
Chapter 1

TO WARD THE PLA CEMENT
OF PO WER MANA GEMENT POINTS
IN REAL-TIME APPLICA TIONS �

Nevine AbouGhazaleh,Daniel Moss�e, Bruce Childers, Rami Melhem
Department of Computer Science
University of Pittsburgh
Pittsburgh, PA 15260
{ nevine,mosse,childers,melhem} @cs.pitt.edu

Abstract Dynamically changing CPU voltage and frequency have been shown to
greatly save the processorenergy. These adjustments can be done at
speci�c power managementpoints (PMPs), which are not without over-
heads. In this work we study the e�ect of di�eren t overheads on both
time and energy; these can be seenas the overhead of computing the
new speed, and then the overhead of dynamically adjusting the speed.
We proposea theoretical solution for choosing the granularit y of insert-
ing PMPs in a program taking into consideration such overheads. We
validate our theoretical results and show that the accuracy of the theo-
retical model is betweenzero and �v e management points of simulation
results.

Keyw ords: Power management, Dynamic Voltage Scaling, real-time application.

1. In tro duction

In the last decade,there hasbeenconsiderableresearch on low-power
systemdesign. On-going research hasgreatly in
uenced embeddedreal-
time systems' design due to the number of applications running on
power-limited systemsthat have tight temporal constraints. Recently ,
dynamic voltage scaling (DVS), which involves dynamically adjusting

� This work has been supported by the Defense Adv anced Research Pro jects Agency under
contract F33615-00C-1736.
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CPU voltage and frequency, has becomea major research area. Reduc-
ing a processor'ssupply voltage typically leads to considerablepower
savings, but also intro ducesdelays in responsetime and additional en-
ergy consumption overheadfor speedadjustments.

Typically, the reduction in energysavings is quadratic with the slow-
down while the delays increaseonly linearly. The overhead of speed
adjustment changesdepending on the architecture, varying from depen-
denceon voltage changing or how much the speedchanges.Thus, there
is a need to optimize energy consumption while considering both the
savings achieved and the overheadof changing processorfrequency and
supply voltage.

In Mosseet al. [8] we intro ducedwhat wenow call Power Management
Points (PMPs), which are piecesof code that manageinformation about
the executionof program segments to makedecisionsabout changing the
CPU speed. The desiredspeedis computed accordingto a speedsetting
algorithm (for examples,see[8, 6, 11, 1]). ProposedPMPs in [8] can
be inserted by the compiler in a program or executedby the operating
system at speci�c times (e.g., context switch times). This work focuses
on compiler-inserted PMPs.

Dynamic speed setting schemes used in periodic real-time systems
take advantage of unused time to slow down the CPU speed of future
tasks or task segments. This can be done when the system load is light
or when there is slack time left from previous program segments. It is
shown in [8] that statistical slack management producessavings in CPU
energy consumption of up to 90% compared to no power management
and up to 60% comparedto a static speedsetting scheme.

Compiler insertion of PMPs is particularly useful for programs with
frequent procedurecalls or loopswith a relatively large number of itera-
tions. To selectthe granularit y of the program segment that is assigneda
singlespeed,Hsu et al. [5] usesglobal program analysesto detect regions
of su�cien tly large granularit y, and then selectsa single region with the
highest predicted bene�t, where they place a speedsetting instruction.

Our work presented here has two objectives: (1) modeling how to in-
corporate the e�ect of overhead in speed adjustment schemes,and (2)
providing a theoretical, yet practical, solution for deciding the optimal
number of equally spacedPMPs that achieve the minimum energycon-
sumption. We compare our results from the theoretical solution with
simulated results of our previous speed setting schemesfrom [8]. The
theoretical results show a decision accuracy within �v e PMPs of the
simulation results.

The rest of this chapter is organizedas follows: we start by describ-
ing our model in the next section. The e�ect of di�eren t overheadsis
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consideredin Section2 and shown for dynamic speedsetting schemesin
Section4. Section5 presents a theoretical solution for selectingthe best
number of PMPs and comparestheseresults with simulation results for
each scheme. Concluding remarks are in Section 6.

2. Mo del

Our techniquesare targeted to embeddedsystemswhereapplications
execute for a speci�ed allocated time, d, decided by a scheduler. This
amount d can be obtained through a variety of scheduling disciplines,
such as EDF, RMS, and CBS (based on task utilization), as well as
fair-share and other resourceallocation techniquesthat guarantee a cer-
tain CPU usage for each task (called resource protection or resource
isolation). We will refer to the quantit y d as the task deadline.

In this initial work, we consider the sequential form of program exe-
cution, wherea program can be divided into n segments of equal length,
to determine an optimal number of PMPs. Such a model is applicable
to loops that have large compile-time trip counts (i.e., number of iter-
ations of the loop). In these loops, power management points can be
placedevery somany loop iterations to adjust processorspeed1. We are
currently extending our work to more generalprograms.

In our proposedscheme, we insert a PMP before each program seg-
ment. A segment is characterized by its worst caseexecution time, wci ,
and averageexecution time avgi . The actual execution time of segment
i , aci , is only known at run time, but is limited by the wci such that 0
� aci � wci . These times describe the execution behavior of segment
i when the processoris running at its maximum speed. The quantit y
� = avgi =wci is an indication of the expectedslack in the execution time
of the segment.

Given the parameters above, we can compute the static slack in the
system, which is the amount of free time in the system with respect to
the computational requirements of an application. The optimal static
speed,Sstatic , for all segments can be computed as

P n
i=1

wci
d = load. It

has beenproven that this speed is optimal, while meeting all deadlines
in caseof a static speedscheduling [1]. Henceforth, we assumethat all
segments are slowed down to Sstatic , making the CPU busy at all times
(albeit at a reducedspeed), if aci = wci ; 8i . This is equivalent to having
100%load (or load = 1).

Furthermore, extra slack is generatedwhenever a program segment
�nishes its execution before the estimated worst-casetime for this seg-
ment. This can happen depending on input data that dynamically de-
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termines the actual trip count for each loop; this is called reclaimed slack.

For CM OS technology, dynamic power consumption is directly pro-
portional to the frequencyand to the squareof the supply voltage:

P = aCSV 2 (1.1)

wherea is the activit y factor in the processor,C is the e�ectiv e switched
capacitance,S is the operating frequency (speed), and V is the supply
voltage. In our work, we use a model similar to Transmeta's TM 5400
processor[12]. Our model hasa 16-stepfrequencyscalethat rangesfrom
200MHz at 1.1V to 700 MHz at 1.65V. Each step is � 33MHz. In the
next section, we consider the di�eren t overheadsof each frequency and
voltage change.

3. Sources of Ov erhead

When computing and changing CPU frequency and voltage, several
sourcesof overheadmay be encountered. The principal sourcesof over-
head are (1) computing the new speed using a dynamic speed setting
scheme, and (2) setting the speed through a voltage transition in the
processor'sDC-DC regulator (resulting in a processorfrequencychange)
and the clock generator (PLL). We denote changing both voltage and
frequency by the term speed change. Speed changing takes time and
consumeenergy. Knowing that E = Pt, the energy overhead can be
derived from Equation (1.1), where t is the time overheadspent during
adjusting the speedbetweentasks. Below is a detailed discussionof how
t is spent.

3.1 Computing the new speed

For each adjustment scheme considered, the time overhead of com-
puting the value of the new task's speed, F , is approximately constant
in terms of the number of cyclesneededfor execution. This new speed
computation includes the overheadof calling library functions and per-
forming the operations that compute the new speed. Sincethis may be
executedat di�eren t frequencies,the time overhead,O1, equalsto:

O1(Si ) =
F
Si

(1.2)

whereSi is the CPU speedexecutingsegment i (including the PMP code
at the end of segment i ). From experiments with SimpleScalar3.0 [3]
(a micro architectural simulator), where we implemented speed setting
and inserted PMPs in applications like an MPEG decoder, we observed
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that the overheadof computing the new speedvaried between280 and
320 cycles. In the experiments below we �x the overheadof computing
the new speedto 300 cycles.

3.2 Setting the new speed

To change voltage, a DC-DC switching regulator is employed. This
regulator cannot make an instantaneous transition from one voltage to
another [4]. This transition takes time and energy. When setting a
new speed, the CPU clock and the voltage fed to the CPU need to be
changed,incurring a wide rangeof delays. For example,the Strong Arm
SA-1100 is capable of on-the-
y clock frequency changesin the range
of 59MHz to 206MHz where each speed and voltage change incurs a
latency of up to 150 � sec [7], while the lpARM processor[9] (a low-
power implementation of the ARM 8 architecture) takes25 � s for a full
swing from 10 MHz to 100 MHz. Another example is the Transmeta
TM5400, which is speci�cally designed for DVS [12]. Some systems
can continue operation while speed and voltage change [9, 4], but the
frequencycontinuesto vary during the transition period. Somesystems
stop during steepchanges.We take a conservative approach and assume
that the processorcan not executeapplication code during this period.

Moreover, when looking at changing speed from the energy perspec-
tiv e, the lpARM processorincurs at most 4� J, which is equivalent to
712 full-load cycles for the transition between 5 - 80 MHz[2]. In our
simulation we assumea constant number of overheadcycles,G, for each
speed step transition. This overhead is assumedto be 320 cycles for
every 33MHz step (from [2], 712 cycles for 5-80 MHz transition ' 320
cycles for a 33MHz transition). The time overhead for speed changes,
O2, dependson the speedthat the CPU is executing the PMP and can
be computed as follows:

O2(Si � 1; Si ) = G
d(Si � 1; Si )

Si � 1
(1.3)

where d(Si ; Sj ) is a function that returns the number of speed steps
neededto makea transition betweenSi and Sj . In the Transmetamodel,
this function returns how many multiples of 33MHz is the di�erence be-
tween Si and Sj . The energy overhead is assumedto follow the same
power function presented in Section 2 multiplied by the time taken to
accomplish the speed transition. We study the impact of varying this
overheadon the selectionof the optimal number of PMPs in Section 5.
Next we show two di�eren t schemesfor the CPU dynamic speedadjust-
ment.
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4. Speed Adjustmen t Schemes

Weusetwo schemesfrom [8], namely the Proportional and the Greedy
schemes,asexamplesto demonstratehow to include the aforementioned
overheadin speedadjustments at each PMP. Deadlinesare only violated
in caseswhere the processorneedsto run at almost the maximum speed
to meet the application's deadline and there is not enoughslack to ac-
commodate the time overhead for a single speed computation. We re-
gard this caseas insigni�can t for the purposeof this study. Figure (1.1)
shows an exampleof the actual execution of a task set using the Static,
Proportional, and Greedy schemes.
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Figure 1.1. Actual execution of a task set using the Static, Proportional and Dy-
namic Greedy schemes.

4.1 Prop ortional Dynamic Power Managemen t

In the proportional scheme,reclaimedslack is uniformly distributed to
all remaining segments proportional to their worst-caseexecution times.
The time overheadsfor both computing and setting the new speed are
subtracted from the time remaining to the deadline. Our main concern
here is to compute the exact time left for the application to execute
beforethe deadline. The processor'sspeedfor segment i , Si , is computed
as follows: the execution times for the remaining tasks are stretched out
based on the remaining time to the deadline (d � t i � 1), while taking
into consideration the overhead of switching the speed of the current
task (Ocur (Si � 1; Si ) = O1(Si � 1) + O2(Si � 1; Si )) and the overhead of
potentially needing to switch the speed of the next task to the static
optimal speed(Onext (Si ; Sstatic ) = O1(Si ) + O2(Si ; Sstatic )), whereSstatic
is the optimal static speed[1]. The total overhead,Ototal , is:

Ototal (Si � 1; Si ) = Ocur (Si � 1; Si ) + Onext (Si ; Sstatic ) (1.4)

With overheadconsideration, this schemecomputesa new speedas:
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Si =

P n
j = i wcj

d � t i � 1 � Ototal (Si � 1; Si )
Sstatic (1.5)

where t i � 1 is time at the beginning of the i th PMP (the end of segment
i � 1).

Given that the voltage setting overheadis dependent on the new fre-
quency, we note that Si appears on both sides of the formula. It is
solved iterativ ely and we have observed that, on average,it convergesin
about two iterations. Becausethe algorithm starts with the speed for
the previous segment, there is typically minimal changein speed,which
leadsto fast convergence.

4.2 Dynamic Greedy Power Managemen t

The Dynamic Greedy schemedistributes the reclaimed slack only to
the segment immediately after a PMP. The way to compute the speedof
the next segment is similar to Equation (1.5): the time for the next task
is spread over the remaining time to the deadline, minus the overhead
of computing and switching speedsfrom Equation (1.4).

Si =
wci

d � t i � 1 �
P n

j = i +1
wcj

Sstatic
� Ototal (Si � 1; Si )

Sstatic (1.6)

4.3 Evaluation of Power Managemen t Schemes

We simulated our two power management schemeswith and with-
out overhead for a hypothetical program divided into di�eren t number
of equal length segments. The actual execution times aci of each seg-
ment are drawn randomly from a normal distribution. Each data point
presented is an averageof 500 runs. We use the energy function from
Section 2, and the energy consumption shown in the graphs below is
normalized to a casewhere no power management is empolyed.

In Figure (1.2) we show the energyconsumption basedon the number
of PMPs for the Proportional and the Dynamic Greedy schemes. The
optimal number of PMPs variesaccording to many factors, like � or the
speed adjustment scheme. We show results for � = 0.6 and 0.8 and a
variable number of PMPs (from 5 to 30). From the �gure, the optimal
number of PMPs, basedon simulation, is between10 and 20 for � =0.6
and betweenbetween5 and 15 for � = 0.8. Results for other valuesof
� were consistent with theseresults.

Wenoticed that for higher number of PMPs inserted in a program, the
averagenumber of step transitions neededat each PMP for the greedy
schemeexceedsthose neededfor the proportional scheme. This adds a
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Figure 1.2. Total Energy Consumption for di�eren t schemes versus the number of
PMPs at � = 0.6 and � = 0.8.

greater energy burden on the Greedy's total energy consumption more
than the Proportional's consumption. As a result, although in general,
the greedy energy consumption is less than the Proportional's at load
= 1, in Figure 1.2 there is an overlapping of their energy curves for �
= 0.8. There is a smaller di�erence in energy as the number of PMPs
increasesfor � = 0.6.

The bathtub-lik e curve shapesare due to two opposing forces. First,
the more management points, the better the power management and
thus the lower energy consumption. However, the amount of energy
consumedincreaseswith an increasingnumber of PMPs, due to the over-
head. The combination of thesetwo factors is illustrated in Figure(1.2).

We also see that Greedy has lower energy consumption than Pro-
portional. This is becauseGreedy is more aggressive at slowing down
the CPU speed, counting on future reclaiming for slowing down future
tasks. We note that this is the casewhen there is a minimum speed
and the loads are moderate to high. When the load is very low, or very
high, all schemesperform approximately the same,executing all tasks
at maximum or minimum speed, respectively. Further, when there is
no maximum speed(as in [8]), Greedy will slow down the �rst tasks to
almost zero and consumealmost all the slack; consequently , later tasks
will execute at high speeds, causing Greedy to consumemore overall
energy from proportional 2
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Next we present a theoretical solution for selecting the number of
PMPs to insert in a program.

5. Optimal Num ber of PMPs

The minimum energy consumption for any of the presented schemes
dependson the number of placed PMPs due to the e�ect of the energy
overhead imposed by every added point. In this section, we develop
a theoretical framework for deciding on the optimal number of PMPs,
given that: (1) the program under consideration is divided into equally
sized segments, (2) each segment has perfect execution behavior (i.e,
aci = avgi for all 1 � i � n), (3) there is a constant time overhead,
h � O1 + O2, for the insertion of any PMP, and (4) the speed range is
continuous.

The total energy consumed for n segments is computed based on
Equation 1.1 as E =

P
Pt, where t is the time taken to run all n

segments. Part of each segment's energy is consumedin the actual ex-
ecution of the segment, avgi , while the other part is consumedin the
overhead induced by changing the speed. The total energy, En , is the
summation of the segments' energiesas shown below.

En = aC
nX

i =1

Si V 2
i (avgi +

h
Si

) = 

nX

i =1

S3
i (avgi +

h
Si

) (1.7)

wherethe speedSi is proportional to voltage Vi , and 
 is a multiplicativ e
factor. The energy overhead is re
ected in this equation by the term
h=Si , where it represents the averagetime taken for each speedchange
at each PMP.

In our analytical solution, wecompute the speedSi using the following
formulas. We use these speed values to evaluate the energy consump-
tion of the actual execution of the segment. The formulas are derived
from the corresponding ones presented in Section 4 using our earlier
assumptions.

Prop ortional

SStatic

Si
=

n
n � i + 1

i � 1Y

k=1

�
1 �

�
n � k + 1

�
(1.8)

where n is the number of placed PMPs and � is the slack expectation;
� = avg

wc .
Dynamic Greedy

SStatic

Si
=

1 � (1 � � ) i

�
(1.9)
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The complete derivation of these formulas is shown in the appendix
of this chapter.

5.1 Evaluation of Analytical Mo del

The optimal number of PMPs varies basedon several parameters in
the program executionbehavior, such asvariabilit y of the execution � or
load � , and the amount of overheadfor changing the speed. Figures(1.3)
and (1.4) show the e�ect of varying the number of overheadcycles,h, on
the total energyconsumedusing the analytic model. The results shown
are for � = 0.6, although other valuesof � have similar behavior. The
optimal number of PMPs in the Proportional schemelies in the rangeof
5-15, while for Dynamic Greedy it is from 10 to 30. As predicted, this
optimal number decreaseswith increasedoverhead. However, this does
not apply when � = 1, becauseas � reaches1 the desiredoptimal speed
reaches Sstatic , with no CPU time to reclaim. Henceforth, we exclude
the � = 1 casefrom our experiments.
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Figure 1.3. Total energyconsumption for the Proportional schemeversusthe number
of PMPs, for di�eren t overheads,where � = 0:6.

We ran experiments to validate our theoretical model by comparing
the results with simulation results for the Proportional and the Dynamic
Greedy schemes.

Table (1.4) shows the number of PMPs determined by the theoreti-
cal model and the simulation for the Proportional scheme. The table
shows the results for the same programs with di�eren t � and over-
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Figure 1.4. Total energy consumption for Dynamic Greedy scheme versus the num-
ber of PMPs, for di�eren t overheads,where � = 0:6.

head values that might describe di�eren t DVS processors. The over-
head values are presented as a pair of the theoretical overhead h and
its corresponding simulated overhead F and G. For example, (1000/
300,320)meansh is 1000 cycles, while F and G are equal to 300 and
320 cycles, respectively. We use these �gures for the overheadsof the
two schemes(theoreticaland simulated) because,from experiments with
SimpleScalar,we observed that, in the Proportional scheme, the aver-
agenumber of transitions for the whole programsis 2:2 (in the 300=1000
example, 300+ 2:2 � 320 � 1000). The table also shows variations of
� 2 PMPs between the theoretical and the simulation results. There is
a strong matching in the � 's middle range, which are the most typical
values of � . The variations come from the assumption that the speed
is continuous in the theoretical method while it is discrete in the sim-
ulation. Moreover, as mentioned above, the simulation is limited by a
minimum speed.

During simulation, we noticed that, on average,Dynamic Greedyper-
forms three times more step transitions than the Proportional scheme.
Thus the choice of h = 3000that corresponds to simulation overheadof
F = 300 and G = 320. Table (1.1) shows that the optimal number of
PMPs varies dramatically with � . For example, this variation at over-
head (3000/ 300,320)rangesfrom 9 to 29 PMPs, corresponding to � 's
range0.2-0.8. This higher number of PMPs is in concert with the higher
number of speedchangesthat are made in Greedy.
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(1000/ 300,320) (2000/ 600,640) (3000/ 900,960)
� T S T S T S

0.2 10 12 7 7 6 7
0.4 12 12 9 9 7 6
0.6 12 12 9 9 7 6
0.4 12 12 9 9 7 6
0.8 11 9 8 6 7 5

Table1.1. Theoretical (T ) versusSimulation (S) choice of optimal number of PMPs
for the Proportional scheme.

(3000/ 300,320) (6000/ 600,640) (9000/ 900,960)
� T S T S T S

0.2 29 25 20 15 16 11
0.4 22 19 14 12 11 9
0.6 14 12 10 9 8 6
0.8 9 9 7 6 5 4

Table1.2. Theoretical (T ) versusSimulation (S) choice of optimal number of PMPs
for the Dynamic Greedy scheme.

We observed that the theoretical results are closer to the simulated
results as the F and G overheadsdecrease.The di�erence betweenthe
simulated and theoretical results can be seenby comparing Figure(1.2)
with Figures (1.3) and (1.4). The di�erence in results is becausethe an-
alytical model doesnot take overheadsinto account when computing the
new speeds,only whencomputing the energy. Further research is needed
to obtain a more tight coupling betweenthe valuesof the theoretical and
the simulated overheads.

We also saw that, although there is a di�erence between the num-
ber of PMPs in the two schemes,the di�erence in energy between the
schemesis always lessthan 1%. This is becausethe energyconsumption
around the optimal number of PMPs is relatively 
at (constant) and
therefore a small mistake in the number of PMPs does not a�ect the
energyconsumption signi�cantly .

6. Conclusion

For variable voltage systems, the overhead and selection of a speed
setting schememust be carefully considered.There may be caseswhere
the energyconsumption exerted by the overheadof selectingand setting
a new speedoverwhelmsany energysavings of a speedsetting algorithm.
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This implies that system energy can be jeopardized by employing such
speedadjustments.

To minimize the overheadof speedadjustments, it is critical that for
programs with a relatively small number of segments to know the opti-
mal number of adjustment points for choosingthe best speedadjustment
scheme. However, for programs with a large number of segments, it is
su�cien t to identify the boundary of optimalit y, as the energycurve will
becomerelatively 
atter beyond the optimal number of power manage-
ment points. Clearly, "short" and "long" programs depends on several
factors, such asnumber of speedso�ered by the CPU, overheadof speed
adjustments, and minimum and maximum speeds.

We also saw that Greedy has smaller energy than Proportional, es-
pecially for workloads with higher variabilit y in the actual execution
time, becauseGreedy is a more aggressive schemethat implicitly takes
advantage of future reclaimed time.
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App endix
In this App endix we present the derivation of the formulas for the theoretical

solution.

1. Prop ortional Dynamic Scheme Form ula
Lemma 1:

� i = A i (B +
i � 1X

l =1

� l ) =) � i = A i B � i � 1
l =1 (1 + A l ) (1.A.1)

Pro of by induction:
Base case: at i = 1, it is trivial to see that the left hand side (LHS) of Equa-

tion (1.A.1) is the sameas the RHS:

LH S = A1B = RH S

Induction step: Let Equation (1.A.1) holds for all n < i . We prove that it also
holds for n = i . By substituting the RHS of Equation (1.A.1) for � l , it is su�cien t
to prove that:

� i = A i (B +
i � 1X

l =1

A l B � l � 1
k =1 (1 + A k )) = A i B � i � 1

l =1 (1 + A l )

Proof:

� i = A i (B +
P i � 1

l =1 A l B � l � 1
k =1 (1 + A k ))

= A i B (1 +
P i � 1

l =1 A l � l � 1
k =1 (1 + A k ))

= A i B (1 + A1 +
P i � 1

l =2 A l � l � 1
k =1 (1 + A k ))

= A i B ((1 + A1) +
P i � 1

l =2 A l (1 + A1)� l � 1
k =2 (1 + A k ))

= A i B ((1 + A1) + A2(1 + A1)
P i � 1

l =3 A l � l � 1
k =2 (1 + A k ))

= A i B ((1 + A1)(1 + A2
P i � 1

l =3 A l � l � 1
k =2 (1 + A k )))

= ::::
= A i B ((1 + A1)(1 + A2):::::(1 + A i � 1))
= A i B � i � 1

l =1 (1 + A l )
= RH S

We start from the formula for speed adjustment for the proportional scheme pre-
sented in [8].

Si =

P n
l = i wclP n

l =1 wcl �
P n

l =1 acl (Sstatic =Sl )
Sstatic (1.A.2)

where n is the number of segments, Si is the speed of segment i , and Sstatic is the
static speed. Let � i = Sstatic =Si . Recall that our assumption for the theoretical
model asserts that 8i; wci = wc and 8i; aci = avgi = avg. Now, let � = ac=wc.
Then,
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Si = ( n � i +1) w c

n w c� av g
P i � 1

l =1
( Sstatic =S l )

Sstatic

Si = n � i +1

n � �
P i � 1

l =1
� l

Sstatic

Sstatic =Si =
n � �

P i � 1

l =1
� l

n � i +1

� i = 1
n � i +1 (n � �

P i � 1
l =1 � l )

= � �
n � i +1 ( � n

� +
P i � 1

l =1 � l )

By substituting in Lemma 1 with A i = � �
n � i +1 and B = � n

� we get:

� i =
n

n � i + 1
� i � 1

k =1

�
1 �

�
n � k + 1

�

2. Greedy Dynamic Scheme Form ula
Lemma 2:

� i = i + C
i � 1X

l =1

� l =) � i =
(1 + C) i � 1

C
(1.A.3)

Pro of by induction:
Base case: at i = 1, it is trivial to see that the left hand side (LHS) of Equa-

tion (1.A.3) is the sameas the RHS:

LH S = � 1 = 1 = RH S

Induction step: Let Equation (1.A.3) holds for all n < i . We prove that it also
holds for n = i . By substituting the RHS of Equation (1.A.3) for � l , it is su�cien t
to prove that:

� i = i + C
i � 1X

l =1

(1 + C) l � 1
C

=
(1 + C) i � 1

C

Proof:

� i = i + C
P i � 1

l =1
( C +1) l � 1

C

= i +
P i � 1

l =1 ((C + 1)l � 1)
= i � (i � 1) +

P i � 1
l =1 (C + 1)l

= 1 +
P i � 1

l =1 (C + 1)l

= 1 + ( C +1) i � 1
C � 1

= ( C +1) i � 1
C

= RH S

We start from the formula for speed adjustment for the dynamic greedy scheme
presented in [8].

Si =
wciP n

l =1 wcl �
P i � 1

l =1 acl
Sstatic

S l
�

P n
l = i +1 wcl

Sstatic (1.A.4)

Where n is the number of segments, Si is the speed of segment i , and Sstatic is
the static speed. Let � i = Sstatic =Si . Recall that our assumption for the theoretical
model assertsthat 8i; wci = wc and 8i; aci = avgi = avg. Now, let � = ac=wc. Then,
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Si = w c

n w c � av g
P i � 1

l =1
( Sstatic =S l ) � ( n � i ) w c

Sstatic

= w c

i w c � av g
P i � 1

l =1
( Sstatic =S l )

Sstatic

� i = i � �
P i � 1

l =1 � l

By substituting in Lemma 2 with C = � � we get:

� i = 1� (1 � � ) i

�
(1.A.5)

Notes
1. For simplicit y, we will use "sp eed" to refer to the more accurate "frequency/v oltage"

pair.
2. We can call this the "ro okie" e�ect: due to lack of experience, when faced with too

much perceived slack, rookies will do very little work in the beginning and speed tasks up
later on.
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