be explained in the time phrase section (chapter 8.3) in detail.  

8.0. REPRESENTING TIME 
English often does not represent time explicitly, but the physics representation must represent time 

explicitly.  So, some background rules are needed to handle this explication.  The rule interpretation 

mechanisms described so far were not enough for this, so additional mechanisms had to be invented, 

and they will be described in this chapter.  Basically, there should be a way to create a time point, a way 

to refer to an existing time point in the natural language framework.  The rules are quite general, so 

once an initial author (such as a knowledge engineer) who understands these new mechanisms has 

written the appropriate rules, a subsequent author (e.g. an instructor or student) doesn't need to write 

any more time rules. 

Physics events occurring in a physics world can be ordered in time sequence.  An event can occur 

before (or after) another event, or they can occur at the same time.  For example, a human can naturally 

understand that the event of a ball thrown upward is followed by the event of the ball hitting the 

ground.  ¢Ƙƛǎ ǘƛƳŜ ǊŜƭŀǘƛƻƴ ƛǎ ǊŜǇǊŜǎŜƴǘŜŘ ōȅ ǘƛƳŜ ǾŀǊƛŀōƭŜǎ ǎǳŎƘ ŀǎ ¢мΣ ¢нΣ Χ, Tn in physics textbook.  

The magnitude of the velocity of the ball is 16.0 m/s at T1 

However, a problem statement (or native representation) usually doesƴΩǘ ƘŀǾŜ ŀƴȅ ǘƛƳŜ Ǉƻƛƴǘ 

because students are supposed to understand the problem and build a corresponding physics mental 

model to solve. Thus, an event in a naïve representation should be translated to a physics 

representation with a time point.   

Throwing upward: 
ΨA ball is thrown vertically upward with a speed of 16.0 m/s.  How long is the ball in the air?Ω 

Figure 23: Problem statement of throwing upward 

Also, there needs to be a representation to create a new time point.  It is done by a new time 

variable in the right side of a rule.  If there is a new time variable in the right side, then a new time point 

is assigned to the variable.  ! ǘƛƳŜ ǾŀǊƛŀōƭŜ ŦƻǊ ŀ ǘƛƳŜ Ǉƻƛƴǘ ǎǘŀǊǘǎ ǿƛǘƘ Ψ¢Ω ŀƴŘ ŜƴŘǎ ǿƛǘƘ ΨψΩ ƭƛƪŜ ŀ 

semantically binding variable.  In the first example of Figure 24, ǘƘŜ ǘƛƳŜ ǾŀǊƛŀōƭŜ Ψ¢ψΩ ŘƻŜǎƴΩǘ ŀǇǇŜŀǊ ƛn 

the left side of the rule, so a new time point is assigned to it.  However, in the second example, the time 

ǾŀǊƛŀōƭŜ Ψ¢ψΩ ŀǇǇŜŀǊǎ ƛƴ the left side of the rule, so the time point from an existing fact matching the 

variable is assigned to it instead of creating a new one. 

Ψ!n object_  is thrown_ vertically upwardΩ 
    Implies Ψthe object_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ψΩ. 
 
ΨAn object_  is thrown_ with a speed of num_  unit_Ω ŀƴŘ 
ΨǘƘŜ object_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ψΩ 
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    Imply ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ object_  is num_  unit_  at T_Ω. 
Figure 24: creating a new time point 

8.1. TIME  INDEX: INTERNAL  REPRESENTATION  OF  TIME 
The actual time point assigned to the time variable should be able to be ordered with other time points 

in time domain.  ¢ƘŜ ǎȅǎǘŜƳ Ŏŀƴƴƻǘ ǎƛƳǇƭȅ ŀǎǎƛƎƴ Ψ¢мΩ ǘƻ Ψ¢ψΩ in the middle of interpreting the problem 

statement because there can be other events occurring before it.  Thus, a time index is assigned to the 

time variable first, and the final time value is assigned after all time variables are assigned with a time 

index.  Time index is internal representation of time generated by the system. 

The time index refers to the location of an event exposed in a sentence.  For example in the 

problem statement Figure 23 , the event Ψthrowing upwardΩ ƛǎ ŜȄǇƻǎŜŘ ŀǘ ǘƘŜ ǾŜǊō ΨǘƘǊƻǿƴΩΦ  Thus, the 

time index should refer to ǘƘŜ ǾŜǊō ΨǘƘǊƻǿƴΩΦ  ¢ƘŜ ǘƛƳŜ ƛƴŘŜȄ Ƙŀǎ ŀ ŦƻǊƳ ƻŦ ŀ ƘŜŀŘΣ ΨǘΩ, followed by the 

sentence number and the word number exposing the event.  A type tag distinguishing a time point from 

a time interval is attached at the end. 

t:<sentence number>:<word number>:<type tag> 
ǎŜƴǘŜƴŎŜ ƴǳƳōŜǊҐϑлΣ мΣ Χƴϒ 
ǿƻǊŘ ƴǳƳōŜǊҐϑлΣ мΣ Χƴϒ 
type tag = {point, left, right,  initial, final, interval, wholeInterval} 

Examples:  
t:0:3:point,  
t:2:5:left,  
t:2:5:right,  
t:1:2:initial, 
 t:1:2:final,  
t:3:3:interval,  
t:5:2:wholeInterval,  
Χ 

Figure 25: The form of time index and examples. 

In the example Figure 23, the sentence number of the event throwing upward is 0, and the word 

number for the verb ΨǘƘǊƻǿƴΩ ƛǎ оΦ  The type of the time is point, not interval.  Thus the time index for 

the event is t:0:3:point, and it will be assigned to the time variable T_.  

In case of an event such as a projectile movement continuing over time, two time points (left and 

right time points) are needed to represent a time interval.  The left time point refers to the beginning of 

the interval, and the right time point refers to the end of the interval.  In the same way that a time point 

is created, a time interval can be created by creating the two time points.  The time variable for a left 

ǘƛƳŜ Ǉƻƛƴǘ ƛǎ Ψ¢ƛψΩΣ ŀƴŘ ŦƻǊ ŀ ǊƛƎƘǘ ǘƛƳŜ Ǉƻƛƴǘ ƛǎ Ψ¢ƧψΩΦ  In Figure 26, the two time variables were used only 

in the right side of the rule, so a new time index is assigned to each time variable.  If the problem 

statement of throwing upward (Figure 23) matches this rule, t:0:3:left will be assigned to Ti_, and 

t:0:3:right will be assigned to Tj_.  

ΨAn object_  is thrown_Ω 
    Implies ΨǘƘŜ object_  moves at the interval between Ti_  ŀƴŘ ¢ƧψΩΦ 
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Figure 26: creating a new time interval 

The resulting facts generated so far are as following: 

ΨǘƘŜ ōŀƭƭ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ǘΥлΥоΥpointΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ о Ƴκǎ ŀǘ ǘΥлΥоΥpointΦΩ 
ΨǘƘŜ ōŀƭƭ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ǘΥлΥоΥleft and t:0:3:rightΦΩ 
Figure 27: generated facts with a time index assigned 

This method creating a time index referring to a verb in a sentence allows to assign multiple time 

points when more than one event is described in a problem statement.  For example, there are two 

physics events in Figure 28.  The one is the ōŀƭƭΩǎ ǘƘǊƻǿƛƴƎ ǳǇǿŀǊŘ, and the other is ǘƘŜ ōǳƎΩǎ ŦǊŜŜfall.  

The background rule in Figure 26 and a corresponding rule for freefall (not shown here) will match the 

two input sentences creating two time intervals.  One time index will be assigned to the point of the 

ǾŜǊō ΨǘƘǊƻǿƴΩ in the first sentence, and another time index will be assigned to point of ǘƘŜ ǾŜǊō Ψfree-ŦŀƭƭΩ 

in the second sentence.  In this way, the system can recognize that the first event occurs before the 

second event. 

A Startled Bug:  
Ψ! ōŀƭƭ ǿŀǎ ǘƘǊƻǿƴ ǎǘǊŀƛƎƘǘ ǳǇǿŀǊŘ ŀǘ 3 m/s inside a building.  The ball hits the ceiling one second later, 
and a startled bug on the ceiling starts to free-fall.  How long does it take for the bug to hit the floor?Ω 
Figure 28: an example with two time intervals 

In most cases, a time index can be assigned to a generated fact when a background rule with a new 

time variable is triggered.  But, there are cases that a time index should be assigned based on a word in 

a sentence.  Some sentence expresses a type of time in an adjective.  CƻǊ ŜȄŀƳǇƭŜΣ ΨǘƘŜ initial velocity of 

the ball ƛǎ о ƳκǎΩ ǇǊƻǾƛŘŜǎ ŀ Ǿŀƭue of the initial velocityΣ ŀƴŘ ǘƘŜ ŀŘƧŜŎǘƛǾŜ ΨinitialΩ Ƙŀǎ ŀ ǊƻƭŜ to determine 

the type of the time.  In this case, a time index of initial type is assigned to the fact, and the final time 

value for it is assigned after all time points are generated.  In ǘƘŜ ǎƛƳƛƭŀǊ ǿŀȅΣ ŀ ǘƛƳŜ ƛƴŘŜȄ ƻŦ ΨintervalΩ 

type is assigned to a fact describing an event with a time interval.  It will be explained in details in the 

chapter 8.3. 

In many physics problems, it is required to represent an event occurring between two events.  For 

example, the event of an object reaching the apex of projectile occurs between the event throwing 

upward and the event hitting the ground.  The internal representation of time in the middle of two time 

points is t:mid(Ti_, Tk_).  It will be explained in mental model extension again (chapter 9.2). 

8.2. TIME  VALUE  ASSIGNMENT 
!ǘ ǘƘŜ ŜƴŘ ƻŦ ǘƘŜ ƛƴŦŜǊŜƴŎŜΣ ŀ Ŧƛƴŀƭ ǘƛƳŜ ǾŀƭǳŜ όƛΦŜΦ ¢мΣ ¢нΣ ¢оΣ Χύ ƛǎ ŀǎǎƛƎƴŜŘ ǘƻ ŜŀŎƘ ǘƛƳe index.  A new 

time value is created only for the right time point in a time interval.  In the previous example of a ball 

thrown upward as shown in Figure 29, the time point (t:0:3:point) and the left time point (t:0:3:left) 

have the initial time value (T1), and only the right time point (t:0:3:right) has a increased time value (T2). 

In case of a time point index not in an interval (t:0:3:point), the time value of either the left point of the 

nearest next time interval (i.e. T1), or the right point of the nearest previous time interval is assigned.  

The final time values replace the time indexes in the facts, and the final facts are produced as Figure 30. 
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Problem statement: 'A ball is thrown vertically upward with a speed of 16.0 m/s. How 

long is the ball in the air?'

t:0:3:point [t:0:3:left, t:0:3:right]

T1 T2  

Figure 29: Time index and time value assignment 

ΨǘƘŜ ōŀƭƭ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢мΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ 16.0 Ƴκǎ ŀǘ ¢мΦΩ 
ΨǘƘŜ ōŀƭƭ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ T1 ŀƴŘ ¢нΦΩ 
Figure 30: The generated facts with a final time value assigned. 

Figure 31 shows an example when two time intervals are given.  The initial time value T1 was 

assigned to the left point of the first time interval (t:0:4:left), and it was copied to the first time point 

index (t:0:point).  An increased time value, T2 was assigned to the right point of the first interval 

(t:0:4:right).  The previous time value (T2) was assigned to the left point of the second interval, and it 

was copied to the second time point index (t:1:8:point).  Thus, the time value for t:1:8:point becomes T2 

too.  An increased time value (T3) was assigned to the right point of the second interval (t:1:8:right).  As 

a result, two time intervals with three time points were created. 

A Startled Bug:
Ψ! ōŀƭƭ ǿŀǎ thrown straight upward at 3 m/s inside a building.  The ball hits the ceiling 
one second later, and a startled bug on the ceiling starts to free-fall.  How long does it 
ǘŀƪŜ ŦƻǊ ǘƘŜ ōǳƎ ǘƻ Ƙƛǘ ǘƘŜ ŦƭƻƻǊΚΩ

t:0:4:pont [t:0:4:left, t:0:4:right]

T1 T2

t:1:8:pont [t:1:8:left, t:1:8:right]

T3
 

Figure 31: Time index and time value assignment when two time intervals are given. 

8.3. TIME  PHRASE 
Time phrases have a significant role to refer to a time point or a time interval in a physics problem 

statement.  CƻǊ ŜȄŀƳǇƭŜΣ ŀ ǎŜƴǘŜƴŎŜ Ψwhat is the speed of the ball when the ball was thrown?Ω Ƙŀǎ ŀ 

ǘƛƳŜ ǇƘǊŀǎŜ ΨǿƘŜƴ ƛǘ ǿŀǎ ǘƘǊƻǿƴΩ ǘƻ ǊŜŦŜǊ ǘƻ ǘƘŜ ƛƴƛtial time point of the movement.  

A semantically binding phrase variable (introduced in chapter 7.3) can be used for time phrase 

interpretation.  In case of άǿƘŜƴ Ϥέ phrase designating time, the system finds a fact matching the time 

phrase, and the time index of the matched fact is used to produce a new fact.  For example in Figure 32, 

the background rule to interpret the input sentence has a phrase variable (does__), and it can match the 

ǘƛƳŜ ǇƘǊŀǎŜ όΨthe ball ǿŀǎ ǘƘǊƻǿƴΩύΦ  The second condition όΨŘƻŜǎψ_  at timeψΩύ ōŜŎƻƳŜǎ όΨǘƘŜ ōŀƭƭ ǿŀǎ 

ǘƘǊƻǿƴ ŀǘ ǘƛƳŜψΩύ ŀŦǘŜǊ ǊŜǇƭŀŎƛƴƎ does__.  Then the system will try to find the fact (ΨǘƘŜ ōŀƭƭ was thrown 

ŀǘ ǘƛƳŜψΩύ from the context memory.  [ŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ŀ ƳŀǘŎƘƛƴƎ ŦŀŎǘ όΨǘƘŜ ōŀƭƭ ǿŀǎ ǘƘǊƻǿƴ ŀǘ 
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t:0ΥмΥǇƻƛƴǘΩύ ŜȄƛǎǘǎ ƛƴ ǘƘŜ context memory.  The time index of the fact (t:0:1:point) will match the time 

ǾŀǊƛŀōƭŜ ΨtimeψΩΦ  Then, the right side of the rule will produce a new fact with the time index (ΨǿƘŀǘ ƛs the 

speed of the ball at t:0:1:pointΩ).   In this way, a time phrase in a generated fact is replaced with a time 

index. 

Input: 'What is the speed of the ball when it was thrownΚΨ 

ΨWhat do__  when doesψψΩ ŀƴŘ 
 ΨŘƻes__  at timeψΩ 

    imply ΨǿƘŀǘ do__  at timeψΚΩΦ 
Figure 32: a sentence with a conjunctive time phrase, and a rule to recognize it 

In case of a sentence with a time phrase using to-infinite (in Figure 33), a background rule can 

recognize it in a similar way.  The example sentenŎŜ ΨCƛƴŘ ǘƘŜ ǘƛƳŜ ƛǘ ǘŀƪŜǎ to hit the groundΨ refers to 

the right time point of the time interval of the movement.  The second condition (ΨǘƘŜ ƻōƧŜŎǘ_  starts to 

ƳƻǾŜ ŀǘ ¢ƛψΩύ ƳŀǘŎƘŜs the initial event starting to move, and its time index is assigned to Ti_.  The first 

condition matches the input sentence, and the to-infinite phrase όΨƘƛǘ ǘƘŜ ƎǊƻǳƴŘΩύ is assigned to the 

phrase variable do__.  TƘŜ ǘƘƛǊŘ ŎƻƴŘƛǘƛƻƴ όΨǘƘŜ ƻōƧŜŎǘ_  do__  ŀǘ ¢ƧψΩύ ŜȄǘǊŀŎǘs the right time point of an 

event out of a matching fact in the context memory.  The right side of the rule produces a sentence 

about the duration with the two time points representing the time interval. 

Input: 
'Find the time it takes to hit the ground.Ψ 

 ΨCƛƴŘ ǘƘŜ ǘƛƳŜ ŀƴ ƻōƧŜŎǘ_  takes ǘƻ ŘƻψψΩ ŀƴŘ 
ΨǘƘŜ ƻōƧŜŎǘ_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ƛψΩ ŀƴŘ 
ΨǘƘŜ ƻōƧŜŎǘ_  do__  ŀǘ ¢ƧψΩ 

    imply ΨǿƘŀǘ ƛǎ ǘƘŜ ŘǳǊŀǘƛƻƴ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢ƛ_  ŀƴŘ ¢ƧψΚΩΦ 
Figure 33: an example of to-infinite time phrase, and a rule to interpret 

A time phrase using an adjective word requires an additional process. An adjective word modifies a 

noun inside a sentence.  CƻǊ ŜȄŀƳǇƭŜ Ψƛƴƛǘƛŀƭ ǾŜƭƻŎƛǘȅΩ ǊŜŦŜǊǎ ǘƻ ǘƘŜ velocity of the first time point of the 

movement, but it is a noun phrase that can appear any place in a sentence.  A generalized sentence 

pattern is not enough to recognize such an adjective because there can be too many sentence patterns 

with the adjective.  Thus there should be a way to match an adjective, and the matching results should 

be passed to the time value of the sentence.  The first rule in Figure 34 accepts a sentence describing the 

value of a vector.  ¢ƘŜ ǇƘǊŀǎŜ ǾŀǊƛŀōƭŜ ΨǾŜŎǘƻǊψψΩ ǿƛƭƭ ƳŀǘŎƘ ǘƘŜ ŀŘƧŜŎǘƛǾŜ ǘƛƳŜ ǇƘǊŀǎŜ ΨǘƘŜ ƛƴƛǘƛŀƭ 

ǾŜƭƻŎƛǘȅΩΦ  Then the system tries to find other rules that can match the phrase. The phrase will match the 

second rule generating the initial time tag time(initial), and it will be passed up to the sentence assigning 

initial time point (for example, t:0:6:initial).  In this way, a part of an input sentence matching a phrase 

variable can trigger other rules, and it is used to recognize adjective time phrase. 

Input: 
Ψ¢ƘŜ initial velocity ƻŦ ǘƘŜ ōŀƭƭ ƛǎ о ƳκǎΦΨ 

ΨǾŜŎǘƻǊψ_  is num_  ǳƴƛǘ{ψΩ 
implies ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜŎǘƻǊψ_  is num_  unƛǘ{ψΩΦ 

 Ψƛƴƛǘƛŀƭ ǾŜŎǘƻǊψΩ 
implies time(initial). 
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Figure 34: an example of adjective time phrase (initial~, final~, whole~, total~), and rules to interpret 

There are more types of time phrases using a preposition, and a relative clause.  They can be 

recognized using background rules as Figure 35.  Also, quantities other than time can be represented 

using a phrase. The magnitude of the displacement zero was represented using a prepositional phrase in 

Figure 35-(3).  

1. Relative clause  
Ex) 'What is the total time for which the ball remains in air?' 
wǳƭŜύ ΨǿƘŀǘ ƛǎ ǎƻƳŜǘƘƛƴƎ_  ŦƻǊ ǿƘƛŎƘ ŘƻψψΚΩ ŀƴŘ 
          ΨŘƻψ_  ŀǘ ǘƛƳŜψƛƴǘŜǊǾŀƭψΩ 
                  implieǎ ΨǿƘŀǘ ƛǎ ǎƻƳŜǘƘƛƴƎ_  ŀǘ ǘƛƳŜψƛƴǘŜǊǾŀƭψΚΩΦ 
 

2. Prepositional time 
Ex) 'What is the ball's speed at the end of 5 secondsΚΩ 

       Rule) Ψ²Ƙŀǘ ƛǎ ǘƘŜ ƻōƧŜŎǘψϥǎ ǎǇŜŜŘ at the end of num_  unitT_ΚΩŀƴŘ 
                 ΨǘƘŜ ƻōƧŜŎǘ_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ƛψΩ ŀƴŘ 
                 ΨǘƘŜ ŘǳǊŀǘƛƻƴ ƛǎ ƴǳƳ_  unitT_  at the interval between Ti_  ŀƴŘ ¢ƧψΩ 
                         ƛƳǇƭȅ ΨǿƘŀǘ ƛǎ ǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  ŀǘ ¢ƧψΚΩΦ 
 
3. Etc. other quantities can be referred using a phrase 

Ex) ΨThe ball is caught at the same height from which it was releasedΦΩ 
               wǳƭŜύ Ψ!ƴ ƻōƧŜŎǘ_  does__  ŀǘ ǘƘŜ ǎŀƳŜ ƘŜƛƎƘǘ ŦǊƻƳ ǿƘƛŎƘ ƛǘ ǿŀǎ ǊŜƭŜŀǎŜŘΩ ŀƴŘ 
                         ΨǘƘŜ ƻōƧŜŎǘ_  ǊŜǘǳǊƴǎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƭŜǾŜƭ ŀǘ ¢ψΩ 
                                 ƛƳǇƭƛŜǎ ΨǘƘŜ ƻōƧŜŎǘ_  does__  ŀǘ ¢ψΩΦ 
Figure 35: types of time phrases, and corresponding rules to interpret them 

In this way, time was represented in a natural language framework.  The introduced representation 

using time variables ό¢ƛψΣ ¢ƧψΣ Χύ ŀƴŘ ǘƛƳŜ Ǉhrases όΨǿƘŜƴ ŘƻŜǎψψΩύ ŀǊŜ ƎŜƴŜǊŀƭ ŜƴƻǳƎƘ ǘƻ ōŜ ǊŜǳǎŜŘ ǎƻ 

ǘƘŀǘ ǘƘŜȅ ŘƻƴΩǘ ƴŜŜŘ ǘƻ ōŜ ŀŘŘŜŘ ŀƎŀƛƴ ƻƴŎŜ ŀŘŘŜŘΦ 

9.0. REPRESENTING PHYSICS MENTAL MODELS 
A well-known problem in natural language understanding is that people have schemas for many 

common events and obƧŜŎǘǎΦ  ¢ƘŜ ŎƭŀǎǎƛŎ ŜȄŀƳǇƭŜ ƛǎ ǘƘŜ ǊŜǎǘŀǳǊŀƴǘ ǎŎƘŜƳŀΦ  {ǳǇǇƻǎŜ ŀ ǎǘƻǊȅ ǎǘŀǊǘǎ Σ άL 

ǿŀƭƪŜŘ ƛƴǘƻ ŀ ǊŜǎǘŀǳǊŀƴǘΦ  ¢ƘŜ ƳŜƴǳ ǿŀǎ ŎƻǾŜǊ ƛƴ ƎǊŜŀǎŜ ǎǘŀƛƴǎΦέ  wŜŀŘŜǊǎ ǳƴŘŜǊǎǘŀƴŘ ǘƘŀǘ ǊŜǎǘŀǳǊŀƴǘǎ 

ŀƭƳƻǎǘ ŀƭǿŀȅǎ ƘŀǾŜ ƳŜƴǳǎΣ ǎƻ ǘƘŜ ǎǘƻǊȅ ǳǎŜǎ άǘƘŜ ƳŜƴǳέ ŜǾŜƴ ǘƘƻǳƎƘ ƴƻ Ƴenu has been mentioned yet.  

Similarly,   understanding physics problem solving requires one to build a mental model based on a given 

problem. The mental model of a physics problem reflects the physical configuration and motions of the 

objects it mentions.  That is, when the problem states enough information for the student to identify the 

mental model, the student can fill in the rest of the mental model effortlessly.  For example, the Throw-

upward mental model requires a set of background knowledge about the initial speed and direction, the 

gravitational force, and the trajectory going up and falling down after reaching the highest point.  Once a 

ǎǘǳŘŜƴǘ Ƙŀǎ ŦƛƎǳǊŜŘ ƻǳǘ ǘƘŀǘ ŀƴ ƻōƧŜŎǘ Ƙŀǎ ōŜŜƴ ǘƘǊƻǿƴ ǳǇǿŀǊŘΣ ŀ ǇƘǊŀǎŜ ǎǳŎƘ ŀǎ άŀǘ ǘƘŜ ŀǇŜȄ ƻŦ ƛǘǎ 

ŦƭƛƎƘǘέ ǊŜŦers unambiguously to the location and time point where the object is at its highest point.  This 

background knowledge is different from the Climbing-a-slope mental model, which is not related to 
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trajectory movement.  Each mental model requires a different set of background knowledge.  A physics 

textbook usually includes different mental models so that students can practice physics applying 

principles in different situations. 

It is obvious that all such schemas cannot be easily predefined because of diversity and variations of 

mental models available in the real world.  Such an approach to use a set of predefined schemas with 

variations that authors would select and fit in will significantly restrict applicable examples, and this 

approach will suffer from the same problem of formal language that the schemas cannot be modified by 

non-programmers.  The previous systems including Pyrenees (Figure 36) used formal language to 

represent such schemas for mental models, and only programmers were able to modify such schemas 

encoded in program code.  For example, when a new type of motion spin is needed, this new type 

should be added to the schema, and the corresponding principles using the new type should be 

modified too.  But, non-programmers cannot do this.  Thus, Natural-K needs to represent mental models 

in natural language to maximize the advantages of using natural language in authoring perspective. 

   motion(missile, tpt(1),           curved(projectile, dnum(45, deg), unspecified)), 
   motion(missile, during(1,2), curved(projectile, unspecified, dnum(90, deg))), 
   motion(missile, tpt(2),           curved(projectile, unspecified, unspecified)), 
   constant_accel(missile, during(1, 2)), 
Figure 36: a mental model for projectile movement represented in formal language in Pyrenees 

Perhaps the main work done by Natural-K authors is to represent mental models especially in 

building initial knowledgebase.  However, once mental models are added, they can be reused without 

adding again.  Representing a mental model in natural language rules is not a trivial problem.  A mental 

model consists of physics facts, events, background knowledge, and principles, and they are related 

through time.  Furthermore, there can be a number of variations for a mental model.  For example, the 

throwing-upward mental model can have variations such as throwing-upward on the ground, throwing-

upward on a building, throwing-upward in an elevator, etc. 

As an illustration of the kind of work that a Natural-K author must do, this chapter discusses a 

physics mental model and its various extensions.  The throwing-upward mental model will be used 

through this chapter.  As discussed later, many mental models have been represented in Natural-K.  

Doing this authoring required no new representational mechanisms beyond those presented already, 

namely: rules, principles, semantically binding words and time phrases, and temporal reasoning. 

9.1. A  BASIC  MENTAL  MODEL 
A basic mental model has basic knowledge for physics events. In case of an object thrown upward, this 

event can be modeled by the starting movement, the ending movement, and the movement between 

the two events as shown in Figure 37.  
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Ti Tj

ϥǘƘŜ ƻōƧŜŎǘψ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢ƛψΦΨ'the object_ hits the ground at TjψΦΨ

 

Figure 37: the basic mental model for throwing upward 

The starting movement of an object at a time point is represented by ΨǘƘŜ ƻōƧŜŎǘ_  starts to move 

ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢ψΩ.  This is a natural language sentence with semantically binding variables (object_, and 

T_).  This representation is given to a right side of a background rule to produce an event of the starting 

movement.  ¢Ƙƛǎ ǊǳƭŜ ǎƘƻǳƭŘ ōŜ ǘǊƛƎƎŜǊŜŘ ǿƘŜƴ ŀ ǇǊƻōƭŜƳ ǎǘŀǘŜƳŜƴǘ ƛƴŎƭǳŘŜǎ ŀ ǎŜƴǘŜƴŎŜ ƳŀǘŎƘƛƴƎ Ψŀƴ 

object_  is thrown_  ǳǇǿŀǊŘψΩ, and this representation is given to the condition of the rule.  The variable 

T_  appears only at the right side of the rule, so a time index referring to a time point will be created (for 

example, t:0:3:point). 

'An object_  is thrown_  ǳǇǿŀǊŘψΨ  
    implies 'the object_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢ψΨΦ  
Figure 38: a rule for starting movement 

The second rule describes the movement of the object at a time interval, and the ending movement. 

The movement of the object in the time interval is represented by ΨǘƘŜ ƻōƧŜŎǘ_  moves at the interval 

between Ti_  ŀƴŘ ¢ƧψΩΦ  The ending of the movement is represented by ΨǘƘŜ ƻōƧŜŎǘ_  hits the ground at 

¢ƧψΩ.  This rule will be triggered when the problem statement inclǳŘŜǎ ŀ ǎŜƴǘŜƴŎŜ ƳŀǘŎƘƛƴƎ Ψŀƴ ƻōƧŜŎǘ_  

ƛǎ ǘƘǊƻǿƴψΩ ƎƛǾŜƴ ǘƻ ǘƘŜ ŎƻƴŘƛǘƛƻƴ ƻŦ ǘƘƛǎ ǊǳƭŜΦ ¢ƘŜ ǘƛƳŜ ǾŀǊƛŀōƭŜǎ ό¢ƛψΣ ŀƴŘ ¢Ƨψύ ƻƴƭȅ ŀǇǇŜŀǊ ŀǘ ǘƘŜ ǊƛƎƘǘ 

part of the rules, thus a new time index for each of them will be created (for example, t:0:3:left and 

t:0:3:right). 

'An object_  ƛǎ ǘƘǊƻǿƴψΨ  
    implies 'the object_  moves at the interval between Ti_  ŀƴŘ ¢ƧψΨ  
          and 'the object_  Ƙƛǘǎ ǘƘŜ ƎǊƻǳƴŘ ŀǘ ¢ƧψΨΦ  
Figure 39: a rule for movement at the interval and the final event 

If there is no mention about throwing from a high place, it is assumed that the object returns to the 

ground at the moment it hits the ground. This knowledge is given in the following background rule. The 

time index (t:0:3:right) generated in the previous rule will match the time variable T_. 

'An object_  hits a place_  at T_.' and 
'the object_  is thrown_  from a height of num_  unit_.' unknown 
        imply 'the object_  returns to the initial height at T_.'  
Figure 40: a rule for the event returning to the initial level of height 
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The following facts will be produced as a result if the problem of throwing-upward is given (Figure 

23), and the initial velocity is interpreted by the rule in Figure 24. 

Ψthe ball starts to move straight up at t:0:3:pointΦΩ 
ΨǘƘŜ ōŀƭƭ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ǘΥлΥоΥleft and t:0:3:rightΦΩ 
ΨǘƘŜ ōŀƭƭ Ƙƛǘǎ ǘƘŜ ƎǊƻǳƴŘ ŀǘ ǘΥлΥоΥrightΦΩ 
ΨǘƘŜ ōŀƭƭ ǊŜǘǳǊƴǎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘ ŀǘ t:0:3:right.' 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ мсΦл Ƴκǎ ŀǘ ǘΥлΥоΥpointΦΩ 

Only the right time point (t:0:3:right) has a new time value (T2), and all the others will have the 

initial time value (T1). Thus, the final facts will have a time value as following. 

ΨǘƘŜ ōŀƭƭ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢мΦΩ 
ΨǘƘŜ ōŀƭƭ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢нΦΩ 
ΨǘƘŜ ōŀƭƭ Ƙƛǘǎ ǘƘŜ ƎǊƻǳƴŘ ŀǘ ¢нΦΩ 
ΨǘƘŜ ōŀƭƭ ǊŜǘǳǊƴǎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘ ŀǘ ¢нΦϥ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭ ƛǎ мсΦл Ƴκǎ ŀǘ ¢мΦΩ 

9.2. MENTAL  MODEL  EXTENSION 
There can be variations of a physics model inheriting the basic mental model.  [ŜǘΩǎ Ŏŀƭƭ ǘƘŜƳ ŜȄǘŜƴǎƛƻƴǎ 

of a mental model sharing common knowledge structures.  When an object is thrown on a place higher 

than the ground, a new time point designating the moment returning to the initial level of height should 

be inserted in the middle of movement.  This event is represented by a sentence with a new time 

variable like before όΨǘƘŜ ƻōƧŜŎǘ_  returns to the initial height at Tj_Ω in Figure 41). 

Mental Model Extension ς
Throwing in a High Place

'An object_ was thrown_ upward_ from roof_ of a place2_, num1_ unitDist_ above a place_.' and

'the object_ starts to move at Ti_.' and

'the object_ hits the place_ at Tk_.' and

'Tj_ is a time point between Ti_ and Tk_.'

imply 'the object_ moves at the interval between Ti_ and Tj_.'

and 'the object_ returns to the level from which the object_ started to move at Tj_.Ψ

and 'the object_ moves straight down accelerating at the interval between Tj_ and TkψΦΨ

Ti

Tk

TjϥǘƘŜ ƻōƧŜŎǘψ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢ƛψΦΨ

'the object_ hits the ground at TkψΦΨ

'the object_ returns to the initial height at 
Tj_.'

 

Figure 41: throwing upward on a high place 

A background rule of the extended mental model produces facts about the event of the first half of 

the movement (the first action in the right side of rule in Figure 42), the event about the returning to the 

initial level of height (the second action), and the object movement down to the ground (the third 

action).  The given initial height is assigned to the displacement of the last half of the movement (the 

fourth action).  The initial time (Ti_) and the final time(Tk_) are given from facts generated by the basic 

mental model. 

'An object_  was thrown_  upward_  from roof_  of a place2_, num1_  unitDist_  above a place_' and 
'the object_  starts to move at Ti_' and 
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'the object_  hits the place_  at Tk_' and 
'Tj_  is a time point between Ti_  and Tk_' 
      imply Ψthe object_  moves at the interval between Ti_  and Tj_Ω 
         ŀƴŘ Ψthe object_  returns to the initial height ŀǘ ¢ƧψΨ 
         ŀƴŘ Ψthe object_  moves straight down accelerating at the interval between Tj_  and Tk_Ψ 
                      ŀƴŘ ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  is num_  unitDist_  at the interval 
between Tj_  ŀƴŘ ¢ƪψΩ . 
Figure 42: the background rule for throwing upward in a high place. 

A new time point should be created to the new variable for Tj_  designating the moment returning 

to the initial height.  But it cannot be created by simply introducing a new time variable in the right side 

of the rule as done before.  This time point has a constraint that it is between the starting point and the 

ending point.  This constraint is represented by Ψ¢Ƨ_  is a time point between Ti_  ŀƴŘ ¢ƪψΩ, and it is given 

to the condition of the rule.  This condition matches a logic rule of a corresponding logic process (Figure 

43).  The logic rule has the internal representation for a time point in the right side (t:mid(Ti_, Tk_)), and 

it is assigned to Tj_  when matched.  The condition of the logic rule is represented in natural language. 

ΨTj_  is a time point between Ti_  and Tk_.' 
    if 'Tj_' = t:mid('Ti_', 'Tk_') 
Figure 43: a logic rule to generate a mid time point. 

There can be further mental model extension from the previous extension.  If a physics problem 

asks about a quantity of an object related to the apex of the projectile movement, an event in the apex 

with a new time point should be created.  The event reaching the apex of the projectile movement is 

ǊŜǇǊŜǎŜƴǘŜŘ ōȅ ΨǘƘŜ ƻōƧŜŎǘ_  ƛǎ ŀǘ ǘƘŜ ŀǇŜȄ ŀǘ ¢ƧψΩ (Figure 44).  

Mental Model Extension ς
Reaching the Apex

Ψ!ƴ ƻōƧŜŎǘψ ǊŜŀŎƘŜǎ ǘƘŜ ŀǇŜȄΦϥ ŀƴŘ

'the object_ starts to move at Ti_.' and

'the object_ returns to the level from which the object_ started to move at Tk_.' and

'Tj_ is a time point between Ti_ and Tk_.'

imply 'the object_ moves straight up decelerating to the apex at the interval between Ti_ and Tj_.'

and 'the object_ is at the apex at Tj_.'

and 'the object_ moves straight down accelerating at the interval between Tj_ and Tk_.'

Ti

Tj

TkϥǘƘŜ ƻōƧŜŎǘψ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢ƛψΦΨ

'the object_ is at the apex at TjψΦΨ

'the object_ returns to the initial height at Tk_.'

 

Figure 44: throwing upward and reaching the apex 

¢ƘŜ ǊǳƭŜ ŦƻǊ ǘƘƛǎ ƳŜƴǘŀƭ ƳƻŘŜƭ ŜȄǘŜƴǎƛƻƴ Ƙŀǎ ŎƻƴŘƛǘƛƻƴǎ ŦƻǊ ǘƘŜ ƻōƧŜŎǘΩǎ ǊŜŀŎƘƛƴƎ ǘƘŜ ŀǇŜȄΣ ǘƘŜ 

starting movement, and the returning movement. When this rule is triggered, the event about the first 

half of the movement up to the apex (the first action in the rule), the event reaching the apex (the 

second action), and the event returning to the initial height (the third action) are generated.  

Ψ!ƴ ƻōƧŜŎǘ_  reaches the apex.' And 
'the object_  starts to move at Ti_.' and 
'the object_  returns to the initial height at Tk_.' and 
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'Tj_  is a time point between Ti_  and Tk_.' 
    imply 'the object_  moves straight up decelerating to the apex at the interval between Ti_  and Tj_.' 
      and 'the object_  is at the apex at Tj_.' 
      and 'the object_  moves straight down accelerating at the interval between Tj_  and Tk_.' 
Figure 45: the mental model extension rule for reaching the apex 

The time variable Tj_  in the rule is assigned as a mid time index between Ti_  and Tk_  using the 

logic rule explained before.  [ŜǘΩǎ assume that a physics problem about a ring thrown upward from the 

roof of a building is given (Figure 46).  

Problem statement: 'Jillian angrily throws her engagement ring straight up from the roof of a building, 
12.0 m above the ground, with an initial speed of 5.00 m/s.  How long does it take for the ring to reach 
the highest point? With what speed does the ring hit the ground?' 
Figure 46: A ring thrown upward from the roof of a building 

The first question of this problem is to find the duration of the ring reaching the highest point.  

There should be background knowledge to inform the system that the question is asking about the apex 

to trigger the extended mental model for the apex as following. 

ΨIƻǿ ƭƻƴƎ ŘƻŜǎ ƛǘ ǘŀƪŜ ŦƻǊ ŀƴ ƻōƧŜŎǘ_  to reach the highest point_ΚΩ 
    implies ΨǘƘŜ ƻōƧŜŎǘ_  ǊŜŀŎƘŜǎ ǘƘŜ ŀǇŜȄΩΦ 
Figure 47: a background rule for the apex 

¢ƘŜƴΣ ǘƘƛǎ ōŀŎƪƎǊƻǳƴŘ ǊǳƭŜ ǿƛƭƭ ōŜ ǘǊƛƎƎŜǊŜŘ ŀƴŘ ǘƘŜ ƎŜƴŜǊŀǘŜŘ ŦŀŎǘ όΨǘƘŜ ǊƛƴƎ ǊŜŀŎƘŜǎ ǘƘŜ ŀǇŜȄΩύ ǿƛƭƭ 

trigger the mental model extension for the apex. 

9.3. AN INFERENCE  EXAMPLE 
Two principles are required in problem solving for the throwing upward mental model. The one is for 

initial and final velocities.  This principle produces an equation vj-vi=a*t when an event about an object 

movement is known at a time interval.  The other is for a displacement and an initial velocity.  This 

principle produces an equation d=vi*t+0.5*a*t^2 with the same condition. After these two equations 

are produced and given physics quantities are plugged in to the variables, the equation solver will solve 

it, and final answers will be displayed. 

(a) 'An object_  moves_  at the interval between Ti_  and Tj_.' And 
'the speed of the object_  is constant at the interval between Ti_  and Tj_.' unknown and 
'the object_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ψΦΨ 
        imply vj-vi = a*t 
       where Ψvi is the magnitude of the velocity of the object_ at Ti_Ω 
            and Ψvj is the magnitude of the velocity of the object_ at Tj_Ω 
        ... 

(b)  
'The object_  moves_  at the interval between Ti_  and Tj_.' and 
'the speed of the object_  is constant at the interval between Ti_  and Tj_.' unknown and 
'the object_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ψΦΨ 
        imply d=vi*t + 0.5*a*t^2, 
        where Ψvi is the magnitude of the velocity of the object_ at Ti_Ω 
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             and Ψd is the displacement of the object_ at the interval between Ti_ and Tj_Ω 
        ... 

Figure 48: two principles for the throwing-upward mental model. (a) Initial and final velocities (b) displacement and initial 
velocity 

[ŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ǘƘŜ ǊƛƴƎ ǇǊƻōƭŜƳ όFigure 46) is given to the system.  At the first sentence, the 

rules for the basic mental model will be triggered (Figure 38, and Figure 39) producing following facts 

(the initial velocity 5.00 m/s in the first sentence will be interpreted by the rule in Figure 24). 

ΨǘƘŜ ǊƛƴƎ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ǘΥлΥнΥǇƻƛƴǘΦΩ 
ΨǘƘŜ ǊƛƴƎ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ǘΥлΥнΥƭŜŦǘ ŀƴŘ ǘΥлΥ2ΥǊƛƎƘǘΦΩ 
Ψǘhe ring hits the ground at t:0:2ΥǊƛƎƘǘΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ рΦлл Ƴκǎ ŀǘ ǘΥлΥнΥǇƻƛƴǘΦΩ 

The first sentence and the two generated facts about the initial and final events will also match the 

mental model extension rule for a throwing upward case in a high place (Figure 42). The time index 

t:0:2:point will be assigned to Ti_, and t:0:2:right to Tk_  by matching. The logic rule (Figure 43) will 

match the last condition of the rule creating a time index t:mid(t:0:2:point, t:0:2:right) assigning to Tj_.  

As a result of triggering the rule, following facts will be produced: 

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ǘΥлΥнΥǇƻƛƴǘ ŀƴŘ ǘΥƳƛŘόǘΥлΥнΥǇƻƛƴǘΣ ǘΥлΥн:right)' 
'The ring returns to the initial height ŀǘ ǘΥƳƛŘόǘΥлΥнΥǇƻƛƴǘΣ ǘΥлΥнΥǊƛƎƘǘύΨ 
Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ Řƻǿƴ ŀŎŎŜƭŜǊŀǘƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ t:mid(t:0:2:point, t:0:2:right) and 
ǘΥлΥнΥǊƛƎƘǘΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ мнΦл m at the interval between t:mid(t:0:2:point, 
ǘΥлΥǊƛƎƘǘύ ŀƴŘ ǘΥлΥнΥǊƛƎƘǘΩ 

The first question sentence asking about the duration to the highest point will be interpreted 

producing the fact that the ring reaches the apex by the rule in Figure 47.  It will trigger the mental 

model extension rule for the apex (Figure 45).  Tj_  will be assigned with a new mid time point for the 

apex between the initial time point (t:0:2:point) and the returning time point (t:mid(t:0:2:point, 

t:0:2:right)), i.e. Tj_  becomes t:mid(t:0:2:point, t:mid(t:0:2:point, t:0:2:right)). The resulting facts 

produced are as following: 

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ ǳǇ ŘŜŎŜƭŜǊŀǘƛƴƎ ǘƻ ǘƘŜ ŀǇŜȄ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜn t:0:2:point and 
t:mid(t:0:2:point, t:mid(t:0:2:point, t:0:2:right))Ω 
'The ring is at the apex at t:mid(t:0:2:point, t:mid(t:0:2:point, t:0:2:right)).Ω 
'The ring moves straight down accelerating at the interval between t:mid(t:0:2:point, t:mid(t:0:2:point, 
t:0:2:right)) and t:mid(t:0:2:point, t:0:2:right)Ω 

The last two questions will be interpreted by the following background rules. 

ΨIƻǿ ƭƻƴƎ ŘƻŜǎ ƛǘ ǘŀƪŜ ŦƻǊ ǘƘŜ ƻōƧŜŎǘ_  ǘƻ ǊŜŀŎƘ ŀ ǇƭŀŎŜψΚΩ ŀƴŘ 
ΨǘƘŜ ƻōƧŜŎǘ_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ƛψΩ ŀƴŘ 
ΨǘƘŜ ƻōƧŜŎǘ_  reaches the place_  ŀǘ ¢ƧψΩ 
    LƳǇƭȅ ΨǿƘŀǘ ƛǎ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  at the interval between Ti_  ŀƴŘ ¢ƧψΚΩΦ 
 
With what speed does the object_  hit a place_?' and 
ΨǘƘŜ ƻōƧŜŎǘ_  hits a place_  ŀǘ ¢ψΩ 
    LƳǇƭȅ ΨǿƘŀǘ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ the object_  ŀǘ ¢ψΚΩΦ 
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Then, the two questions will be translated in physics representation that can match principles. 

ΨǿƘŀǘ ƛǎ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ǘΥлΥнΥǇƻƛƴǘ ŀƴŘ ǘΥƳƛŘόǘΥлΥнΥǇƻƛƴǘΣ 
ǘΥƳƛŘόǘΥлΥнΥǇƻƛƴǘΣ ǘΥлΥнΥǊƛƎƘǘύύΚΩ 
ΨǿƘŀǘ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘΥлΥнΥǊƛƎƘǘΚΩ 
 

t:0:2:point

t:mid(t:0:2:point, t:mid(t:0:2:point, t:0:2:right))

ǘΥƳƛŘόǘΥлΥнΥǇƻƛƴǘΣ ǘΥлΥнΥǊƛƎƘǘύΨ

ΨǘƘŜ ǊƛƴƎ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇΩ

ϥǘƘŜ ǊƛƴƎ ƛǎ ŀǘ ǘƘŜ ŀǇŜȄΨ

'The ring returns to ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘΨ

ΨǘƘŜ ǊƛƴƎ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭΦΩ

ΨǘƘŜ ǊƛƴƎ Ƙƛǘǎ ǘƘŜ ƎǊƻǳƴŘΩ

t:0:2:right

ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ
ƛǎ рΦлл ƳκǎΦΩ

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ϥ

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ Řƻǿƴ ŀŎŎŜƭŜǊŀǘƛƴƎΩ

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ Řƻǿƴ ŀŎŎŜƭŜǊŀǘƛƴƎΨ

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ ǳǇ ŘŜŎŜƭŜǊŀǘƛƴƎ ǘƻ ǘƘŜ ŀǇŜȄΦ
ΨǿƘŀǘ ƛǎ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎΚ

Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ Řƻǿƴ ŀŎŎŜƭŜǊŀǘƛƴƎ Ψ

ΨǿƘŀǘ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎΚΩ

 

Figure 49: the produced facts with time index attached 

 

Figure 49 depicts the produced facts with a time index attached on the trajectory of the object.  

After the final time values are assigned, the final set of facts produced will be generated as Figure 50. 

Additional facts such as direction of a vector and default facts about gravity can be driven from the 

known facts, and they were added at the end of the set. 

 ΨǘƘŜ ǊƛƴƎ ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ǎǘǊŀƛƎƘǘ ǳǇ ŀǘ ¢мΦΩ 
ΨǘƘŜ ǊƛƴƎ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢пΦΩ 
ΨǘƘŜ ǊƛƴƎ Ƙƛǘǎ ǘƘŜ ƎǊƻǳƴŘ ŀǘ ¢пΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ рΦлл Ƴκǎ ŀǘ ¢мΦΩ 
Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢оϥ 
'The ring returns to the initial height ŀǘ ¢о Ψ 
Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ Řƻǿƴ ŀŎŎŜƭŜǊŀǘƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢о ŀƴŘ ¢пΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ мнΦл Ƴ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢о ŀƴŘ ¢пΩ 
Ψ¢ƘŜ ǊƛƴƎ ƳƻǾŜǎ ǎǘǊŀƛƎƘǘ ǳǇ ŘŜŎŜƭŜǊŀǘƛƴƎ ǘƻ ǘƘŜ ŀǇŜȄ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢нΩ 
Ψ¢ƘŜ ǊƛƴƎ ƛǎ ŀǘ ǘƘŜ ŀǇŜȄ ŀǘ ¢нΦΩ 
ΨThe ring moves straight down accelerating at the interval between T2 ŀƴŘ ¢оΩ  
ΨǿƘŀǘ ƛǎ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢нΚΩ 
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ΨǿƘŀǘ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ¢пΚΩ 
 
ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ¢м ƛǎ фл ŘŜƎǊŜŜǎΦΩ 
ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢н ƛǎ фл ŘŜƎǊŜŜǎΦΩ 
ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢н ŀƴŘ ¢п ƛǎ нтл ŘŜƎǊŜŜǎΦΩ 
ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢н ƛǎ фл ŘŜƎǊŜŜǎΦΩ 
ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢н ŀƴŘ ǘп ƛǎ нтл ŘŜƎǊŜŜǎΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ring ƛǎ л Ƴκǎ ŀǘ ¢нΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ л Ƴ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢оΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ мнΦл Ƴ ŀǘ ǘƘŜ ƛƴǘŜǊǾŀƭ ōŜǘǿŜŜƴ ¢м ŀƴŘ ¢пΦΩ 
Ψthe location is near the earth.Ω 
ΨǘƘŜ magnitude of gravitational acceleration on ǘƘŜ ŜŀǊǘƘ ƛǎ фΦу ƳκǎΦΩ 
ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŀŎŎŜƭŜǊŀǘƛƻƴ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ фΦу ƳκǎΦΩ 
ΨǘƘŜ ŘƛǊŜŎǘƛƻƴ ƻŦ ǘƘŜ ŀŎŎŜƭŜǊŀǘƛƻƴ ƻŦ ǘƘŜ ǊƛƴƎ ƛǎ фл ŘŜƎǊŜŜǎΦΩ 
Figure 50: generated facts at the end of the inference stage 

This set of facts will trigger relevant principles in Figure 48.  The given values (5.00 m/s, 12.0 m) are 

assigned to the variables in the principles, and the following equations will be produced as a result. 

Additional equations for time such as (Tik=Tij+Tik) and displacement (Dik=Dij+Dik) were not shown for 

simplicity. 

% for vj-vi = a*t 
(0 m/s)-(5.00 m/s) = -(9.8 m/s^2)*t12 
(-5.00 m/s) ς (0 m/s) =-(9.8 m/s^2)*t23 
v4-(-5.00 m/s)=-(9.8 m/s^2)*t34 
(-5.00 m/s)-(5.0 m/s)=-(9.8 m/s^2)*t13 
v4-(5.00 m/s)=-(9.8m/s^2)*t14 
% for d=vi*t + 0.5*a*t^2 
d12=(5.00 m/s)*t12+0.5*(-9.8 m/s^2)*t12^2 
d23=(0 m/s)*t23+0.5*(-9.8 m/s^2)*t23^2 
(12 m)=(5.00 m/s)*t34+0.5*(-9.8 m/s^2)*t34^2 
(0 m)= (5.00 m/s)*t13+0.5*(-9.8 m/s^2)*t13^2 
(12 m)= (5.00 m/s)*t14+0.5*(-9.8 m/s^2)*t14^2 
Figure 51: generated equations 

Now the system calls the equation solver passing the set of equations to get final answers.  

t12= (3.2 sec) 
v4= (8.00 m/s) 
Figure 52: the output of the equation solver  

The final answer will be displayed with the natural language definition of the quantities asked in the 

problem statement. 

Answers: 
The duration at the interval between T1 and T2 is 3.2 sec. 
The magnitude of the velocity of the ring at T4 is 8.00 m/s. 
Figure 53: The final answers generated 
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The actual principles and variables are a little more complicated than the examples presented here. 

For example, depending on the directions of an initial vector and a final vector, the sign of velocity in the 

equations should change.  However, they are not difficult to implement and they were not explained 

here for simplicity. 

This chapter has illustrated the complexity of a functional, extensible mental model.   It is high, but 

not overwhelming.   Construction of an initial version of most mental model probably would need to be 

done by an expert author e.g., a knowledge engineer rather than novice authors.  However, extensions 

to the mental model can be done by experienced authors.  Building and extending mental models is one 

of the main works required of Natural-K authors.  

10.0. INFERENCE 
This chapter discusses the inference processes used by Natural-K which are done using knowledge 

represented in natural language.  The output of each step of inference is natural language, and it has an 

advantage that the intermediate inference results can be read by anyone.  It makes authoring tasks 

easier allowing non-programmers to add and modify the knowledgebase. Also, the intermediate 

inference results can be used to provide hints and explanations to a student being tutored. 

The inference process includes three stages.  In the first stage, inference is done only with non-

default knowledge.  In the second stage, both default and non-default rules are used for inference.  In 

the third stage, additional inference for rules with a phrase variable is done. 

10.1. FORWARD AND BACKWARD CHAINING 
Forward chaining is the basic method of inference used in the system, and backward chaining is 

triggered in the middle of forward chaining in limited situations.  

A physics problem statement is given to the system as input.  The input triggers rules generating 

facts inserting to the context memory.  The generated facts trigger rules, and new facts are generated.  

This process is repeated until no new fact is generated.  Starting from given data (the problem 

statement), the system finds all implied facts.  It is called data-driven reasoning. 

However, forward chaining has a problem generating too many facts not used in finding solutions. 

This problem gets worse when the physics mental model has multiple time intervals.  The number of 

generated facts can grow fast as the number of time intervals increases.  In case of four time points (T1, 

T2, T3, and T4), there are six time intervals (i.e. T12, T23, T34, T13, T24, and T14).  If facts for all the 

intervals are produced, the size of facts becomes six times bigger.  In case of six time points, there are 15 

time intervals.  In general, there are total n(n-1)/2 intervals when the biggest time point is Tn.  The time 

complexity of inference is O(N(r)*N(f)^N(c)), where N(r) is the number of rules, N(f) is the number of 

facts, and N(c) is the average number of conditions per a rule.  Not all the facts in the all the intervals are 

needed in problem solving.  Most of them are not used in problem solving just wasting computation 

time if generated.  



36 
 

A truth rule checks validity of hypotheses not producing any new fact. Thus using them properly 

can save computational time.  The first example in Figure 17 is a truth rule used to reduce generated 

facts due to sub time intervals.  If it is added as an implication rule, facts in all combinations of time 

intervals will be generated, and they will trigger other rules generating all other facts in the all intervals.  

Most of the generated facts in the sub intervals will not be used in problem solving ending up wasting 

computation time.  The facts about object movements in required time intervals were already 

generated when a mental model was created (Figure 39, Figure 42, and Figure 45).  There is no need to 

generate all facts in combination of sub time intervals if not required.  Thus, adding the knowledge as a 

truth rule (Figure 17) can save time not generating facts in all combinations of time intervals.  Note that 

ŀ ǘǊǳǘƘ ǊǳƭŜ ŘƻŜǎƴΩǘ ǘǊƛƎƎŜǊ ƛƳǇƭƛŎŀǘƛƻƴ ǊǳƭŜǎΣ ŀƴŘ ǘƘŜ ǎȅǎǘŜƳ ŎƘŜŎƪǎ ǘǊǳǘƘ ƻƴƭȅ ǳǎƛƴƎ existing facts and 

truth rules.  Basically an author can determine which chaining (forward or backward) to apply for each 

rule.  Implication rules are for forward chaining, and truth rules are for backward chaining. 

Backward chaining is triggered only when forward chaining reaches a dead end.  When a condition 

of an implication rule fails to find a matching fact from the context memory, the condition works as a 

hypothesis, and the system tries to find a truth rule matched by the hypothesis.  If there is no truth rule 

matching, the rule fails to trigger.  If a matching truth rule found, the system tries to validate the 

conditions of the truth rule.  The truth rule has conditions in the right side (as shown in Figure 16), and 

they can be satisfied by existing facts.  The conditions failing to find a satisfying fact will behave as 

hypotheses and they will trigger other matching truth rules.  It repeats until all hypotheses are satisfied 

or there is no matching truth rule.  This inference starts from a hypothesis and trigger other rules with 

the hypothesis until all hypothesis are validated.  This kind of inference is goal-driven reasoning. 

Backward chaining was not applied from the input statement but triggered in the middle of forward 

chaining because there is no way that the system can know the final goal (i.e. the sought quantities of a 

problem) until the questions in the problem statement are interpreted.  The problem statement is 

interpreted line by line while reading it, and underlying implications are generated using forward 

chaining first.  It is a natural way for performing inferences while reading text. 

10.2. DEFAULT  KNOWLEDGE  INFERENCE 
Evaluating the unknown conditions should not be done until the first inference stage using non-default 

knowledge is completed.  It is because it is possible that new facts satisfying the conditions can be 

generated by other rules during the inference.  Non-default rules are applied first for inference 

generating facts, and default rules are applied next. 

During compile time, rules are classified to default or non-default knowledge based on the type of 

each condition. Inference in the first stage is done without default knowledge. Inference in the second 

stage is done both with default and non-default knowledge.  

Inference with default knowledge can generate unexpected results.  LetΩǎ assume that an unknown 

fact A implies B, and the unknown fact B implies C.  If the first rule is applied first, only B will be 

generated. But if the second rule is applied first, both B and C will be generated. Figure 54 shows such 

an example. The first rule is triggered when there is no mention about the location near a planet.  It is 
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assumed that the location is near the earth if not mentioned about it.  The second rule generates the 

fact about zero gravity when the location is not near a planet and it is in space.  If the first rule is applied 

first, the fact about the location near the earth will be generated, and the second rule will fail due to the 

first condition of it.  IŦ ǘƘŜ ǎŜŎƻƴŘ ǊǳƭŜ ƛǎ ŀǇǇƭƛŜŘ ŦƛǊǎǘΣ ǘƘŜ ŦŀŎǘ ŀōƻǳǘ ȊŜǊƻ ƎǊŀǾƛǘȅ όΨƻōƧŜŎǘǎ ƘŀǾŜ ȊŜǊƻ 

ƎǊŀǾƛǘȅΩύ ǿƛƭƭ ōŜ ƎŜƴŜǊŀǘŜŘ too. 

Ψ¢ƘŜ ƭƻŎŀǘƛƻƴ ƛǎ ƴŜŀǊ ŀ ǇƭŀƴŜǘψΩ  ǳƴƪƴƻǿƴ  
    implies ΨǘƘŜ ƭƻŎŀǘƛƻƴ ƛǎ ƴŜŀǊ ǘƘŜ ŜŀǊǘƘΨ. 
 
Ψ¢ƘŜ ƭƻŎŀǘƛƻƴ ƛǎ ƴŜŀǊ ŀ ǇƭŀƴŜǘψΩ  ǳƴƪƴƻǿƴ and 
ΨǘƘŜ ƭƻŎŀǘƛƻƴ ƛǎ ƛƴ ǎǇŀŎŜΩ 
    imply Ψobjects have zero gravityΨ. 
Figure 54: an example of default knowledge that can generate different results depending on application order 

To prevent these unexpected results depending on application order, generated facts from default 

rules are not be directly applied to other default rules.  The number of generated facts monotonically 

increases, and cancelling or removing generated facts are not allowed in the current system. 

10.3. KNOWLEDGE  SUBSUMPTION 
Inference using knowledge represented in natural language can have an over-generation problem if all 

matched rules are triggered.  For example in Figure 55, ǘƘŜ ƛƴǇǳǘ Ψthe bullet moves out of the pistol at a 

speed of 300 m/sΩ Ŏŀƴ match the two rules.  The first rule has a more general condition than the second 

rule.  All facts matching the specific rule also can match the general one.  Thus, two facts will be 

generated after the two rules are triggered.  In this case, one of them can be undesirable output, and 

this problem is called an over-generation problem.  Among the two generated outputs in Figure 55, the 

first one was over-generated.  An over-generated result from a question can bring about a critical 

problem in problem solving while other cases can be just ignored during inference. 

Input: 
ΨThe bullet moves out of the pistol at a speed of 300 m/s.Ω  

Rule: 
Ψ!ƴ ƻōƧŜŎǘ_  moves_  at a speed of num_  ǳƴƛǘψΩ 
        implieǎ Ψthe magnitude of the velocity of the object_  is num_  ǳƴƛǘψΩΦ 
 
Ψ!n object_  moves_  out of a place_  at a speed of num_  ǳƴƛǘ{ǇŜŜŘψΩ 
        implies ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ the velocity of the object_  is num_  unit_  when the object_  moves out 
of the place_ΩΦ 

Output: 
Ψthe magnitude of the bullet ƛǎ о ƳκǎΦΩ 
Ψthe magnitude of the bullet is 3 m/s when the bullet moves out of the pistolΦΩ 
Figure 55: over-generation example (an input sentence, two rules, and the two facts generated) 

Only the most specific rule among all matching rules should be triggered to deal with the over-

generation problem.  For this, there needs be a way to find the most specific rule matching a given fact.  

The knowledge subsumption relation is used for this purpose (Brachman & Levesque, 2004).  If 

knowledge A is a generalized version of Knowledge B, then A subsumes B.  Each rule is matched by all 
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other rules and a graph of subsumption relations is built during compilation time.  A rule can have 

multiple generalized rules. Thus, subsumption relations can be drawn as directed graph (Figure 56). 

 

Figure 56: Subsumption relations drawn as directed graph 

During inference, a terminal node (i.e. the most specific rule in the tree) is selected and applied for 

matching test.  If it fails to match, then it goes up to the parent (i.e. the next specific rule) and tests 

again.  It is repeated until a matching rule is found.  If there is no matching rule when it reaches the root 

node, it moves to the next terminal node.  The subsumption relations are compiled whenever the 

knowledgebase is updated, and ǘƘŜȅ ŘƻƴΩǘ ƘŀǾŜ ǘƻ ōŜ ŎƻƳǇƛƭŜŘ ŀƎŀƛƴ ǳƴǘƛƭ the next update.  In this way, 

the inference process avoids possible over-generations by applying only the most specific rule. 

Subsumption relations are also used in a negation rule to suppress an undesired rule from 

triggering (explained in chapter 6.1.3). 

10.4. INFERENCE  WITH  PHRASE  VARIABLES 
Rules with a phrase variable require special care for inference.  [ŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ǘƘŜ ŎǳǊǊŜƴǘ 

knowledgebase is empty.  In Figure 57, the time phǊŀǎŜ ΨǘƘŜ ōŀƭƭ returns to the initial heightΩ matches 

the phrase variable does__Σ ŀƴŘ ǘƘŜ ǎŜŎƻƴŘ ŎƻƴŘƛǘƛƻƴ ƛǎ ǊŜǇƭŀŎŜŘ ǿƛǘƘ ΨǘƘŜ ōŀƭƭ returns to the initial 

height ŀǘ ǘƛƳŜψΩΦ  But, it will fail to find a matching fact in the empty knowledgebase.  

Input:  
'What is the speed of the ball when the ball returns to the initial heightΚΨ 

ΨWhat is the speed of an object_  when ŘƻŜǎψψΩ ŀƴŘ 
 ΨŘƻŜǎψ_  ŀǘ ǘƛƳŜψΩ 

    imply ΨǿƘŀǘ is the speed of an object_  ŀǘ ǘƛƳŜψΚΩΦ 

Context memory after default knowledge inference:  
ϑΨǘƘŜ ōŀƭƭ returns to the initial height of the ball at t:0:1:left.ΩΣ Χϒ 
Figure 57: an example of inference failure due to a time phrase 

As shown in Figure 40, the fact about the event returning to the initial height is an action of a 

default rule with an unknown condition, and this rule is applied during the default knowledge inference 

ǎǘŀƎŜΦ [ŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ǘƘŜ ǎȅǎǘŜƳ ŦƛƴƛǎƘŜŘ ǘƘŜ ŘŜŦŀǳƭǘ ƪƴƻǿƭŜŘƎŜ ƛƴŦŜǊŜƴŎŜ ǎǘŀƎŜ ǇǊƻŘǳŎƛƴƎ ǘƘŜ ŦŀŎǘ 

aboǳǘ ǘƘŜ ŜǾŜƴǘ ǊŜǘǳǊƴƛƴƎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘ όΨǘƘŜ ōŀƭƭ ǊŜǘǳǊƴǎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘ of the movement at 
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Rule D 
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ǘΥлΥмΥƭŜŦǘΦΩύΦ  This fact will match the second condition of the rule in Figure 57, and it will become ΨǘƘŜ ōall 

returns to the initial height of the movement ŀǘ ǘΥлΥмΥƭŜŦǘΩ.  The first condition will be replaced with 

ΨǿƘŀǘ ƛǎ ǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ōŀƭƭ ǿƘŜƴ the ball returns to the initial height of the movementΩ.  But, the rule 

will fail again because this replaced condition is not more general than the input sentence.  Note that ΨƻŦ 

the movementΩ ƛǎ ƳƛǎǎƛƴƎ ƛƴ ǘƘŜ input sentence, and the condition is not more general than the input.  

Thus, both cases fail to trigger the rule. 

This rule failure occurs because the order of matching conditions can influence the results of 

inference in case a phrase variable is included. When a condition is matched, variables in the next 

condition are replaced with matched values becoming more specific. Thus, as conditions are matched, a 

fact satisfying a phrase variable becomes more specific.  For example, if the first condition is matched 

first, the phrase variable (doesψψύ ƛǎ ƳŀǘŎƘŜŘ ōȅ ǘƘŜ ŦŀŎǘ όΨǘƘŜ ōŀƭƭ ǊŜǘǳǊƴǎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘΩύ ŦǊƻƳ ǘƘŜ 

input sentence.  The second condition can be matched by a fact equal to or more specific than the input. 

On the other hand, if the second condition is matched first, the phrase variable (does__) is matched by 

ǘƘŜ ŦŀŎǘ ƛƴŦŜǊǊŜŘ ōȅ ǘƘŜ ŘŜŦŀǳƭǘ ƪƴƻǿƭŜŘƎŜ όΨǘƘŜ ōŀƭƭ ǊŜǘǳǊƴǎ ǘƻ ǘƘŜ ƛƴƛǘƛŀƭ ƘŜƛƎƘǘ ƻŦ the movement at 

ǘΥлΥмΥƭŜŦǘΦΩύΦ The first condition can be matched by a fact equal to or more specific than this.  

Thus, matching order matters when conditions include a phrase variable.  In order to deal with this 

problem, the system has an additional inference stage for rules with a phrase variable included in two 

conditions. The conditions in the rules are checked from the first condition again.  It is repetition of 

applying the rules, but the results can be different because more facts were generated before this 

inference stage. Failed rules due to a phrase variable can be triggered at this stage generating facts. 

10.5. INFERENCE  WITH  SYMBOLIC  TIME  INDEX 
The time index is represented with the head, a sentence number, a word number, and a type tag such as 

t:0:3:left.  This is symbolic representation of time.  Thus, it is possible that multiple time indexes refer to 

one time point.  In the generated facts in Figure 27, both t:0:3:point and t:0:3:left are referring to T1. 

Special care is required for this case during inference.  A background rule with the same time variable in 

multiple conditions can fail to trigger.  For example in Figure 58, the first Ti_  will match t:0:3:point, but 

the second Ti_  will match to t:0:left. The time variable Ti_  cannot match two different symbols, and the 

rule fails.  

Ψ!ƴ ƻōƧŜŎǘ_  ǎǘŀǊǘǎ ǘƻ ƳƻǾŜ ŀǘ ¢ƛψΩ ŀƴŘ 
ΨǘƘŜ ƻōƧŜŎǘ_  moves at the interval between Ti_  ŀƴŘ ¢ƧψΩ ŀƴŘ 
ΨǘƘŜ ƻōƧŜŎǘ_  ǿŀǎ ǘƘǊƻǿƴΩ 
     LƳǇƭȅ ΨǘƘŜ ƻōƧŜŎǘ_  moves in projectile at the interval between Ti_  ŀƴŘ ǘƻ ¢ƧψΩΦ 
Figure 58: a background rule inferring projectile movement 

For this case of inference failure due to symbolic time index, the inference should be done again 

after all the final time values were assigned.  The current system checks rules with conditions which 

have the same time variable, and perform inference again to find facts missed in the previous step of 

inference. 
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11.0. NATURAL  LANGUAGE  AS  KNOWLEDGE  REPRESENTATION  
Using natural language as knowledge representation means that natural language itself is used as a form 

of knowledge.  But there are issues in using natural language such as ambiguity, vagueness, paraphrases, 

etc.  To be used in a computer system, it was generally believed that knowledge representation needs to 

have properties such as verifiability, unambiguousness, standard (or canonical) form, inference with 

variables, and expressiveness (Jurafsky & Martin, 2000).   

Formal language such as predicate-argument structure satisfies the properties, and it is used in AI 

systems in general.  Formal language was regarded as representation of the deep meaning of natural 

language, and natural language was regarded as surface level representation.  Due to the problems in 

using natural language, constrained natural language without ambiguity and vagueness was used in 

previous studies (Fuchs, Kaljurand, & Kuhn, 2008).  Basically constrained natural language is a kind of 

formal language.  Other studies using natural language as knowledge representation also focused on 

formality (Iwanska & Shaprio, 2000) and applied to logic-related applications such as Boolean algebra 

and logic reasoning(Shapiro, 2000).  

Another approach is to transform natural language into formal language (Novak Jr., 1977) (Bundy, 

Byrd, Luger, Mellish, & Palmer, 1979) (Ritter, 1998).  The transformation approach has a problem that 

principles were still written in computer program codes and they ŎƻǳƭŘƴΩǘ be written by authors who 

were not good at computer programming.  Also transformation requires knowledge to translate natural 

language to formal language, and such transformation knowledge was encoded in computer program 

codes too.  For example, templates were used to recognize natural language patterns and transform to 

formal language, but only programmers were able to update such templates.  It was one of the reasons 

why this approach faced increasing difficulties as the size of the target world grows.  The approach using 

natural language representation is different from the transformation approach in the point that natural 

language itself is used as knowledge representation and inference is done in natural language. 

The knowledge representation presented in this thesis uses unconstrained free natural language 

allowing ambiguity, vagueness, paraphrases, etc.  Knowledge represented in natural language can be 

verified using matching to existing facts.  The proposed semantically binding variables enable inference 

with variables.  Expressiveness is not an issue because free natural language was allowed to represent 

knowledge.  These properties fulfill the requirements of knowledge representation to be used in a 

computer system. 

But the issue of ambiguity and paraphrases (i.e. no standard form) in natural language 

representation should be addressed.  In knowledge acquisition perspective, knowledge added in natural 

language directly by humans has ambiguity and paraphrases.  Thus, it is inevitable to allow ambiguity 

and paraphrases in knowledge representation to unify knowledge used by humans and knowledge used 

by computer systems.  

Figure 59 shows examples of syntactic ambiguity.  ¢ƘŜ ǇǊŜǇƻǎƛǘƛƻƴŀƭ ǇƘǊŀǎŜ Ψƻƴ ǘƘŜ hillΩ Ŏŀƴ ōŜ 

ŀǘǘŀŎƘŜŘ ǘƻ Ψŀn airplaneΩ ƻǊ ΨsawΩΦ  Depending on the attachment of the prepositional phrase, the 

meaning of the sentence can be interpreted in different ways.  If it is attached to Ψan airplaneΩΣ the 
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airplane was on the hill.  LŦ ƛǘ ƛǎ ŀǘǘŀŎƘŜŘ ǘƻ ΨǎŀǿΩΣ ǘƘŜ Ƴŀƴ was on the hill.  The two different 

interpretations can be represented in formal language as saw(man, on(airplane, hill)) and saw(man, 

airplane, on(hill)) respectively (Figure 59-(b)).  Ambiguity resolution means choosing one out of the 

different representations in formal language. 

(a) A man saw an airplane on the hill. 

(b) saw(man, on(airplane, hill)). 
saw(man, airplane, on(hill)). 

Figure 59: an example of syntactic ambiguity (prepositional attachment). (a) an input sentence (b) two interpretations in 
formal language. 

In case of natural language representation, ambiguity is not resolved by choosing an unambiguous 

representation.  The input sentence itself (Figure 59-(a)) is an ambiguous representation including the 

two interpretations.  Lƴ Ƴŀƴȅ ŎŀǎŜǎΣ ǘƘŜ ŀƳōƛƎǳƛǘȅ ŘƻŜǎƴΩǘ ƘŀǾŜ ǘƻ ōŜ ǊŜǎƻƭǾŜŘΦ  However, there can be 

a situation that requires one to resolve the ambiguity.  For example, it can be required to infer whether 

the man was on the hill, or the airplane was on the hill in some physics problem.  In Figure 60-(a), the 

second sentence implies that the airplane was on the hill.  Thus, the additional knowledge in the second 

sentence provides information to resolve the ambiguity.  The corresponding background rule uses the 

two sentences to infer that the airplane was on the hill (in Figure 60-(b)).  In the example Figure 60-(c), 

the second sentence provides information about the airplane flying in the sky, and it can be inferred that 

the man was on the hill.  The corresponding background rule to infer it is shown in Figure 60-(d).  In this 

way, an inference rule using additional conditions can be used to resolve ambiguity.  Notice that the 

input sentence still has ambiguity and it was not replaced with an unambiguous representation like 

formal language.  In this way, inference with additional knowledge can have a role of ambiguity 

resolution, and the issue of ambiguousness is a matter of inference in the natural language 

representation. 

(a) A man saw an airplane on the hill. 
The airplane crashed on the hill a long time ago. 

(b)  Ψ!ƴ ŀƎŜƴǘ_  saw an object_  ƻƴ ŀ ǇƭŀŎŜψΩ ŀƴŘ 
Ψthe object_  crashed on the place_  a long time agoΩ  
    Imply ΨǘƘŜ ƻōƧŜŎǘ_  ƛǎ ƻƴ ǘƘŜ ǇƭŀŎŜψΩ. 

(c) A man saw an airplane on the hill. 
The airplane was flying in the sky.  

(d) Ψ!ƴ ŀƎŜƴǘ_  saw an object_  ƻƴ ŀ ǇƭŀŎŜψΩ ŀƴŘ 
Ψ¢ƘŜ ƻōject_  was flying_Ω  
    Imply ΨǘƘŜ ŀƎŜƴǘ_  ǿŀǎ ƻƴ ǘƘŜ ǇƭŀŎŜψΩ. 

Figure 60: Ambiguity resolution in the natural language representation (a) the input sentence followed by another sentence 
(b) a background rule to infer that the airplane was on the hill (c) another example of the input sentence followed by another 
sentence (d) a background rule to infer that the man was on the hill. 

The issues of vagueness and paraphrases are also just matter of inference in the natural language 

representation.  If the representation is vague, then there should be additional knowledge to perform 

correct inference.  If there are many paraphrases, then there should be background knowledge to 
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recognize the paraphrases.  Generalized natural language representation using semantically binding 

variables can recognize some extent of paraphrases.  However in authoring perspective, adding 

knowledge for paraphrases or using standard representation is up to authors.  If authors want to 

standardize different expressions in the same meaning, authors can determine a standard expression 

and use it.  ¢ƘŜ ǎȅǎǘŜƳ ŘƻŜǎƴΩǘ ŘƛǎǘƛƴƎǳƛǎƘ ǎǘŀƴŘŀǊŘ ŦǊƻƳ ƴƻƴ-standard representations because free 

natural language is allowed.  If two sentences match, the form of them ŘƻŜǎƴΩǘ ƳŀǘǘŜǊ in the system.  

An issue arises from this approach.  How general cases of such ambiguities and paraphrases can the 

added rules accept?  In the worst case, an author has to add rules every time, case by case to deal with 

them.  In this case, the number of rules to add will not decrease fast.  In the best case, the rules added 

by an author have generality to recognize them fairly well, and the number of rules to add will decrease 

fast. 

A notable advantage of this approach is robustness.  Even in a worst case, the ambiguities and 

paraphrases can be processed by adding case-by-case rules in an example-based manner.  The added 

case-by-case rules can be used to find generalized rules by the system after enough examples are 

collected.  A rule can cover from a specific case to general cases depending on how to write the rule, 

and it can be used either for an example-based manner or a general rule-based manner. 

11.1. USING  UNCONSTRAINED  NATURAL  LANGUAGE 
There is no constraint imposed on the representation language in Natural-K except a few predefined 

variables (Figure 21).  In previous AI systems, constraints were from knowledge encoded in program 

code, formal language, or grammar.  For example, Figure 61-(a) is a typical template used to recognize 

natural language and transform to formal language in many AI systems. The condition in the left side is 

not complete natural language because of the variables X, N, and U.  And, the action in the right side is 

formal language.  Often, a program module was called from the action part, and formal language was 

encoded inside the program module (Figure 7-(a)).  Constraints came from such non-natural-language 

ŜƭŜƳŜƴǘǎ ό·Σ bΣ ¦Σ ƳŀƎόΧύΣ ŀƴŘ Figure 7-(a)) which cannot be updated by users who are not 

programmers.      

(a) Template Ψ· moves ŀǘ b ¦Ω  
    => known(mag(velocity(X)), dnum(N, U))) 

(b) Context-Free 
Grammar 
transforming to 
formal language 

S -> NP VP {VP.sem(NP.sem)} 
VP -> Verb NP {Verb.sem(NP.sem)} 
Verb -> moves {ɱÅȟØ )ÓÁÅȟ-ÏÖÉÎÇ-ͮÏÖÅÄÅȟ/ÂÊÅÃÔ 
VP -> VP PP {‗ώ ὠὖȢίὩάώ ὖͮὖȢίὩάὠὖȢίὩάȢὺὥὶὭὥὦὰὩ 
PP-> P NP 
P -> at ‗ώ‗ὼ ὥὸὼȟώ  
Χ 
moves(X, at(N, U)) => known(mag(velocity(X)), dnum(N, U))) 

(c) Semantic 
Grammar 

S -> Object moves at Num Unit {known(mag(velocity(Object)), dnum(Num, Unit)) } 

Figure 61: Previous approaches to transform natural language to formal language 
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Semantic augmentation to context-free grammar (Figure 61-(b)) was another previous approach to 

translate to formal language.  An input sentence was parsed and each parsed component was 

transformed to formal language.  Knowledge for the transformation was encoded in grammar, thus only 

programmers could update such knowledge.  Semantic grammar (Figure 61-(c)) had more readable form 

of grammar, but the knowledge required to transformation was still encoded in grammar and only 

programmers could update it.   

Ψ/onstraintsΩ imposed on representation language is another name for knowledge modifiable only 

by programmers.  Unmodifiable knowledge works as constraints.  Knowledge encoded in program code, 

formal language, and grammar ends up being constraints to users.  Even though the previous systems 

were not intentionally designed to have constraints, their representation language was practically 

constrained because users ŎƻǳƭŘƴΩǘ ƳƻŘƛŦȅ ǘƘŜ ǎȅǎǘŜƳǎ ǿƘŜƴ it failed to accept an input.  Thus, 

designing a representation language for such knowledge to be modifiable by non-programmer was 

essential for an unconstrained representation language.  Adopting natural language to replace such 

unmodifiable knowledge was tried for this purpose in this thesis. 

Now, ƭŜǘΩǎ compare to the representation in Natural-K using unconstrained natural language in a 

form of rule.  Both conditions and actions in a rule are represented in natural language, and they can be 

updated by non-programmers.  It is possible because no knowledge is encoded in program code, 

grammar, or formal language: 

Ψ!ƴ ƻōƧŜŎǘψ moves_ at num_ unit_Ψ 
        implies ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψ ƛǎ ƴǳƳψ unit_Ω 
Figure 62: knowledge in unconstrained natural language 

Even an ungrammatical sentence can be accepted if there is a rule with a condition of the same 

sentence.  For example, a random character sequence was given as an input in Figure 63-(a).  The string 

is not even English.  However, ƭŜǘΩǎ ŀǎǎǳƳŜ ǘƘŀǘ ǘƘƛǎ ǎǘǊƛƴƎ Ŏŀƴ ƘŀǾŜ ŀ ƳŜŀƴƛƴƎ ƻŦ ΨƴƛŎŜ ǘƻ ƳŜŜǘ ȅƻǳΩ ƛƴ 

an endangered language.  An English parser will produce broken parse trees at the input, but it will 

match the condition of the rule in Figure 63-(b) because the parser will generate exactly the same parse 

trees though both are broken.  Thus, the rule will be triggered generating the meaning of the string, 

ΨƴƛŎŜ ǘƻ ƳŜŜǘ ȅƻǳΩ.  In previous transformation approaches, an input language was practically 

ŎƻƴǎǘǊŀƛƴŜŘ ōŜŎŀǳǎŜ ǳǎŜǊǎ ŎƻǳƭŘƴΩǘ ƳƻŘƛŦȅ a system to accept a given input if fails.  In this unconstrained 

language approach, if an input is not accepted, a user adds knowledge to make it accepted. So, there is 

no constraint now.          

(a) ΨǳƎŀ ǳƎŀ ǳŎƘŀŎƘŀΩ 

(b) ΨǳƎŀ ǳƎŀ ǳŎƘŀŎƘŀΩ 
      implies Ψƛǘ ƛǎ ƴƛŎŜ ǘƻ ƳŜŜǘ ȅƻǳΩΦ 

Figure 63: accepting ungrammatical input. (a) an ungrammatical sentence (b) a rule to accept it. 

Adopting this approach in principles (Figure 7-(b)) made all levels of knowledge representation 

completely separated from program code.  Instead of calling pre-encoded program modules, the rules 

generate facts triggering other rules until the final outputs are generated.  Inference is based on 
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matching facts and rules.  No knowledge is encoded inside program code.  Therefore, all levels of 

background knowledge can be added by non-programmers in unconstrained natural language.   

11.2. INTERNAL  REPRESENTATION OF A SENTENCE 
Basically, for matching a specific sentence to a general sentence, Natural-K needs an internal 

representation of a sentence.   The internal representation should be able to include ambiguities of a 

sentence, and it does not necessarily represent the deep meaning of a sentence.  Resolving ambiguities 

is done during inference using background knowledge.  Although inference should be used to resolve 

many cases of ambiguity and vagueness, a general mechanism can be used for certain fairly regular 

syntactic variations.  Paraphrases created due to syntactic variations such as passive and active voice can 

be normalized in the internal representation.   

11.3. AMBIGUITY 
Ambiguity of natural language includes syntactic ambiguity and semantic ambiguity.  Both ambiguities 

can be represented in the internal representation of a sentence. This section explains the internal 

representation for the two types of ambiguity. 

11.3.1. Syntactic Ambiguity  

One of the problems in language analysis is that the current status of parsing accuracy is not good 

enough for many practical applications in spite of recent advances.  The system uses a general purpose 

dependency parser developed for this research.  The number of generated parse trees depends on the 

grammar rules that have been given.  Too many parse trees can be generated by the parser when loose 

parsing rules are applied, while a correct parse tree is often not generated when strict parsing rules are 

applied.  This section discusses some common syntactic problems and the ways to handle them. 

The ambiguity due to prepositional attachment shown in Figure 60 is at the syntax level.  The parse 

tree when the prepositional pƘǊŀǎŜ όΨƻƴ ǘƘŜ ƘƛƭƭΩύ ƛǎ ŀǘǘŀŎƘŜŘ ǘƻ ǘƘŜ ƴƻǳƴ όΨairplane) is shown in the right 

top of Figure 64.  ¢ƘŜ ƻǘƘŜǊ ǇŀǊǎŜ ǘǊŜŜ ǿƘŜƴ ǘƘŜ ǇǊŜǇƻǎƛǘƛƻƴŀƭ ǇƘǊŀǎŜ ƛǎ ŀǘǘŀŎƘŜŘ ǘƻ ǘƘŜ ǾŜǊō όΨǎŀǿΩύ ƛǎ 

shown in the right bottom of the figure.  The internal representation of the sentence is the union of the 

two parse trees.  Thus, a parse chart containing all possible trees is used as internal representation of a 

sentence (in the left part of Figure 64).  A chart parser generates a chart including all parsing candidates, 

and output of the chart parser is used as the internal representation of the sentence. 
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A dependency chart can include multiple ambiguous parse trees
The dependency chart is only used for internal process in the system. 

A man saw an airplane on the hill.

A man

(comp)

saw

(prep)

an airplane on

(dt)

hill.

(subject)

(dt)

(n)

(dt)

the

A man

(comp)

saw

(prep)

an airplaneon

(dt)

hill.

(subject)

(dt)

(n)

(dt)

the

A man

(comp)

saw

(prep)

an airplane on

(dt)

hill.

(subject)

(dt)

(n)

(dt)

the

(prep)

A dependency chart

Dependency Trees  

Figure 64: A chart containing all parse trees generated is used as internal representation of a sentence. 

Suppose that both the input sentence (Figure 59-(a)) and the first condition of the background rule 

(Figure 60-(b) and Figure 60-(d)) have prepositional attachment ambiguity.  Then both parse trees of the 

input sentence can match the both parse trees of the condition of the rule.  In this ŜȄŀƳǇƭŜΣ ƛǘ ŘƻŜǎƴΩǘ 

maǘǘŜǊ ǿƘŜǘƘŜǊ ǘƘŜ ǇǊŜǇƻǎƛǘƛƻƴ ΨƻƴΩ ƛǎ ŀǘǘŀŎƘŜŘ ǘƻ ΨǎŀǿΩ ƻǊ ΨairplaneΩ because they have the same 

ambiguities.  [ŜǘΩǎ ǎǳǇǇƻǎŜ ŀƴƻǘƘŜǊ ŎŀǎŜ ǘƘŀǘ both the input sentence and a condition of rule are 

ambiguous, but they share only one parse tree.  This is a loose case of matching.  That is, the system 

regards two sentences as matched if one of parse trees from each side is matched.  

The internal representation using parse chart is used only to see whether two sentences match or 

not, and it is not used for other purposes in general such as information extraction.  The main purpose 

of parsing is to extend the matching scope of sentences from general to ǎǇŜŎƛŦƛŎ ǎŜƴǘŜƴŎŜǎ όάŀ Ƴŀƴ ǎŀǿ 

ƛǘέ ǾǎΦ άŀ ȅƻǳƴƎ Ƴŀƴ ǎŀǿ ƛǘέύ ŀƴŘ ǎȅƴǘŀŎǘƛŎ ǾŀǊƛŀǘƛƻƴǎ όǇŀǎǎƛǾŜ ǾǎΦ ŀŎǘƛǾŜύΦ  

11.3.2.  Semantic Ambiguity  

Another linguistic ambiguity is from semantics.  For example, the ǿƻǊŘ ΨǎŀǿΩ includes multiple senses: 

1. ¢ƘŜ Ǉŀǎǘ ǘŜƴǎŜ ƻŦ ΨǎŜŜΩ 

2. A toothed device for cutting 

3. Χ 

!ƳƻƴƎ ǘƘŜ ŀǾŀƛƭŀōƭŜ ǎŜƴǎŜǎΣ ƴƻΦ м ƛǎ ǘƘŜ ŎƭƻǎŜǎǘ ƳŜŀƴƛƴƎ ƻŦ ΨsawΩ in the statement in the previous 

examples (Figure 59).  The system looks up word senses only for a variable word (attached by ΨψΩύΦ  

Matching fails immediately if two word roots are not identical and both are non-variable words.  When 

one of words is a variable, the variable word should be a hypernym (with a broader meaning) of the 

other one.  Each variable word should have word senses for this reason.  A domain expert is not 
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expected to be able to assign word sense because it is not an easy task due to the fine-grained senses of 

WordNet.  

The system looks up WordNet and assigns word senses to a variable word after parsing.  

Information about a sentence form and related senses is used, however basically word sense 

disambiguation is not applied, and all senses are assigned to a variable word.  During matching, if one of 

the senses for each word matches, then the two words are regarded as matched.  Word roots are used 

in matching to avoid the variations of tense, number, and gender.  ArtƛŎƭŜǎ όΨŀΩΣ ΨŀƴΩΣ ΨǘƘŜΩύ and 

punctuation were ignored in matching. 

11.4. SYNTACTIC  NORMALIZATION 
There are a million different ways to say something in natural language.  Syntactic variations are part of 

such variations.  Normalizing syntactic variations including active vs. passive voice, relative phrases, 

conjunctive forms were implemented. 

11.4.1. Active vs. Passive Voice (does vs. is done) 

A passive form of English can be rewritten in an active form without significantly changing the meaning.  

The passive form of a sentence should be able to match the active form of it or vice versa.  A parse tree 

of a sentence doesƴΩǘ match directly to that of the corresponding passive sentence.  Normalization is 

applied to convert them to be in the same form.  In order to normalize a passive form to an active form, 

normalization links were inserted into the parse chart.  Figure 65 shows two normalization links inserted, 

pushed-(object)->crate and pushed-(subject)->man.  For sentence matching, the system compares two 

sentences using normalization links if available.  In this way, a passive sentence can match the 

corresponding active sentence after the normalization process.  

ά! ŎǊŀǘŜ ǿŀǎ ǇǳǎƘŜŘ ōȅ ŀ ƳŀƴΦέ

A crate

(pp)

was

(prep)

pushed by

(dt)

man.

(Subject)

(dt)

(n)

a

A dependency chart

A crate

(pp)

was

(prep)

pushed by

(dt)

man.

(Subject)

(dt)

(n)

a

A normalized dependency chart

(Subject)

(object)

(normalization link)

 

Figure 65: Syntactic normalization of a passive form 

11.4.2. Relative Clause (A which B)  

There are multiple forms of a relative clause conveying the same meaning.  In the example of Figure 66-

όŀύΣ ǘƘŜ ǊŜƭŀǘƛǾŜ ŎƭŀǳǎŜ ΨǿƘƻ ǇǳǎƘŜŘ ŀ ŎǊŀǘŜΩ ǿŀǎ ǊŜǿǊƛǘǘŜƴ ŀǎ ΨǇǳǎƘƛƴƎ ŀ ŎǊŀǘŜΩΦ  In Figure 66-(b), the 

ǊŜƭŀǘƛǾŜ ŎƭŀǳǎŜ ΨǿƘƛŎƘ ŀ Ƴŀƴ ǇǳǎƘŜŘΩ ǿŀǎ ǊŜǿǊƛǘǘŜƴ ǿƛǘƘƻǳǘ ΨǿƘƛŎƘΩΦ 

 (a) Ψ! Ƴŀƴ ǿƘƻ ǇǳǎƘŜŘ ŀ ŎǊŀǘŜΩ 
Ψ! Ƴŀƴ ǇǳǎƘƛƴƎ ŀ ŎǊŀǘŜΩ 
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(b) Ψ! ŎǊŀǘŜ ǿƘƛŎƘ ŀ Ƴŀƴ ǇǳǎƘŜŘΩ 
ΨA crate a man pushedΩ 

Figure 66: a relative clause and its variation 

A normalization link is inserted to a relative clause to maintain the same syntactic structure.  Now, the 

normalized parse tree in Figure 67 can match its variations. 

A man

(v)

who

(object)

pushed crate.

(relative)

(dt)

(dt)

a

A normalized dependency chart

(subject)

(normalization links)

 

Figure 67: sentence normalization for relative clause 

11.4.3.  Conjunctive phrase (A and B)  

Special care is needed for conjunctive phrases because they can bring about many syntactic ambiguities.  

In order to reduce such ambiguities, only the last conjunct όƛΦŜΦ ǘƘŜ ƭŀǎǘ ǿƻǊŘ ŎƻƴƴŜŎǘŜŘ ǘƻ ΨŀƴŘΩύ is 

connected to the head during parsing.  CƻǊ ŜȄŀƳǇƭŜΣ ǿƘŜƴ ά! Ƴŀƴ ǇǳǎƘŜŘ ŀ ŎǊŀǘŜ ŀƴŘ ŀ ŘŜǎƪέ ƛǎ ǇŀǊǎŜŘΣ 

pushed-(object)->desk is included in the parse tree, but not pushed-(object)->crate.   Although this 

reduces the number of parse trees, it raises a problem that it cannot be ŘƛǊŜŎǘƭȅ ǳƴŘŜǊǎǘƻƻŘ ǘƘŀǘ Ψŀ ŎǊŀǘŜΩ 

is an ƻōƧŜŎǘ ƻŦ ǘƘŜ ǾŜǊō ΨǇǳǎƘŜŘΩ too because there is no direct link between them.   So, a normalization 

link is inserted between the verb and the other conjuncts, as in Figure 68.  As a result, the parse chart 

Ŏŀƴ ōŜ ǳƴŘŜǊǎǘƻƻŘ ŀǎ ōƻǘƘ ά! Ƴŀƴ ǇǳǎƘŜŘ ŀ ŎǊŀǘŜέ ŀƴŘ ά! Ƴŀƴ ǇǳǎƘŜŘ ŀ ŘŜǎƪέΦ 

A man

(v)

(object)

pushed desk

(dt)
(dt)

a

A normalized dependency chart

(object)

(normalization links)

crate

(dt)

a and

(left_conj) (conj)

 

Figure 68: Sentence normalization for conjunctive phrase. 

11.4.4.  Inserting a Normalization Link  to Chart  

Although a normalization link can be simply inserted into a parse tree, it is risky to insert it into a parse 

chart.  A chart is union of multiple parse trees, so inserting a link between two nodes can affect other 

parse trees.  In the case of Figure 69, there are two parse trees where άōȅ ŀ Ƴŀƴέ is attached to either 



48 
 

ΨǇǳǎƘŜŘΩ ƻǊ ΨǿŀǎΩ.  In Figure 69-(b), ΨǇǳǎƘŜŘΩ ƛǎ an adjective in this parse tree.  It is semantically not 

correct, but the parser ŘƻŜǎƴΩǘ ƪƴƻǿ ŀōƻǳǘ ƛǘΦ  Simply by adding a normalization link, pushed-(subject)-

>man (Figure 69-(a)), will create the ill-formed parse tree in Figure 69-(b). 
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(a) Activate the link    (b) Inactivate the link 

Figure 69: A normalization link in ŀ ƭŜŀǎǘ ŎƻƳƳƻƴ ŀƴŎŜǎǘƻǊ ό[/!ύҐΩǇǳǎƘŜŘΩΦ όŀύ ¢ƘŜ [/! ƻŦ ΨǇǳǎƘŜŘΩ ŀƴŘ ΨƳŀƴΩ ƛǎ ΨǇǳǎƘŜŘΩΦ {ƻ 
ŀŎǘƛǾŀǘŜ ǘƘŜ ƭƛƴƪ όōύ ǘƘŜ [/! ƻŦ ΨǇǳǎƘŜŘΩ ŀƴŘ ΨƳŀƴΩ ƛǎ ΨǿŀǎΩΦ {ƻ ƛƴŀŎǘƛǾŀǘŜ ǘƘŜ ƭƛƴƪΦ  

In order to prevent such an unexpected effect, the least common ancestor (LCA) is added to the 

label of a normalization link.  During generating parse trees, or comparing two sentences, the system 

follows the tree starting from the root node of the tree.  When it encounters a normalization link, the 

link is activated only if the LCA node of the link is equal to the actual LCA node of two nodes connected 

by the link.  In Figure 69-όŀύ ǘƘŜ ƭŜŀǎǘ ŎƻƳƳƻƴ ŀƴŎŜǎǘƻǊ ƻŦ ΨpushedΩ ŀƴŘ ΨmanΩ ƛǎ ΨpushedΩ ǿƘƛŎƘ ƛǎ Ŝǉǳŀƭ 

to the LCA of the link, so the link was activated.  If the LCA node of the link is not equal to the actual LCA 

node of two nodes connected by the link, the link is inactivated.  In Figure 69-(b), the LCA of the 

ƴƻǊƳŀƭƛȊŀǘƛƻƴ ƭƛƴƪ ƛǎ ǘƘŜ ƴƻŘŜ ΨpushedΩΣ ōǳǘ ƛǘ ǿŀǎ ƴƻǘ Ŝǉǳŀƭ ǘƻ ǘƘŜ ƴƻŘŜ ΨǿŀǎΩ ǿƘƛŎƘ ƛǎ ǘƘŜ ŀŎǘǳŀƭ [/! 

ƴƻŘŜ ƻŦ ΨƳŀƴΩ ŀƴŘ ΨǇǳǎƘŜŘΩΦ  So it was inactivated.  In this way, the inserted normalization link can be 

activated only when the parse tree currently traversing is the same as the situation when the link was 

inserted. 

11.5. PRONOUN  RESOLUTION 
A problem statement often includes pronouns referring to a noun mentioned in the current context. 

[ŜǘΩǎ take a look at the skateboarder problem again (Figure 1).   There are two noun candidates that the 

pronoun her refers to, a skateboarder and a plane.  One of the ways to resolve the pronoun reference is 

to use semantic information about the subject of ǘƘŜ ǾŜǊō ΨǊƻƭƭǎΩΦ  This verb usually has a subject of a 

moving object.  Applying this restriction is possible only when this information of the verb is available, 

and it requires a correct word-sense disambiguation process which is complicated. 

The previous system, Pyrenees, requires ontological classification of some of the nouns mentioned 

in sentences (VanLehn, et al., 2004).   In the formal representation of the problem statement, 

physical_object(crate) was included.  When the ǊǳƭŜǎ ƘŀǾŜ ōŜŜƴ ǊŜǇƘǊŀǎŜŘ ƛƴ 9ƴƎƭƛǎƘΣ ǘƘŜȅ ƘŀǾŜ άthe 

object_  ƛǎ ŀ ǇƘȅǎƛŎŀƭ ƻōƧŜŎǘέ ƛƴ ǎƻƳŜ ƻŦ ǘƘŜƳΦ  Lƴ ƻǊŘŜǊ ǘƻ generate this, given that no such sentence 

appears in the problem statement, the author must write a background rule as following. 

Ψ!ƴ object_  moves_ Ω  
        implies Ψ ǘƘŜ object_  is a physical objectΩΦ 
Figure 70: a background rule designating a physics object. 
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This ontological information is the key to resolving pronominal reference.  Because only physical 

objects and agents are used in problem solving, the pronominal reference algorithm can ignore 

candidate nouns that are neither an object nor agent.  For this reason, and for simplicity, the most 

recent noun that has triggered the rules for an agent or physical object is assigned to the pronoun.  This 

is a version of the recency heuristic (Jurafsky & Martin, 2000).  Granted, this is a heuristic, but many 

other methods for handling pronoun resolution are also partly heuristic.  

There are cases where additional knowledge is required to resolve a pronoun.  The example in 

Figure 71 Ƙŀǎ ŀ ǇǊƻƴƻǳƴ ΨƛǘΩ ǿƘƛŎƘ ǊŜŦŜǊǎ ǘƻ ǘƘŜ ŎŀǊΦ  ¢he background rule designating a physical object 

(Figure 70ύ ǿƛƭƭ ƴŀǊǊƻǿ Řƻǿƴ ǘƘŜ ŎŀƴŘƛŘŀǘŜǎ ǘƻ ΨŎŀǊΩΣ ŀƴŘ ΨōǳǎΩΦ  But the pronoun ends up referring to the 

bus according to the recency heuristic ōŜŎŀǳǎŜ ǘƘŜ ǿƻǊŘ ΨōǳǎΩ ƛǎ ŎƭƻǎŜǊ ǘƘŀƴ ǘƘŜ ǿƻǊŘ ΨŎŀǊΩ ƛƴ ǘƘŜ 

sentence.  The system will produce a wrong solution due to this incorrect pronoun resolution. There 

should be a way for an author to fix it. 

What an author can do is to add background knowledge to resolve this case as in Figure 71-(b). This 

rule ǿƛƭƭ ǇǊƻŘǳŎŜ ŀ ŦŀŎǘ ΨǘƘŜ ŎŀǊ ŀŎŎŜƭŜǊŀǘŜǎΩ ŀƴŘ ƛǘ ǿƛƭƭ match ǘƘŜ ǎŜƴǘŜƴŎŜ ǿƛǘƘ ǇǊƻƴƻǳƴ ΨƛǘΩ όΨƛǘ 

accelerates up to 4.47 m/s in 0.10 sΩ).  ¢ƘŜ ǇǊƻƴƻǳƴ ΨƛǘΩ ǿƛƭƭ match ǘƘŜ ǿƻǊŘ ΨŎŀǊΩ ŀƴŘ ƛǘ ǿƛƭƭ ōŜ ŀǎǎƛƎƴŜŘ 

ǘƻ ǘƘŜ ǇǊƻƴƻǳƴ ΨƛǘΩΦ 

(a) 'Suppose a car stopped on the road is hit from behind by a bus so that it  accelerates up to 4.47 m/s  
in 0.10 s.' 

(b) An object_  stopped is hit by an agent_' 
        implies 'the object_  accelerates'. 

Figure 71: (a) an example of a pronoun in which recency heuristics fails, (b) a background rule required to resolve the 
ǇǊƻƴƻǳƴ ΨƛǘΩ 

A background rule also can include a pronoun in it.  The background rule in Figure 72 has a pronoun 

ΨƛǘΩ ƛƴ ǘƘŜ ŎƻƴŘƛǘƛƻƴΦ  The pronouƴ ΨƛǘΩ Ŏŀƴ match ŀƴƻǘƘŜǊ ǇǊƻƴƻǳƴ ΨƛǘΩ ƻǊ ŀ ƴƻǳƴ ƛƴ ŀƴ ƛƴǇǳǘ ǎŜƴǘŜƴŎŜΦ  

However pronoun resolution was not applied for a pronoun in a background rule.  A pronoun in a rule 

works as a variable without semantic constraint. 

Ψ!ƴ ƻōƧŜŎǘ_  returns to the level from which it  ǿŀǎ ǘƘǊƻǿƴ ŀǘ ¢ψΩ 
        implies ΨǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ŘƛǎǇƭŀŎŜƳŜƴǘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  ƛǎ л Ƴκǎ ŀǘ ¢ψΦΩ 
Figure 72Υ ŀƴ ŜȄŀƳǇƭŜ ƻŦ ōŀŎƪƎǊƻǳƴŘ ǊǳƭŜ ǿƛǘƘ ŀ ǇǊƻƴƻǳƴ ΨƛǘΩ 

11.6. MATCHING  TWO  SENTENCES 
The matching module is the core engine of inference as shown in Figure 10.  Both forward chaining and 

backward chaining use the matching engine.  The compilation process building knowledge subsumption 

relations also uses the matching engine.  

The basic task of matching two sentences is to check whether one of the parse trees in the chart is 

a subsumed by the other chart.  If this matching is done without any restriction, the graph matching 

algorithm can have exponential complexity due to the recursive matching for the phrase variables.  A 

phrase matching a phrase variable can trigger other rules with a phrase variable and the search space 

can grow exponentially.  In order to reduce the complexity, some heuristics were applied. 
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The first heuristic is that tƘŜ ƳŀǘŎƘƛƴƎ ŀƭǿŀȅǎ ǎǘŀǊǘǎ ŦǊƻƳ ǘƘŜ Ǌƻƻǘ ƴƻŘŜǎ ƻŦ ōƻǘƘ ǎŜƴǘŜƴŎŜǎΩ ǇŀǊǎŜ 

trees.  The main verb of a sentence becomes the head in a dependency parse tree.  Normally, the head 

verb becomes the root of the parse tree.  So matching normally starts with the main verbs of two 

sentences. 

The second is that, the same phrase variable is not allowed to be applied twice.  For example, once 

a rule Ψif__  does__Ω was applied, this rule is not applied again inside the phrase. Nested if-phrases are 

not allowed. 

12.0. STUIDES AND RESULTS 

12.1. GOALS AND EVALUATION PLAN 
There are mainly two goals of the studies here.  The one is to see whether the expressive power of the 

natural language representation is good enough to represent physics problems.  The physics problems 

from Pyrenees and physics textbooks were added to Natural-K in order to test its expressive power, and 

the result was shown in the knowledge adding task in section 12.2.  The other goal is to see the 

generality of the representation.  If the generalized representation cannot cover broad ranges of 

knowledge patterns, specific knowledge has to be added every time.  It is expected that the number of 

added rules will converge to near zero as more problems are added if the generalized representation 

works well.  

In the ideal state of authoring task, most physics problems would be understood and solved 

ŎƻǊǊŜŎǘƭȅΦ  LŦ ǘƘŜ ǎȅǎǘŜƳ ŘƻŜǎƴΩǘ ǳƴŘŜǊǎǘŀƴŘ ƻǊ ƳƛǎǳƴŘŜǊǎǘŀƴŘǎ a problem, and thus generates 

unexpected results, the user can rephrase the input statement until the problem is correctly solved.  

However, it might take several attempts at rewording the problem before the reworded problem is 

interpreted correctly, but it should not be allowed to replace the whole problem statement without 

limit.  Thus, determining if the system is in the no-new-knowledge state requires stating a criterion that 

bounds the min-edit distance at rewording.  Min-edit distance is defined by the sum of the number of 

additions, deletions, and modifications of words.  If 90% of problems are solved with less than 15 edits, 

then it can be said that the system is virtually in the no-new-knowledge state.   

This criterion would need to be tested separately for each mental model, such as the throw-upward 

mental model, and it would need to be tested with authors who are not familiar with the internal 

workings of the system.  This would be a difficult to test on a large set of problems.  Thus, more feasible 

tests were applied.  First, the problems were added until the author got five physics problems correctly 

solved without a new rule.  Presumably, the number of problems added ǊŜǉǳƛǊŜŘ ǘƻ ǊŜŀŎƘ ǘƘŜ άǊŜŀƭέ ƴƻ-

new-knowledge state would be a (linear?) function of this number, e.g., twice as many.  This was done 

within the throw-upward mental model.  Rewording was not allowed during this test except for:  (1) 

changing units e.g., feet and miles to meters; (2) dƛǾƛŘƛƴƎ ŀ ƭƻƴƎ ǎŜƴǘŜƴŎŜ ŎƻƴƴŜŎǘŜŘ ǿƛǘƘ άŀƴŘέ 

conjunctions into separate sentences; and (3) deleting formatting ǎǳŎƘ ŀǎ ƴǳƳōŜǊƛƴƎ ǘƘŜ ǇŀǊǘǎ  όŀύΣ όōύΣΧ  

in a multi-part problem.  This test was shown in Figure 75 in section 12.2 



51 
 

Second, it was estimated how many mental models were found in a typical physics chapter.  As 

mentioned earlier, each mental model requires a different set of knowledge to correctly interpret a 

given problem, and a chapter of a physics textbook usually includes problems in different mental models.   

It could also be that the same mental models appear in multiple chapters (e.g., a Throw-upward model 

might appear in both the kinematics chapter and the dynamics chapter), which would also save writing 

some rules.  The number of mental models per chapter of three chapters was assessed.  This estimation 

was shown in section 12.4. 

Lastly, four authors who are not involved in this project were recruited so that we can see whether 

their performance is similar to the system developer when the system has reached the no-new-

knowledge state.   In particular, if the number of added rules added by the system developer converges 

to near zero, can the non-developer authors do so as well? If the system developer can add a problem 

by rewording it, can the non-developer authors do so as well?  Thus, a set of problems in the throw-

upward mental model were used for measuring convergence.  For the mental model, the adding of 

physics problems continued until at least ten problems were found in textbooks that require only 

rewording in order to be translated.  Both the system developer and the recruited authorsΩ min-edit 

distance were counted.  This test was shown in section 12.3 and 12.5. 

12.2. Knowledge Adding  Task 
The expressiveness of knowledge representation was assessed by the knowledge adding task.  Three 

test sets of physics problems were added.  The first includes 37 problems in Pyrenees in three physics 

domains (kinematics, statics, and dynamics).  The second comprises 32 problems in kinematics from a 

physics textbook (Young & Freedman, 2004).  The last includes 23 problems in throw-upward mental 

models from several textbooks.  Questions asking a qualitative answer, using a figure or table, 

continuation of a previous question, derivation or introducing equations, and comparing two events 

requiring multiple mental models were not included in the previous system, Pyrenees, and they were 

not included in this test too. 

1. 37 problems in Pyrenees (Kinematics (19 problems), Statics(9), and Dynamics(9)) 

2. он ǇǊƻōƭŜƳǎ ƛƴ /ƘŀǇǘŜǊ н ƻŦ ¸ƻǳƴƎϧCǊŜŜŘƳŀƴΩǎ ǘŜȄǘōƻƻƪ όYƛƴŜƳŀǘƛŎǎύ(Young & Freedman, 2004) 

3. 23 problems in throw-upward mental model (Young & Freedman, 2004)(Serway, Vuille, & Faughn, 

2009)(Amstutz, 2001)(Crowell, 2000)(Fogiel, 1976 )(Kumar, 2008)(Blatt, 1989)(Ewen, Nelson, & 

Schurter, 1996) 

The three sets of physics problems were successfully added to the system by the system developer, 

and the system was able to solve them all correctly after updating and debugging the knowledgebase.  A 

total of 92 problems, and 562 background rules (including 42 logic rules, and 45 principle rules) were 

added.  The successfully added physics problems from three different physics domains (Kinematics, 

Statics, and Dynamics) show that the representation power is not limited in one domain.  The physics 

problems from the textbook (the second set) were also added and solved correctly.  It shows that the 

proposed natural language representation has enough representation power to solve problems from 

textbook.   
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This knowledge adding task was done by the system developer because it took long time with 

intensive efforts to build the initial knowledgebase.  This task requires repeated knowledge debugging 

and regression tests after update.  The recruited users spent only 4 to 9 hours for their participation, 

and it was too short for the knowledge adding task for the whole three test sets.  In the real 

environment, the initial knowledgebase will be built by the system developer, and domain experts will 

participate in after the initial knowledgebase is built. 

Now the remaining issue is about how fast the system converges to the no-new-knowledge-state.  

The convergence graph presented next (Figure 73) shows the number of principles and background rules 

added.  The 37 Pyrenees problems were added starting from an empty knowledgebase.  An average of 

10.3 rules were added per a problem.  This suggests that the number of required rules is small enough 

that an author can feasibly add them.  .ǳƛƭŘƛƴƎ ŦǊƻƳ ǘƘŜ ƪƴƻǿƭŜŘƎŜōŀǎŜ ƻŦ ǘƘŜ tȅǊŜƴŜŜǎΩ ǇǊƻōƭŜƳǎΣ the 

он ¸ƻǳƴƎ ŀƴŘ CǊŜŜŘƳŀƴΩǎ ǘŜȄǘōƻƻƪ ǇǊƻōƭŜƳǎ were added next.  An average of 4.5 rules were added per 

a problem gently converging down (Figure 74; note the change in y-axis scale).  It supports the initial 

hypothesis that the amount of knowledge to add per problem in an ITS is small enough for an author to 

add.  

 

Figure 73: the number of rules added for each physics problem in Pyrenees 

0 

5 

10 

15 

20 

25 

30 principle rules added 

background rules 



53 
 

 

Figure 74: the number of ǊǳƭŜǎ ŀŘŘŜŘ ŦƻǊ ŜŀŎƘ ǇƘȅǎƛŎǎ ǇǊƻōƭŜƳ ƛƴ ¸ƻǳƴƎϧCǊŜŜƳŀƴΩǎ ¢ŜȄǘōƻƻƪ 

However, the convergence was not as fast as initially expected.  Analysis of the added rules 

suggested that the slow convergence was due to the fragmentation of background knowledge into a 

number of mental models.   

Thus, to see the generality of representation power, the 23 physics problems in a single mental 

model (throw-upward) were added.  They were added to the knowledge base attained at then end of 

Figure 74, where the last of the Young & Freeman problems was added. Figure 75 shows the number of 

added rules for each problem.  Among the knowledge used in this mental model, the rules added in the 

previous sets were counted at the first usage, and most of them were counted in the first problem 

(exp2_7_pp60).  As the figure shows, it converged faster, and five of the problems were automatically 

solved without adding a new rule.  It shows that the number of rules that authors must add converges 

faster to near zero given that all the problems are in the same mental model.  This suggests that the 

number of automatically solved problems without adding a new rule will increase as more problems are 

added. 
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Figure 75: the number of background rules added for each physics problem in Throw-upward mental model 

The fast convergence of the throw-upward mental model suggests that the previous two graphs 

(Figure 73 and Figure 74) converged slowly because a number of mental models were included in the 

test sets.  Possibly the number of added rules increased whenever a problem in a new mental model 

was added, and it made the convergence slow. 

There can be several factors influencing convergence of the number of added rules.  The first is 

complexity of a mental model.  If the mental model is big and complex requiring a large number of rules 

to represent, then the number of required rules to add can converge slowly.  The number of given and 

sought quantities also influences the convergence.  The amount of required knowledge increases as the 

number of given and sought quantities increases.  Paraphrases (or linguistic variations) per sentence, 

and the number of time phrases also influence the convergence.  

For each added rule, the reasons why it was added were checked and counted to see the major 

factors determining the convergence.  Figure 76 shows four graphs for each of the reasons for adding in 

the problems of the throw-upward mental model.  Figure 76-(a) shows the number of rules added for 

the mental model, and it decreased fast.  After the 10th problem, no rule was added for the mental 

model.  It shows that the number of the rules for mental model and its extensions converged fast to 

near zero.  Figure 76-(b) shows the number of added rules for time phrases.  It looks irregular, but slowly 

decreased.  Existing time phrase rules might be reused after being added.  Figure 76-(c) shows the 

number of rules for paraphrases (i.e. linguistic variations).   Almost a constant number of them were 

added for each problem.   Figure 76-(d) shows the number of rules added for questions.   In a physics 
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problem, a question sentence often has a reference to a time point; also it contains additional 

information requiring background knowledge to interpret. 

 

 

Figure 76: reasons of the added rules for the problems in the throw-upward mental model (a) for a mental model (b) for time 
phrases (c) for paraphrases (d) for questions. 

From the graphs, we can see two main factors determining the convergence of the number of rules. 

Initially it was dominated by rules for the mental model.  As more problems were added, this factor 

disappeared, and rules for paraphrases dominated.  The number of rules for paraphrases was a small 

constant for each problem, and it made the convergence graph in long-tailed shape.  The number of 

rules for time phrases and questions include rules for paraphrases too, so the paraphrase factor can be a 

representative factor including the others (i.e. time phrases and questions).   

Thus, the biggest factor determining convergence is knowledge for mental models.  The knowledge 

for paraphrase will be added constantly in any situations. The best-case scenario would be the case that 

all problems are from a single mental model, and they are very similar sharing most background 

knowledge.  The amount of knowledge to add will decrease very fast and many of them will be 

automatically solved without new knowledge.  The worst-case scenario would be the case that every 

problem is from a different mental model, and each problem is completely different from others not 

sharing any background knowledge.  The amount of added knowledge will not decrease in this case. 

A limitation on this test is that the order of the problems in the test sets was not changed from the 

original sources on the assumption that it would be the order of problems added in a real authoring 

situation.  Until this test is redone with different ordering on the problems, the impact of ordering on 
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convergence can only be estimated.  Nonetheless, the order of the problems would probably not 

significantly affect the result in a single mental model.  This is because the problems share the same 

domain knowledge for the mental model which is the biggest factor determining the convergence.  The 

knowledge for the mental model has to be added first regardless of problem order. The order of 

difficulty of problems in a single mental may have minor influence on the graph due to this reason.  

In case of problems with multiple mental models, the order of difficulty of problems also would not 

have influence outside a mental model because the share of domain knowledge among different mental 

ƳƻŘŜƭǎ ƛǎ ƭƛƳƛǘŜŘΦ CƻǊ ŜȄŀƳǇƭŜΣ ǘƘŜ ƳŜƴǘŀƭ ƳƻŘŜƭ ŦƻǊ ǇǊƻƧŜŎǘƛƭŜ ƳƻǾŜƳŜƴǘ ŘƻŜǎƴΩǘ ǎƘŀǊŜ ƪƴƻǿƭŜŘƎŜ 

with the mental model for straight movement on the ground.  A possible influence of ordering can be in 

mental model extensions.  If problems of an extended mental model are added first, knowledge for its 

basic mental is added together and it can result in a little faster convergence inside the mental model.  

However, many mental models have various extensions, and knowledge for the extensions is not shared 

except inherited mental models.  Also in a textbook, it is usual that easy problems in a basic mental 

model come first, and difficult problems in extended mental models come later.  The order of the 

problems in the test set followed this usual order of textbook to reflect the real situation of authoring. 

12.3. Rewording Task  
Theoretically, the system with an empty knowledgebase can be given to non-programmers, and they 

can start to build the knowledgebase. However, in practical situations, the initial knowledge building 

tasks should be done by a system developer or knowledge engineers.  In particular, the developer 

creates the initial versions of the background knowledge.  The developer also defines the set of natural 

language definitions for the physics representation.  This phase has to be done by the system developer 

because extensive debugging is needed.  When the developer has created  an operational version  of the 

knowledgebase that suffices for, say, dozens of problems per physics chapter, then  adding new 

problems should require adding only a small set of new background rules and principles.  This can be 

done by domain experts with modest knowledge engineering skills.  Eventually, the system reaches the 

desired no-new-knowledge-state, wherein domain experts without programming skill can add most 

problems without adding any new knowledge to the system. 

The number of rules added for the mental model (Figure 76-(a)) decreased fast, and they were not 

added after the tenth problem.  Rules for a mental model include time variables creating a new time 

index (Figure 24, Figure 26, Figure 38, Figure 39, etc.), and they cannot be added by simply rewording a 

problem statement.  This suggests that the problems after the tenth problem (total 13 problems) could 

be added only by rewording.  In order to test the no-new-knowledge-state, a rewording task was done. 

In rewording task, words in a problem statement are modified, deleted, or new words are added so 

that the sentence can match the condition of a relevant rule.  Figure 77-(a) is the problem statement of 

from the test sets.  The background rule to be triggered is in Figure 42, but it was not triggered because 

ǘƘŜ ƛƴǇǳǘ ǎŜƴǘŜƴŎŜ ŘƛŘƴΩǘ ƳŀǘŎƘ ǘƘŜ ŎƻƴŘƛǘƛƻƴ ƻŦ ǘƘŜ ǊǳƭŜΦ  {ƻΣ ǘƘŜ ǇǊƻōƭŜƳ ǎǘŀǘŜƳŜƴǘ ƘŀŘ ǘƻ ōŜ 

reworded.  Figure 77-(b) is the reworded statement (underlines were added only for readers of this 

thesis).  Figure 77-όŎύ ǎƘƻǿǎ ǘƘŀǘ ǘǿƻ ǿƻǊŘǎ όΨǘŀƭƭΩΣ ŀƴŘ ΨǿƛǘƘΩύ ǿŜǊŜ ŘŜƭŜǘŜŘΣ ǘǿƻ ǿƻǊŘǎ όΨŘƻŜǎΩ-ҔΩƛǎΩΣ ŀƴŘ 

ΨǎǘǊƛƪŜΩ-ҔΩƘƛǘǎΩύ ǿŜǊŜ ƳƻŘƛŦƛŜŘΣ ŀƴŘ nine words were added.  The min-edits distance was 13.  
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(a) [Problem prob2_24pp25]: 
'A stone is thrown vertically from the roof of a 3.20 m tall building. The stone strikes the ground 
3.25 s later. What was the initial velocity of the stone? With what speed does it strike the 
ground?' 

(b) [Reworded]: 
 'A stone is thrown vertically from the roof of a building, 3.20 m above the ground. The stone 
strikes the ground 3.25 s later. What was the initial velocity of the stone? What is the speed of 
the stone when it hits the ground?' 

(c) the min-edit distance (total 13):  
 (tall), above, the, ground, and, (with), (does->is), the, of, the, stone, when, (strike->hits) 

Figure 77: an example of rewording. (a) An original problem statement (b) a reworded statement (c) the number of edits ((w) 
is a deletion, (w1->w2) is a modification, and the others are addition) 

The added background rules for the problems after the tenth problem were erased out of the 

knowledgebase, and the 13 problems were added again only by rewording the problem statements.  

Although it would perhaps be most realistic to measure the amount of time required to reword the 

problem or to count the number of attempts at rewording, it depends on both the luck and skill of the 

author.  Thus, we prefer to report a more objective measure of how much change is needed for a 

problem to be reworded into an acceptable state.  The minimal edit distance was measured for 

rewording.   

 

Figure 78: The min-edit distance after the tenth problem (total 13 problems). 

Figure 78 shows the min-edit distance after the tenth problem. All of them were added successfully 

only by rewording.  The biggest min-edit distance was 29.  However 92 percent of them (12/13) were 

added by less than or equal to 15 min-edits without adding a new rule.  Thus, it can be said that the 

system entered in the no-new-knowledge-state.  Five problems (38 percent = 5/13) were solved 

automatically without any rewording, which is consistent with the knowledge adding test (Figure 75).   

12.4. The Number of Mental Models  
If we know the number of mental models in physics textbook, we can estimate the total number of 

problems to add to reach the no-new-knowledge state.  The problems in three chapters of Young and 

CǊŜŜŘƳŀƴΩǎ ǘŜȄǘōƻƻƪ ǿŜǊŜ ŎƭŀǎǎƛŦƛŜŘ ōŀǎŜŘ ƻƴ ǘƘŜƛǊ ƳŜƴǘŀƭ ƳƻŘŜƭ, and the number of mental models 
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per chapter was counted.  A mental model was counted as a different one from other ones if the 

required principles and rules creating time points were different from that of other mental models.  

 Mental Model in Chapter 2  

(1-D motion) 

Mental Model in Chapter 3  

(2-D motion) 

Mental Model in Chapter 4   

(Multiple forces) 

1  Constant acceleration (vj-vi=a*t) 

(3 problems)  

throwing upward (32 problems)  Two forces (3 problems) 

2  Constant velocity (d=v*t) (2)  Throwing upward multiple objects 

spreading with a radius (1)  

Vector projection on force (1) 

3  Constant Velocity/Moving left and 

right  (1) 

Finding maximum angle of an object 

with its distance always increasing (1)  

Dragging an object up a inclined 

ramp (1) 

4  Throw upward (6)  Centripetal acceleration (9)  Accelerating by force(10) 

5  Flea Jump 

(acceleration+deceleration) (1) 

Two objects moving (1-D) (5)  Decelerating by force (4) 

6  Throw upward and pass a window 

(1) 

Two objects moving changing 

direction (1-D) (1)  

Accelerating, and stopping due 

to friction (1) 

7  Thrown down (7) Two objects moving (2-D) (13) Mass,  weight, force, and 

acceleration (8) 

8  Drop and hear sound (1) Vector Projection (5) Action and reaction (2) 

9  Drop and pass a window (1)  Jumping toward the earth  (1) 

10  Accelerating from rest  

(d=v0*t+0.5*a*t^2 , vj-vi=a*t) (7) 

 Vertical jump (accelerating and 

decelerating) (1) 

11  Deceleration to stop (1)  Jump, land, and decelerate to 

stop  (1) 

12  Accel+brake (1)  Multiple objects connected by a 

rope (2) 

total 12 mental models 8 mental models 12 mental models 

Figure 79: the number of mental models in each of three chapters in Young and FreŜŘƳŀƴΩǎ ǘŜȄǘōƻƻƪΦ 

Figure 79 shows the number of mental models for each of the three chapters in the textbook.  The 

chapter 2 used in the study has 12 mental models.  If this number is simply multiplied by the number of 

problems added to reach the no-new-knowledge state in the throw-upward mental model, we estimate 

that a total 120 problems (=12*10) would be needed for chapter 2 to enter the no-new-knowledge state.  

In order to see a similar convergence graph like Figure 75, the number of problems becomes 276 

(=12*23).    
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However, it is a very rough estimation close to the worst case because 7 out of the 12 mental 

models have only one problem, and only three mental models (throwing-upward, throwing-downward, 

and accelerating-from-rest) have more than three problems.  The three major mental models cover 62 

percent of the problems (=(6+7+7)/32) in the chapter.  If estimated in the same way before, they can 

reach the no-new-knowledge state after adding 30 (=3*10) problems, and 15 problems (3*5) can be 

solved without a new rule if 39 (=3*13) more problems are added.  The major three mental models are 

more complex than others because they include multiple time intervals with model extensions requiring 

additional knowledge, and there can be sharable knowledge between the mental models.  But, these 

factors were not considered in the estimation suggesting that the actual number of required rules is 

smaller than the numbers presented in this paragraph. 

The problems in chapter 3 and chapter 4 have similar distribution.  Chapter 3 has eight mental 

models, but two mental models have 67 percent of problems (=(32+13)/67).    Chapter 4 has twelve 

mental models, but two mental models have 53 percent of problems (=(10+8)/34).  If the proportion of 

the problems in the throwing-upward mental model can be applied to the other mental models, the 67 

percent problems of chapter 3 can reach the no-new-knowledge state after adding 20 problems (=2*10), 

and 10 problems (2*5) can be solved without a new rule if 26 problems (=2*13) are added more.   In the 

same way, the 53 percent of chapter 4 can reach the no-new-knowledge state after adding 20 problems 

(=2*10), and 10 problems (=2*5) can be solved without a new rule if adding 26 problems more (2*13).    

12.5. STUDIES WITH RECRUITED USERS 
The previous studies were done by the system developer.  The system developer has deep 

understanding about the system and the knowledge representation.  There is a possibility that users 

who are not involved in the system development can show different behaviors.  One of the purposes of 

using natural language representation is to develop a system for which users ŘƻƴΩǘ ƘŀǾŜ to learn a new 

knowledge representation.  Practically speaking, the system can be given to users after the initial 

knowledgebase is built by a system developer.  Thus, the physics problems in the no-knowledge-state 

(Figure 78) were used to test whether the users can do the same authoring task done by the system 

developer. 

Four people who took a college physics class were recruited for the study.  The subjects had never 

seen or used the system before the studies, and the idea of using a natural language representation was 

explained in the beginning of the studies.  The studies included three sessions, i.e. demo session, 

training session, and test session.  In the demo session, the system execution solving the skateboarder 

problems (Figure 9) was shown to the subjects, and the basic mechanism of inference using the 

background knowledge and principles were explained briefly.  For the training session, three physics 

problems created to help subjects to understand the authoring task were used to train them.  The 

system developer showed the subjects how to add, debug, and update knowledge using the first training 

problem, and the subjects just watched how he was doing.  Next, the subjects added the second training 

problem with help of the system developer.  The subjects added the third training problem with help of 

the system developer too, but it was skipped with short explanations if they were already good at the 

second problem.  
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In the test session, the subjects were asked to add the 13 physics problems used in the rewording 

study (the problems in Figure 78).  First, they were asked to add all 13 problems by rewording.  After 

that, they were asked to roll back to the original problem and add rules instead of rewording.   

Figure 80-(a) is one of the physics problems from the test set.  Figure 80-(b) is the statement 

reworded by one of the recruited users. The added, deleted, or modified words were underlined only 

for readers of this thesis.  At the first execution, the system failed in solving the problem.  So, he had to 

figure out what was wrong.  It is not trivial because there are many possible reasons of a failure.  In the 

first line of the statement, he had to find a relevant rule to be triggered in the knowledgebase. This was 

not an easy task because there were already hundreds rules in the knowledgebase. The given problem 

must have a mental model throwing upward in a high place.  He searched using several keywords such 

ŀǎ ΨǊƻƻŦΩΣ ΨōǳƛƭŘƛƴƎΩΣ ŀƴŘ ΨŀōƻǾŜΩ ǘƻ ŦƛƴŘ ŀ ǊŜƭŜǾŀƴǘ rule for the mental model.  The relevant rule to be 

triggered was shown in Figure 42.  He compared the first condition of the rule and the first line of input, 

ŀƴŘ ǊŜǇƭŀŎŜŘ ǘƘŜ ǿƻǊŘ ΨǾŜǊǘƛŎŀƭƭȅΩ ǿƛǘƘ ΨǳǇǿŀǊŘΩΦ  Lƴ ǘƘƛǎ ǿŀȅΣ ƘŜ ǊŜǇŜŀǘŜŘ ǊŜǿƻǊŘing any suspicious 

phrases in the problem statement until a solution by the system was correct.  After the problem was 

solved correctly, he was asked to roll back to the original problem, and he added rules instead of 

rewording as shown in Figure 80-(c).  He added specific rules because it was easier than adding 

generalized rules.  The system will be able to generalize them after enough number of specific rules is 

collected.  This approach helps to minimize the burdens of authors to check regression of previously 

added knowledge.    

(a) [Problem ex2_8pp21]: 
  'A stone is thrown vertically from the roof of a building 50.0 m above the ground. 
  The stone strikes the ground 5.00 s after it is thrown.  
  With what speed was it thrown? 
  What was the maximum height it attained? 
  With what speed did it strike the ground?' 

(b)  [Reworded]: 
'A stone is thrown straight upward from the roof of a building, 50.0 m above the ground.' 
'The duration is 5.00 s when the stone is in the air.' 
'What is the initial speed of the stone?'  
'How high does it go?' 
'What is the speed of the stone when it hits the ground?' 

(c) [Added Rules]: 
'A stone is thrown vertically from the roof of a building 50.0 m above the ground.' 
     implies 'A stone is thrown straight upward from the roof of a building, 50.0 m above the 
ground.'. 
'The stone strikes the ground 5.00 s after it is thrown. ' 
     implies 'The duration is 5.00 s when the stone is in the air.'. 
'With what speed was it thrown?' 
     implies 'What is the initial speed of the stone?'. 
'what was the maximum height it attained?' 
     implies 'How high does it go?'. 
'with what speed did it strike the ground?' 
     implies 'What is the speed of the stone when it hits the ground?'. 
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Figure 80: An example of (a) a problem statement, (b) a reworded statement, and (c) added rules by the subject4 

Figure 81 shows the min-edit distance for each subject.  All the subjects succeeded to add all the 

problems by rewording so that the system could solve them correctly.  Interestingly they were able to 

do so even without looking at the knowledgebase in many problems.  They checked a similar problem 

they saw before, and copy-and-pasted a sentence for rewording.  On the other hand, when the system 

developer did this task before, he always looked at the knowledgebase to find a relevant rule to reword.  

The recruited subjects were mainly interested in finding a way to make a problem solved while the 

system developer was interested in finding the optimal and smallest min-edit distance.  The average 

min-edit distance of the subjects per a problem was 13.4 while that of the system developer was 6.4. 

 

Figure 81: The min-edit distance for each of the recruited subjects 

The subjects were also able to add rules instead of rewording, and all of the problems were solved 

correctly.  They added specific rules to make the problems solved.  The average number of rules added 

per a problem by the subjects was 1.6, while that of the system developer was 1.3.  Subjects were 

mainly interested in making the problem solved, rather than the optimal and smallest rules in this case 

too.   

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 
subject1 

subject2 

subject3 

subject4 



62 
 

 

Figure 82: The number of rules added by each subject 

The average min-edit distance, time spent, and the number of trials for rewording for each problem 

was shown in Figure 83.  The time spent at the problems solved without a new rule was not zero 

because of the first execution time before rewording was included.  The subjects executed the system to 

solve a given problem to see whether it was solved without a new rule, and they reworded it only when 

it was not correctly solved.  The number of trials is the count of the execution command of the system 

minus 1, and the minus 1 was to exclude the first execution before rewording.  The average number of 

trials was 1.2, and the biggest number of trials was four.  The execution time to solve a problem was 

about 4 to 7 minutes.  It took 4 to 46 minutes in average across the subjects to complete the rewording 

task for a problem starting from reading a problem statement.   

 

Figure 83: The min-edit distance, time spent, and the number of trials in average across the subjects. 
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The authoring task adding rules instead of rewording was easier because the subjects already did it 

by rewordings.  Most of the time, this task could be done by copying the original and reworded 

sentences and pasting into a rule.  When a problem was solved without a new rule in the rewording task, 

this task was skipped resulting in zero time spent.  All subjects were able to do this task in one or two 

trials, and the biggest number of trials was three. 

 

Figure 84: The number of rules added, time spent, and the number of trials in average across subjects 

All the subjects were able to do the authoring tasks both by rewording and by adding rules like the 

system developer did.  Except for the facts that the time spent, the number of added rules, and the 

number of trials of the subjects were larger than that of the system developer, they were able to do the 

authoring tasks with the knowledge represented in natural language. 

At the end of the final session, the subjects were asked to answer three questions. The first 

question was about the most difficult thing they faced during the authoring tasks. All the subjects 

expressed difficulties in figuring out why a problem was not solved and what to do next.  This is a 

ŎƻƳƳƻƴ ŘƛŦŦƛŎǳƭǘȅ ƻŦ ŀǳǘƘƻǊƛƴƎ ǿƛǘƘ ŀ ǎƛȊŀōƭŜ ƪƴƻǿƭŜŘƎŜōŀǎŜΦ  ¢ƘŜȅ ŘƛŘƴΩǘ Ǉƻƛƴǘ ƻǳǘ ŀƴȅ ŘƛŦŦƛŎǳƭǘȅ 

related to the system or methods proposed in this thesis at this question. 

Question 1: What was the most difficult thing while you were doing the authoring tasks? 

Subject Answer to Question1:  

1 Knowing what to do when I encountered a problem. (A user manual might help.) 

2 When a problem was not solved, it was difficult to figure out why. 

3 Finding relevant rules in the KB. 

4 Knowing which phrases is going to be accepted 

The second question was about usability of the system by non-programmer users.  Three of the 

subjects answered that the system could be used by non-programmers.  They said that they were able 

to do the authoring task using previously authored examples, and they did it using only natural language.  
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One of the four subjects said maybe.  He was concerned that it could be difficult to recover when a user 

got stuck. When a knowledgebase is large and complex, a user can gets stuck in the middle of debugging 

knowledge.  However, this concern was not about the methodology of the proposed idea using natural 

language as knowledge representation, but a concern about difficulty of authoring task itself. 

Question 2: Now, you finished your authoring task. Did you get impression that any users who don't 
know computer programming can use the system? 

Subject Answer to Question2 

1 Yes. (Previous examples were important to figure out how to use. So, if more good 
examples are available, it will be easier to use) 

2 Yes. (I was able to author problems only using natural language.) 

3 Yes. 

4 Maybe. (When it gets stuck, it can be difficult to recover) 

The third question was about a suggestion for improvement for the system.  One subject said that 

using multiple windows was confusing, and suggested integrating into a single window interface.  

Another suggested a tool to help search matchable rules in the knowledgebase. He pointed out a 

difficulty in finding relevant rules that can be alleviated by such a tool.  The others suggested improving 

the execution speed.  

Question 3: Do you have suggestions to improve or change the system? 

Subject Answer to Question3 

1 Integrate multiple windows into a single window interface. 

2 A tool to help search matchable rules in KB. 

3 Faster execution speed 

4 Faster execution speed 

In summary, all the four recruited subjects were able to add the problems either by rewording or 

adding knowledge.  They agreed that the system could be used by non-programmers, and the difficulties 

they faced using the system were not specifically related to the approach using the proposed natural 

language representation. 

13. DISCUSSION 
The experimental results showed that physics problems in three different areas (kinematics, statics, 

dynamics) were successfully represented in natural language, and the system solved them correctly. 

Note that problems in statics are mainly about forces acting on an object. The required principles and 

domain knowledge in statics are different from that in kinematics which mainly dealing with velocity and 

acceleration of a moving object. This suggests that the natural language representation has enough 

expressive power and is not restricted to one domain.  Basically, if knowledge in domain problems can 

be represented in natural language, this approach can be applied. 

This chapter discusses issues related to the approach using natural language as knowledge 

representation in different perspectives. 
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13.1. CONVERGENCE OF THE AMOUNT OF KNOWLEDGE TO ADD 
In a single mental model test, the number of added rules converged to near zero, and five problems 

were solved without a new rule (Figure 75).  The most significant factor determining the no-new-

knowledge state and convergence was rules for a mental model (Figure 76).  The number of mental 

models per chapter of a physics text was between 8 to 12 (Figure 79), and three mental models 

occupied around 60% of problems for each chapter.  It suggests that the 60% of the problems for each 

chapter can show a similar convergence graph to Figure 75 if three times more problems of the single 

mental model (23 problems) are added, and eight to 12 times more problems for the whole problems 

for each chapter. 

The convergence graph (Figure 75) shows the expressive power of the generalized representation 

with semantically binding variables.  Mainly two kinds of knowledge dominated the convergence: the 

size of the required domain knowledge and knowledge for paraphrases.  The domain knowledge 

includes knowledge for a mental model (Figure 76-(a)) and physics knowledge.  The knowledge for 

paraphrases includes linguistic variations of input sentences (Figure 76-(c)).   

 

Figure 85: The main two factors determining convergence of the size of required knowledge. 

Tutoring systems can be classified into two groups: model-tracing, and example-tracing (Aleven & 

Bruce M. McLaren, 2009).  An Example-tracing system uses examples in order to specify what solutions 

are acceptable. The amount of knowledge required per problem by an example-tracing tutor is initially 

smaller than amount of knowledge required per problem by a model-tracing tutor.  However, the 

knowledge per problem, which is of course expressed as an example, ŘƻŜǎƴΩǘ ŘŜŎǊŜŀǎŜ ŀǎ ƳƻǊŜ 

problems are added whereas the number of new rules required per problem in a model-based system 

decreases.  Roughly speaking, a constant size of example-based knowledge should be added for each 

problem (the straight line in Figure 86).  A model-based system uses a model (or principles and other 

rules) to generate solution steps.  The number of principles and rules added per problem decreases as 

more problems are added. If the model-tracing tutor uses a formal representation, then the amount of 

knowledge per problem never reaches zero because the problem statements themselves must be 
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expressed in a formal knowledge representation. The Formal representations in Figure 6-(a) translating 

the problem statement are such an example to be added for every problem.  The middle curve in Figure 

86 depicts the size of knowledge for model-tracing systems using formal language.  Thus, for both 

example-based and model-based tutoring systems, the size of required new knowledge added per 

problem never converges to zero. 

In contrast, the size of the required new knowledge to add per problem in Natural-K can converge 

to zero.  An ITS can be built on Natural-K, and it can be a model-based system although it can be used 

like an example-based system if only specific knowledge is used without a principle.  The information 

given in a problem statement (given and sought quantities, etc.) is interpreted by background 

knowledge.  The background knowledge in generalized representation using semantically binding 

variables recognizes general patterns of sentences.  Initially more new knowledge can be required than 

model-based systems using formal language, but the size of the required new knowledge can converge 

to zero as the number of added problems increases.  The lowest curve in Figure 86 depicts the amount 

of knowledge for the approach using natural language representation. The amount of knowledge to add 

in a single mental model in Figure 75 showed a similar convergence, and it is expected that the overall 

convergence in a domain will show such a convergence graph. 

 

Figure 86: comparison of three types of tutoring systems and the size of knowledge to add. 

Therefore, after the initial knowledgebase is built by knowledge engineers, domain experts can add 

problems by adding a small size of knowledge.  The natural language based approach has two 

advantages in authoring perspectives.  The one is that users can understand knowledge directly without 

learning new representation such as formal language or programming language.  The other is that the 

size of new knowledge to add can converge to zero. 

13.2. A New Dimen sion of ITS Types 
An ITS can be built on Natural-K.  Natural-K acquires a new type of knowledge to read problems 

statements.  Background knowledge to interpret naïve representation mapping to physics 
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representation was not used in previous ITSs.  This knowledge can be used to generate explanations and 

hints. This type of knowledge is important in tutoring, especially in understanding a given problem 

before applying and solving.  Understanding a problem includes tasks to find mapping from a given 

problem statement to a proper mental model and relevant principles.  As shown in section 13.7,   an 

object released out of a moving vehicle has an initial velocity that is the same to the vehicleΩǎ.  This 

knowledge is important for understanding the problem, but it was largely ignored in previous systems 

because this type of knowledge was not encoded when manually translating to formal language, and 

because it was difficult to generate hints and explanations from formal language even if encoded.  Thus, 

a new kind of tutoring system can be built on it strengthening understanding parts.  

The previous types of ITSs (example-based and model-based) were classified based on the types of 

knowledge they used to tutor students.  The behaviors of the two types of ITSs in a tutoring mode can 

be exactly the same even if they use different types of knowledge (examples vs. models). But, their 

behaviors in authoring are fundamentally different.  As shown in Figure 86, the amount of knowledge to 

add in each of the three types of tutors (example-based, model-based, and NL(Natural Language)-based) 

distinguishes them.  The distinctive characteristics of a NL-based tutor come from the fact that it has 

background knowledge to understand problem statements.   

However, classifying all ITSs into the three classes (example-based, model-based, and NL-based) is 

inappropriate.  Both examples-based and model-based tutors also can use a natural language 

representation.  A new classification is appropriate such as FL(Formal language)-based vs. NL-based 

tutors. It means that the NL vs. FL is a new dimension orthogonal to the example vs. model dimension.  

A new classification I propose is a two dimensional classification for ITSs as following.   

 FL-based  NL-based 

Model-based Pyrenees, Fermi, Newton, 
CASCADE, AURA  

ITS based on Natural-K 

Example-based CTAT  

An ITS based on Natural-K will be a NL-model-based one.  If a NL-based ITS uses only background 

knowledge without a principle and a mental model, it will belong to a NL-example-based one.  The 

behaviors of model-based and example-based systems in a tutoring mode are not fundamentally 

different because they are based on the same kind of knowledge.  But, a NL-based ITS has a new kind of 

knowledge mapping a problem statement to principles which is important in problem understanding 

rather than problem solving.  Thus, a NL-based ITS can have strength in generating explanations and 

hints. It will be discussed in section 13.7. 

13.3. Separating Knowledge from  Computer Programming  
The biggest breakthrough made in this thesis is that the knowledge level was completely separated from 

computer programming level.  In previous approaches using formal language or transformation 

approach, parts of knowledge were still encoded in program codes because they should trigger 

principles with conditions encoded in programming code (Figure 7-(a)).  The parts of knowledge plugged 

into the conditions were predefined because the program code cannot be changed easily.  A definition 

of a quantity and variable was encoded in programming code too, and they were used in conditions of a 
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principle.  In case of transformation approach (Novak Jr., 1977) (Bundy, Byrd, Luger, Mellish, & Palmer, 

1979), knowledge required for transformation was encoded in programming code too.  For example, 

transformation modules were designated in grammar, and called during parsing. In case of a template-

based transformation approach, predefined templates were used to recognize sentence patterns; the 

condition part of template is a sentence pattern using predefined terms, and the action part is formal 

language or program code to be triggered.  The approach using constrained natural language (Fuchs, 

Kaljurand, & Kuhn, 2008) also used predefined (or constrained) forms of input because the knowledge 

has to be plugged in program code to trigger program modules (or principles) at the end.   

Thus, principles and their conditions encoded in programming code were the reasons for using 

restricted or constrained knowledge representation in previous studies.  By representing principles and 

their conditions in natural language, it became possible to use free natural language for knowledge 

representation, thus completely separating the knowledge level from the programming level. Therefore, 

it became possible for authors to use free natural language without learning how to represent 

knowledge formally.  Note that that generalized natural language representation is readable both by 

humans and computers.   

There is virtually no predefined form of physics quantities such as velocity and acceleration in the 

proposed natural language representation.  Only time, numbers and units in generalized representation 

were predefined (as shown in Figure 21).  The other quantities gain their meaning from the principles in 

natural language (Figure 7-(b)).  When domain experts add principles, they add definitions of quantities 

in natural language.  

13.4. THE  ISSUE  OF  MENTAL MODELS 
One of the major factors determining the convergence is the complexity of a mental model.  A way to 

represent a time point and a time interval was introduced. Also a way to represent extension of a 

mental model was introduced to reuse a basic mental model.  However, there are still extensiveness 

issues.  For example, throwing-downward was modeled as a mental model different from throwing-

upward.  However, theoretically throwing-downward can be part of throwing-upward mental model 

because an object thrown upward usually goes down after passing the apex of the movement.  But 

there are some cases that thrown-downward is not part of a thrown-upward mental model. For example, 

a satellite launched usually doesnΩǘ Ŧŀƭƭ ŘƻǿƴΦ  ! ǎǘƻƴŜ ǘƘǊƻǿƴ ǳǇǿŀǊŘ ŘƻŜǎƴΩǘ Ŧŀƭƭ Řƻǿƴ ƛŦ ŎŀǳƎƘǘ ƛƴ ǘƘŜ 

middle.  There is a similar extensiveness issue between 1-dimensional movement and 2-dimensional 

movement.  Theoretically all mental models in 1-dimensional movement are part of a mental model in 

2-dimensional movement.  But practically speaking, different principles are used for each of them often.  

The power of the extensiveness of representation influences the domain knowledge factor of the 

convergence graph in Figure 85.  The current representation for a mental model and its extension was 

good enough to see fast convergence as shown in Figure 76-(a).  However, if a unified way to represent 

both throw-upward and throw-downward in one generalized mental model (for example, throw-

vertically) can be created, we will be able to see a better convergence graph.  The basic purpose of the 

thesis was to test the convergence to see the generality of the presented knowledge representation, 
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and the convergence test was done in the throw-upward mental model.  Designing better unified 

mental models remains for future work. 

13.5. THE  AMBIGUITY  ISSUE 
Using natural language as knowledge representation had an issue of ambiguity as explained in chapter 

11.0.  Making a rule more specific by adding more information can resolve such ambiguities as shown in 

Figure 60.  In the worst case, all the sentences in a problem statement can be copy-and-pasted into 

conditions of a new rule, then the rule can produce facts only for the problem.  In this way, rules can be 

triggered problem by problem in an example-based manner.  In this ambiguity resolution, the ambiguity 

of a sentence is not resolved at the sentence level, and inference takes care of the ambiguity using 

additional knowledge.  

This thesis demonstrated how to deal with ambiguity with background knowledge.  If there was a 

wrong inference due to ambiguity, then some of the relevant rules were rewritten in a more specific 

version.  This was repeated until the rules worked correct.  Also, negation rules were added sometimes 

to suppress over-generated results due to ambiguity.  The knowledge-adding task studies showed that 

this approach dealing with ambiguity worked well. 

Figure 87 shows example cases of removing a fact over-generated due to ambiguity.  The input 

(Figure 87-(a)) was from the skateboarder problem (Figure 1). The rule in case1 (Figure 87-(b)) generated 

two facts and the second one was over-generated due to the prepositional attachment.  In the input 

sentence, tƘŜ ǇǊŜǇƻǎƛǘƛƻƴ ΨŀǘΩ Ŏŀƴ ōŜ ŀǘǘŀŎƘŜŘ ŜƛǘƘŜǊ ǘƻ ΨǊƻƭƭǎΩ ƻǊ ΨŀƴƎƭŜŘΩΦ  bƻǘ ƻƴƭȅ Ψŀǘ мΦо ƳκǎΩΣ ōǳǘ ŀƭǎƻ 

Ψŀǘ мпо ŘŜƎǊŜŜǎΩ ǿŀǎ ŀǘǘŀŎƘŜŘ ǘƻ ΨǊƻƭƭǎΩΦ  ¢ƘǳǎΣ ǘƘŜ ǎŜŎƻƴŘ ƻǳǘǇǳǘ ǿŀǎ over-generated.  An author can 

check how the over-generated output was created from the inference log (Figure 88).  The inference log 

has all records of a rule triggered to generate each fact.  Contextual facts fulfilling the conditions of the 

rule are also recorded in the log file.  The log file shows that the two facts were generated by the rule in 

Figure 87-(b), and the author can figure out that the rule needs to be modified. 

(a)input:  Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀƴ ƛƴŎƭƛƴŜŘ ǇƭŀƴŜ ŀƴƎƭŜŘ ŀǘ мпо ŘŜƎǊŜŜǎΦΩ 

(b)Case1: [rule]: 
Ψ!ƴ ƻōƧŜŎǘψ ƳƻǾŜǎψ ŀǘ ƴǳƳψ ǳƴƛǘψΩ  
        implies ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψ ƛǎ ƴǳƳψ ǳƴƛǘψΦΩ 
[output]: 
ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦо ƳκǎΦΩ 
ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мпо ŘŜƎǊŜŜǎΦΩ 

(c)Case2: [rule]: 
Ψ!ƴ object_ moves_ at num_ unitSpeedψΩ  
        implies ΨǘƘŜ magnitude of the velocity of the object_ is num_ unitSpeedψΦΩ 
[output]: 
ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мпо ŘŜƎǊŜŜǎΦΩ 

(d)Case3: [rule]: 
Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀƴ ƛƴŎƭƛƴŜŘ ǇƭŀƴŜ ŀƴƎƭŜŘ ŀǘ мпо ŘŜƎǊŜŜǎΦΩ 
        implies ΨǘƘŜ magnitude of the velocity of the skateboarder is 1.3 m/sΦΩ 
[output]: 
ΨǘƘŜ magnitude of the velocity of the skateboarder is 1.3 m/sΦΩ 
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Figure 87: Examples to deal with ambiguity: (a) an input sentence (b) an over-generated case due to the prepositional 
attachment (c) removing the over-generated output by rewriting the rule to be more specific (d) removing the over-
generated output by copy-and-pasting the input sentence to the rule. 

What an author can do now is to rewrite the rule to be more specific so that the rule can be 

ǘǊƛƎƎŜǊŜŘ ƛƴ ŀ ƳƻǊŜ ǎǇŜŎƛŦƛŎ ŎƻƴŘƛǘƛƻƴΦ  ¢ƘŜ ǾŀǊƛŀōƭŜ ΨǳƴƛǘψΩ ǿŀǎ ǊŜǿǊƛǘǘŜƴ ǘƻ Ψǳƴƛǘ{ǇŜŜŘψΩ ƛƴ ŎŀǎŜн ƻŦ 

Figure 87-(c), and the over-generated output disappeared.  What if the over-generated result is still 

generated even after all efforts and trials?  Even in this worst case, there is still a way to do.  Copy-and-

pasting the input sentence to the condition of the rule (case3 of Figure 87-(d)) will make the rule match 

the input in only one way as string match.  A rule can be rewritten to be used in an example-based 

manner in this way.  It will sacrifice the generality and reusability of the rule.  However it is a good 

advantage that there is always a way to remove ambiguities, and there is always a way to make the 

system accept an input. 

 [Inference log]: 
ƛƳǇƭƛŜŘΥ ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ǎƪŀǘŜōƻŀǊŘŜǊ ƛǎ мΦо ƳκǎΦΩ 
      ǊǳƭŜΥ Ψ!ƴ ƻōƧŜŎǘψ ƳƻǾŜǎψ ŀǘ ƴǳƳψ ǳƴƛǘψΩ  
                    implies ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψ ƛǎ ƴǳƳψ ǳƴƛǘψΦΩ 
      ̂ <--(implied)τ Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀƴ ƛƴŎƭƛƴŜŘ ǇƭŀƴŜ ŀƴƎƭŜŘ ŀǘ мпо ŘŜƎǊŜŜǎΦΩ 
 
ƛƳǇƭƛŜŘΥ ΨǘƘŜ magnitude of the velocity of the skateboarder is 143 degreesΦΩ 
      ǊǳƭŜΥ Ψ!ƴ ƻōƧŜŎǘψ ƳƻǾŜǎψ ŀǘ ƴǳƳψ ǳƴƛǘψΩ  
                    implies ΨǘƘŜ magnitude ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ƻōƧŜŎǘψ ƛǎ ƴǳƳψ ǳƴƛǘψΦΩ 
      ̂ <--(implied)τ Ψ! ǎƪŀǘŜōƻŀǊŘŜǊ Ǌƻƭƭǎ ŀǘ мΦо Ƴκǎ ǳǇ ŀƴ ƛƴŎƭƛƴŜŘ ǇƭŀƴŜ ŀƴƎƭŜŘ ŀǘ мпо ŘŜƎǊŜŜǎΦΩ 
Χ 
Figure 88: Inference log of the case1 of Figure 87 

13.6. THE OVER-GENERATION ISSUE 
One of the concerns raised by using both generalized and specific knowledge was that multiple rules can 

be triggered by a fact.  Authors usually enter a specific version of knowledge, and the system can 

generalize knowledge, or authors can enter generalized knowledge directly.  In such cases, multiple rules 

can be triggered.  Knowledge subsumption was introduced to find the most specific rule to trigger 

(chapter 10.3) , and it fixed most over-generated ouputs.  However there are still possible cases of over-

generation.  It is possible that an input sentence can trigger two rules and they cannot be arranged 

based on subsumption relations even when only one of them should be triggered.   

Input: 
ΨǿƘŀǘ ƛǎ ǘƘŜ ǾŜǊǘƛŎŀƭ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭΚΩ 

Rules: 
Ψwhat is ǾŜŎǘƻǊψψΚΩ 
        implies Ψwhaǘ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǾŜŎǘƻǊψψΚΩ 
Ψwhat is the vertical vector__?Ω 
        implies Ψwhat is the y-component of the vector__?Ω 

Output: 
ΨǿƘŀǘ ƛǎ ǘƘŜ ƳŀƎƴƛǘǳŘŜ ƻŦ ǘƘŜ ǾŜǊǘƛŎŀƭ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭΚΩ όȄύ 
ΨǿƘŀǘ ƛǎ ǘƘŜ ȅ-ŎƻƳǇƻƴŜƴǘ ƻŦ ǘƘŜ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭΚΩ όo) 
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Figure 89: over-generation example 

In Figure 89Σ ǘƘŜ ƛƴǇǳǘ ΨǿƘŀǘ ƛǎ ǘƘŜ ǾŜǊǘƛŎŀƭ ǾŜƭƻŎƛǘȅ ƻŦ ǘƘŜ ōŀƭƭΚΩ ǿƛƭƭ ǘǊƛƎƎŜǊ ǘƘŜ ǘǿƻ ǊǳƭŜǎΦ  ¢ƘŜ 

condition of the second rule is more specific, but a subsumption relation is not found in them because of 

the action parts of the rules.  ¢ƘŜ ǿƻǊŘ ΨƳŀƎƴƛǘǳŘŜΩ ƛƴ ǘƘŜ ŦƛǊǎǘ ǊǳƭŜ ƛǎ ƳƻǊŜ ƎŜƴŜǊŀƭ ǘƘŀƴ Ψȅ-ŎƻƳǇƻƴŜƴǘΩ 

in the second rule but the system finds hypernym/hyponym relation only between semantically binding 

variables.  Thus, ǘƘŜ ǘǿƻ ǊǳƭŜǎ ŘƻƴΩǘ ƘŀǾŜ any subsumption relation, and the two rules will be triggered 

generating two facts. The first generated fact in the output of Figure 89 is an over-generated one.  To 

prevent this case, the ǿƻǊŘ ΨƳŀƎƴƛǘǳŘŜΩ ǎƘƻǳƭŘ ōŜ ŎƘŀƴƎŜŘ ǘƻ ōŜ ŀ ǾŀǊƛŀōƭŜ ΨƳŀƎƴƛǘǳŘŜψΩ ƻǊ ŀ ƴŜƎŀǘƛƻƴ 

rule should be added.  

Authors take responsibility to check such over-generations and prevent them.  When an author 

finds an over-generated fact, he can check the inference log file to find how it was generated (as shown 

in Figure 88).  In the studies adding knowledge for physics problems, over-generation rarely occurred. 

Even when some facts were over-generated, ǘƘŜȅ ŘƛŘƴΩǘ ƛƴŦƭǳŜƴŎŜ ǘƘŜ ƻǳǘǇǳǘ ōŜŎŀǳǎŜ ǘƘŜȅ ŦŀƛƭŜŘ ǘƻ 

trigger a rule.  Subsumption relations successfully prevented most over-generation cases.  In the studies 

adding physics problems, added negation rules were commented out after introducing subsumption 

relation because they were not needed anymore.  NŜƎŀǘƛƻƴ ǊǳƭŜǎ ŘƛŘƴΩǘ ƘŀǾŜ ǘƻ ōŜ ŀŘŘŜŘ ŀŦǘŜǊ ǘƘŀǘ. 

13.7. GENERATING HINTS AND EXPLANATIONS FOR TUTORING 
The approach using natural language representation has an advantage in generating hints and 

explanations in a tutoring system.  In previous model-tracing tutoring systems, automatic generation of 

hints was limited to providing a right action of what a student should do next (called giving a bottom-out 

hint).  But other explanations ŎƻǳƭŘƴΩǘ ōŜ generated, so they were manually encoded in program 

modules.  For example, a hint saying that the next step is to add the given value of the velocity 5 m/s 

ŎƻǳƭŘ ōŜ ƎŜƴŜǊŀǘŜŘΣ ōǳǘ ŀƴ ŜȄǇƭŀƴŀǘƛƻƴ ŀōƻǳǘ ǿƘȅ ǘƘŜ ǾŜƭƻŎƛǘȅ ƛǎ р Ƴκǎ ŎƻǳƭŘƴΩǘ ōŜ ŀǳǘƻƳŀǘƛŎŀƭƭȅ 

generated because such explanations require background knowledge connecting the right action from 

the given knowledge. 

[ŜǘΩǎ ǘŀƪŜ ŀ ƭƻƻƪ ŀǘ ǘƘŜ ōŀƭƭƻƻƴ ǇǊƻōƭŜƳ in Figure 90.  A sandbag was released from a moving 

balloon, and a student often wrongly presumes that the initial speed of the sandbag is 0 m/s.  A tutor 

should be able to teach the student about the initial speed of an object released from a moving balloon.   

Balloon tǊƻōƭŜƳΥ ά! Ƙƻǘ-air balloon is rising vertically with a constant velocity of magnitude 5.0 m/s.  
The balloon releases a sandbag when the balloon is 40.0 m above the ground.  After it released, the 
sandbag is in free fall.  Compute the position and velocity of the sandbag at 0.25 second.έ 
Figure 90: the problem statement of Balloon Problem 

A tutor should be able to provide hints narrowing down to the bottom-out hint for each trial of the 

student. The first hint given to the student is ǘƘŜ Ƴƻǎǘ ƎŜƴŜǊŀƭ ƘƛƴǘΣ Ψthe balloon released the sandbagΩ 

(Figure 91).  It implies that the sandbag moves with the balloon at that ƳƻƳŜƴǘΦ  LŦ ǘƘŜ ǎǘǳŘŜƴǘ ŘƻŜǎƴΩǘ 

understand it, then the tutor will provide the second hint narrower than the first one.  The second hint 

says that the sandbag moves with the balloon at T1, and it pushes the student to figure out the relation 

ƻŦ ǘƘŜ ƛƴƛǘƛŀƭ ǎǇŜŜŘǎ ƻŦ ǘƘŜ ƻōƧŜŎǘ ƛƴ ŀ ƳƻǾƛƴƎ ōŀƭƭƻƻƴΦ  LŦ ǘƘŜ ǎǘǳŘŜƴǘ ŘƻŜǎƴΩǘ ǳƴŘŜǊǎǘŀƴŘ ƛǘ ŀƎŀƛƴΣ ǘƘŜ 
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tutor provides a more specific hint directly related to the answer, Ψthe speed of the sandbag is equal to 

that of balloon at T1Ω.  If he fails to answer correctly again, then a bottom-out hint is shown.   

Tutor: Enter the speed of the sandbag at T1 
Student: 0 m/s 
Tutor: Incorrect. (Hint: the balloon released the sandbag). 
Student: 1.0 m/s 
Tutor: Incorrect. (Hint: the sandbag moves with the balloon at T1). 
Student: 2.0 m/s 
Tutor: Incorrect. (Hint: the speed of the sandbag is equal to the speed of the balloon at T1). 
Student: 3.0 m/s 
Tutor: Incorrect. (Hint: the speed of the sandbag is 5.0 m/s at T1). 
Student: 5.0 m/s 
Tutor: Correct. 
Figure 91: An example generating hits 

Also in explanation generation, a tutor should be able to explain a logical basis for each step of 

answers.  Explanation usually starts when a student is wondering about the reason of the current step.  

Suppose the student asked about why the speed of the sandbag was 5.0 m/s as in Figure 92.  Then the 

tutor can generate an explanation that the speed of the sandbag is equal to the speed of the balloon.  

Note that the sequence of the explanations displayed is the opposite of the hints. 

¢ǳǘƻǊΥ Ψ¢ƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ǎŀƴŘōŀƎ ƛǎ рΦл Ƴκǎ ŀǘ ¢мΦ Ω 
Student: Why? 
¢ǳǘƻǊΥ Ψ.ŜŎŀǳǎŜ ǘƘŜ ǎǇŜŜŘ ƻf the sandbag is equal to the speed of the balloon ŀǘ ¢мΦΩ 
Student: Why? 
¢ǳǘƻǊΥ Ψ.ŜŎŀǳǎŜ ǘƘŜ ǎŀƴŘōŀƎ ƳƻǾŜǎ ǿƛǘƘ ǘƘŜ ōŀƭƭƻƻƴ ŀǘ ¢мΦΩ 
Student: Why? 
¢ǳǘƻǊΥ Ψ.ŜŎŀǳǎŜ ǘƘŜ ōŀlloon released the sandbagΦΩ 
Figure 92: An example generating explanations 

This kind of hints and explanations is basically displaying each inference step from the given 

problem statement to a physics quantity, and they cannot be generated without background knowledge.  

Natural-K acquires such background knowledge from authors during authoring process, thus hints and 

explanations can be easily generated simply following the inference steps.  Figure 93 shows the 

inference steps of the Balloon problem, and it was from the log file of the system generated during 

solving the problem.  Some of the actual inference steps include multiple facts because a background 

rule can have multiple conditions, however only one fact for each step was shown here for simplicity. 

 ΨǘƘŜ speed of the ǎŀƴŘōŀƎ ƛǎ рΦл Ƴκǎ ŀǘ ¢мΦ Ω 
    <--(implied)- ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ǎŀƴŘōŀƎ ƛǎ Ŝǉǳŀƭ ǘƻ ǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ balloon ŀǘ ¢мΦΩ 
            <--(implied)- ΨǘƘŜ ǎŀƴŘōŀƎ ƳƻǾŜǎ ǿƛǘƘ ǘƘŜ ōŀƭƭƻƻƴ ŀǘ ¢мΦΩ 
                    <--(implied)τΨǘƘŜ ōŀƭƭƻƻƴ ǊŜƭŜŀǎŜŘ ǘƘŜ ǎŀƴŘōŀƎΦΩ 
Figure 93: inference steps of the Balloon problem. 

The background knowledge used for this inference steps was shown in Figure 94.  It describes that 

an object in a moving vehicle has the same speed of the vehicle at the moment of release. This 
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knowledge was added during the knowledge adding task (Figure 74). This kind of background knowledge 

is authored by domain experts to make the system to interpret problem statements and to solve them.  

Thus, the background knowledge for problem solving can be used to generate hints and explanations, 

and no extra process is needed to acquire such knowledge for generating hints and explanations. 

 Ψ! vehicle_  moves_  vertically with a velocity of magnitude num_  ǳƴƛǘψΩ ŀƴŘ 
        implies ΨǘƘŜ vehicle_  moves_  vertically ŀǘ ¢ψΩ 
              and ΨǘƘŜ speed of the vehicle_   is num_  unit_  at T_Ω. 
 
Ψ! vehicle_  ǊŜƭŜŀǎŜǎ ŀƴ ƻōƧŜŎǘψΩ and 
ΨǘƘŜ vehicle_  moves at T_Ω 
        imply ΨǘƘŜ ƻōƧŜŎǘ_  moves with the vehicle_  at T_ΩΦ 
 
Ψ!ƴ ƻōƧŜŎǘ_  moves with an vehicle_  ŀǘ ¢ψΩ ŀƴŘ 
        implies ΨǘƘŜ ǎǇŜŜŘ ƻŦ ǘƘŜ ƻōƧŜŎǘ_  is equal to the speed of the vehicle_ at T_ΩΦ 
 
Ψ¢ƘŜ ǎǇŜŜŘ ƻŦ ŀƴ ƻōƧŜŎǘ_  is equal to the speed of a vehicle_  at T_Ω ŀƴŘ 
ΨǘƘŜ speed of the vehicle_  is num_  unit_  at T_Ω 
        imply ΨǘƘŜ speed of the vehicle_  is num_  unit_  at T_Ω. 
Figure 94: background knowledge for the balloon example 

A similar approach is often used in the expert systems field, where a user asks an expert system to 

explain its reasoning (Swartout, Paris, & Moore, 1991 ) (Eugenio, Fossati, Yu, Haller, & Glass, 2005), 

although generating explanations is still limited without such background knowledge. After the system 

has isolated the reasoning that led up to the assertion being questions, that formal chain of reasoning is 

converted into natural language.  This is a challenging natural language generation problem that is 

obviated by having the reasoning itself represented in natural language. 

13.8. A NEW KIND OF INTELLIGENT TUTORING SYSTEMS 
The tutoring systems in this section are suggestion of a novel kind of tutoring systems which were not 

built or tested. 

13.8.1. An ITS for Problem Understanding  

As mention before, using unconstrained natural language as knowledge representation enabled Natural-

K to acquire knowledge connecting input sentences and principles which is missing in current physics 

tutors.  As shown in section 13.7, this kind of knowledge is required in understanding a problem before 

actual problem solving procedure.  For example in the Balloon Problem (Figure 90), a student reads the 

statement line by line and tries to find a mapping to a relevant mental model.  This student behavior is 

about understanding the problem.  The knowledge about the initial velocity in a moving vehicle (in 

Figure 94) is part of the knowledge for understanding the problem before starting to solve it.  This type 

of knowledge was not used before for tutoring.  Previous physics tutors had to mainly focus on the 

tutoring assigning known values to variables and applying principles rather than tutoring how to 

understand the problem.  
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Thus, using the new type of knowledge, a new kind of ITS can be designed mainly focusing on 

tutoring problem understanding.  For example, in the Balloon Problem, instead of using for hints and 

explanations, the background knowledge can be treated as part of solution path the student should 

follow.  As shown in Figure 95, the inference steps in Figure 93 is part of a solution that the student 

should answer.  A shortcut can be used to jump inference steps in case the student already understands 

everything.  For example, he can directly enter the speed of the sandbag at the first question.  The 

remaining part of tutoring can be same to the previous physics tutoring.  Extra modules are needed to 

recognize the student input in natural language. 

Tutor: What can you infer from the first sentence of the problem statement? 
Student: ƘƳΣ L ŘƻƴΩǘ ƪƴƻǿΦ  
Tutor: You can infer the speed of the sandbag at T1 
Student: The speed of the sandbag is equal to the speed of the balloon at T1. 
Tutor: Good, then? 
Student: The speed of the sandbag is 5.0 m/s. 
Tutor: Great. 
Figure 95: An example of an ITS helping a student how to understand the Balloon problem (Figure 90). 

13.8.2. A Teachable Agent 

Instead of instructors, students can add problems to an ITS If the authoring task is easy enough for 

students can do.  Knowledge is represented in natural language, so there is no big theoretical barrier for 

this.  This section suggests a simplified version using graphical user interface.   

Figure 96 shows how a student can add the skateboarder problem (Figure 1) to the system.  Before 

start, he reads the problem statement to understand the given problem.  First, he draws an object.  

Second, he enters the object name.  Third, he draws a vector.  Fourth, he enters the magnitude of the 

velocity in natural language.  Fifth, he enters the direction of the velocity in natural language.  Sixth, he 

enters a question.  Seventh, he enters principles in natural language.  Eighth, the system solves it 

displaying an answer. 
























