Exam # _______
Name____________________________
Last 4 digits of SSN _________


CS 441 Fall 2007 Final exam for 4pm section

Name: ____________________________

(1) There are 14 problems in 2 parts (A and B) on 8 pages.
(2) Do all problems.
(3) Calculators are NOT allowed.
(4) Unless directed otherwise, your answer may be a formula of numbers (e.g. C(10,5)*4 – P(4,2)*35+6!), or a computation tree.  You don’t have to evaluate the formula into a number. However, to get full credits, make sure you explain a little where each component of the formula comes from or what quantity each node of the computation tree represents.

Part A: Counting
1. (4 points)
(a) Give a formula for P(n,r).
(b) Compute the value of P(6,3).  You must evaluate the result into a number. 
(c) Give a formula for C(n,r).
(d) Compute the value of C(6,4). You must evaluate the result into a number.
(a) n! / (n-r)!
(b) 6! / (6-3)! = 6! / 3! = 6*5*4 = 120
(c) n! / ( (n-r)! r! )
(d) C(6,4) = 6! / ( 4! 2! ) = 6*5 / (2*1) = 15

2. (3 points) Suppose we are generating random positive integers.  We are interested in the remainder when we divide each of these numbers by 8.  How many numbers do we need to make sure that there are at least 5 numbers with the same remainder?

3. (5 points) How many ways are there to arrange the letters in the word MILLILITER in a row?


Permutation of indistinguishable objects.

n1 = number of M’s = 1
n2 = number of I’s = 3

n3 = number of L’s = 3

n4 = number of T’s = 1

n5 = number of E’s = 1

n6 = number of R’s = 1 


n = n1+n2+n3+n4+n5+n6 = 10


n! / (n1! n2! n3! n4! n5! n6! ) = 10! / (1! 3! 3! 1! 1! 1!) = 10!  / (3! 3!) 

4. (6 points) Suppose we have a bin with a large amount of Red, Green, and Blue pebbles.  Suppose we want to take one pebble at a time from the bin and put them in a row until either
(a) we get a Red pebble, or
(b) we get 2 pebbles of the same color. 
How many possible sequences of color pebbles are there? Show your work to get full credits.
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11 ways

5. (6 points) At an ice-cream shop, there are 20 kinds of ice-cream.  How many ways are there to get a bowl of 7 scoops of ice-cream with exactly 1 scoop of Chocolate and at least 2 scoops of Vanilla?

Combination with repetitions 

Preselect 1 scoop of Chocolate.  Then remove Chocolate from the set of available flavors.

Preselect 2 scoops of Vanilla.  (Keep Vanilaa in the set of available flavors.)

We now have 19 kinds of ice-cream left with 4 more scoops to choose.

n = 19, r = 4

C(r+n-1, r) = C(4+10-1, 4)


6. (6 points) How many ways are there to arrange the letters ABCDEFGHXYZ (11 letters) with the following restrictions? 
(a) ABC appear consecutively (but don’t have to be in that order),
(b) XYZ appear consecutively in that order, and
(c) ABC appear before XYZ.
Construction procedure

1. Replace ABC with P  ( 1 way
2. Replace XYZ with Q  ( 1 way
3. Choose 2 positions from 7 positions  ( C(7,2) ways
4. Put P and Q in the positions chosen in step 3 with P before Q  ( 1 way
5. Permute D,E,F,G,H in the remainin 5 positions  (  5! ways
6. Replece P with ABC.  ( 1 way   Replace P with a permutation of ABC ( 3! ways
7. Replace Q with XYZ.  ( 1 way

Answer = 1*1*C(7,2)*1*5!*3!*1 = C(7,2) * 5! * 3!
7. Suppose we want to generate a string of length 6 from the English alphabet.
(a) (2 points) How many strings have no y’s? 
(b) (8 points) How many strings have no x’s or has at least one y’s (or both)?

(a)
25^6

(b)
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B = set of strings with no x’s

C = set of strings with has at least one y’s

B ( C = set of strings with no x’s or has at least one y’s (or both)

B ( C = set of strings with no x’s and has at least one y’s

| B ( C | = |B| + |C| - |B ( C|

|B| = 25^6

D = set of all strings 

E = set of strings with no y

|D| = 26^6
|E| = 25^6

|C| = |D| - |E| = 26^6 – 25^6

|G| = set of strings with no x

|H| = set of strings with no x and no y.

|G| = 25^6

|H| = 24^6

|B ( C| = |G| - |H| = 25^6 – 24^6

| B ( C | = |B| + |C| - |B ( C|

               = (25^6) + (26^6 – 25^6) – (25^6 – 24^6)

               = 26^6 – 25^6 + 24^6
Part B: Discrete Probability
8. (6 points) There is a deck of 5 cards which are numbered 1,2,3,4, and 5.  Two cards are chosen at random from the deck.

(a) Determine the size of the sample space of this experiment.  (You don’t need to give the sample space itself)

(b) Compute the probability of each outcome in this experiment.
(c) Let E be the event that numbers on the chosen cards differ by 1.  Give E as a set. 

(d) Compute p(E).

(e) Compute the probability that ONE of the chosen cards is 3.
(a) C(5,2) = 5! / (3! 2!) = 5*4 / (2*1) = 10
(b) 1/10
(c) E = { {1,2}, {2,3}, {3,4}, {4,5} }.
(d) p(E) = |E|/|S| = 4/10 = 2/5
(e) F = event that one of the chosen cards is 3

      F = { {3,1}, {3,2}, {3,4}, {3,5} } 
      p(F) = |F|/|S| = 4/10 = 2/5

9. (5 points) In an experiment, we start by tossing a fair coin.  If the coin comes up tails, we stop.  If the coin comes up heads, we flip the coin TWO more times.  Then we stop.
(a) Determine the sample space of this experiment by listing its members.
(b) Determine the probability distribution of this experiment.  (Give it some thought).
(c) Let E be the event that heads comes up at least TWICE.  Represent E as a set by listing its members.
(d) Compute p(E).

(a) { T, HHH, HHT, HTH, HTT }
(b) p(T) = ½.    P(HHH) = 1/8.   P(HHT) = 1/8.   P(HTH) = 1/8.     P(HTT) = 1/8

(c) E = { HHH, HHT, HTH }
(d) p(E)  = p(HHH) + p(HHT) + P(HTH) = 1/8 + 1/8 + 1/8 = 3/8
10. (5 points)  Suppose we roll 2 dice, a red die and a blue die.  What is the probability that the blue die is 5 given that the sum of the two dice is at least 10?

E = the event that the blue die is 5
F = the event that the sum of the two dice is at least 10.

E = { (1,5), (2,5), (3,5), (4,5), (5,5), (6,5) }
F = { (6,4), (5,5), (4,6) }      
F = { (6,4), (6,5), (6,6),    (5,5), (5,6),   (4,6)  }

E(F  = { (5,5) }


E(F = { (5,5), (6,5) } 

p(E | F) = |E(F| / |F| = 1/3
p(E | F) = |E(F| / |F| = 2/6 = 1/3
11. (6 points) In a bin there are 1 Red ball, 2 Green balls, and 4 Blue balls.  Suppose that we randomly pick a ball from the bin 8 times (each time we put the ball back into the bin)  
(a) What is the expected number of times that a Green ball comes up?  (Your answer must be a number.)
(b) What is the probability that a Blue ball comes up exactly 4 times?  (Give a formula that can be evaluated to a number.  You don’t have to simplify it.)

(a) 
Bernoulli trails with n = 8 and p = 2/7 (success is when a green ball is picked; failure is when a red or a blue ball is picked).

Expected number of successes =  n p  = 8 * (2/7) = 16/7

(b)

Bernoulli trails with n = 8 and p = 4/7 (success is when a blue ball is picked; failure is when a red or a green ball is picked).
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12. In a bin there are 3 balls labeled 1,2,3.  Suppose we randomly pick a ball from the bin until 3 comes up.  Note, once a ball is picked, we do not put the it back into the bin.
(a) (1 points) What is the probability that we pick 1 ball and stop?
(b) (1 points) What is the probability that we pick 2 balls and stop?
(c) (5 points) What is the expected number of balls we pick?
(a) 1/3
(b) For us to pick exactly 2 balls, we must pick a non-3 the first time, then 3 on the second time.

On the first time, the probability of picking a non-3 is 2/3.

On the second time, there are only two balls left (3 and a non-3).
The probability of picking 3 is 1/2.

Answer = 2/3 * 1/2  = 1/3

(c)
The probability that we pick exactly 3 balls

    = 1 – (probability that we pick exactly 1 ball) – (probability that we pick exactly 2 balls)

    = 1 – (1/3) – (1/3) = 1/3

Let X be a random variable that is equal to the number of balls we pick.

Using the “second method” of computing expectation

E[X] = 1 * (1/3) + 2 * (1/3) + 3 * (1/3) = 2
13. (8 points) Consider a game where a number between 1 and 100 inclusive is randomly generated.  Suppose the number is k.  The player gets points according to the following rules.
(1) The player gets 5 points if k ​< 20.
(2) The player gets 6 points if k is divisible by 7.
(3) The player gets k/5 points for any k.
For example, if k = 35, then the player gets 6 points from rule (2) and 7 points from rule (3) for a total of 6+7 = 13 points.  What is the expected number of points obtained if the player plays this game? 
Use linearity of expectation.
Let X be the number of points obtained
Let Y1 be the number of points obtained from rule 1 in a game.  (+5 points if k < 20) 
Let Y2 be the number of points obtained from rule 2 in a game. (+6 points if number is divisible by 7) 
Let Y3 be the number of points obtained from rule 3 in a game. (k/5 points for any k)
Note that there are (100/7(  = 14 numbers that is divisible by 7.


Let s be the outcome of the experiment
E[Y1] = p(s is < 20) * 5 + p(s is not < 20) * 0

           = (20/100) * 5 + (80/100) * 0 = 1
E[Y2] = p(s is divisibly by 7)*6 + p(s is not divisible by 7)*0

           = (14/100) * 6  + (86/100) * 0 = 0.84
E[Y3] = 
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X = Y1+ Y2+ Y3
E[X] = E[Y1+ Y2+ Y3]
         = E[Y1] + E[Y2] + E[Y3]   by linearity of expectation

         = 1 + 0.84 + 10.1
14. (8 points) Suppose we toss 10 coins.  Let X be a random variable that counts how many pairs of consecutive tosses have the same outcome.  For example, suppose we toss 5 coins and the outcome is HHTTT.  Then X = 3 because (a) the outcome of coins 1 and 2 are the same, (b) the outcome of coins 3 and 4 are the same, and (c) the outcome of coins 4 and 5 are the same.  Compute E(X).  Your answer must be a number.  Hint: Define 9 indicator random variables.
For i=1,2,…,9,  let Xi be a random variable such that
Xi = 1 if the i’th toss and the (i+1)st toss have the same outcomes (HH or TT)
Xi = 0 if the i’th toss and the (i+1)st toss have different outcomes (HT or TH)

E[Xi] = 1 * p(Xi = 1) + 0 * p(Xi = 0)  = 1 * (2/4) + 0 * (2/4) = 1/2.

X = X1+ X2+ …+X9

E[X] = E[X1+ X2+ …+X9]

         = E[X1] + E[X2] + … + E[X9]  by linearity of expectation

         = 1/2  + 1/2 + … + 1/2    (9 of them)

         = 9/2
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