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Abstract

A new class of Low Diameter Interconnections (LDI) is proposed for high
performance computer systems that are augmented with circuit switching
networks. In these systems, the network is configured to match the
communication patterns of applications, when these patterns exhibit temporal
locality, and to embed a logical topology to route traffic that do not exhibit
locality. The new LDI topology is a surprisingly simple directed graph which
minimizes the network diameter for a given node degree and number of nodes.
It can be easily embedded in circuit switching networks to route random traffic
with high bandwidth and low latency.
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1. Introduction and motivation

Network interconnections for massively parallel systems have been extensively studied and many
routing algorithms have been designed to efficiently route messages on these networks. The quality of
routing algorithms is affected by two important characteristics of the network; its diameter and its

node-degree. These two measures are tightly related, in the sense that a small node-degree implies a
large network diameter, and small diameter leads to a large node degree. Specifically, if the maximum
degree of the nodes in a directed graph is S, then any node cannot reach more than S other nodes in one
hop, S+57 other nodes in at most two hops, and in general, S+5°+ ... + §" other nodes in at most & hops.
Hence, to be able to reach all M-I other nodes in at most 4 hops, the value of / should satisfy S+S°+ ...

+ 8" > M-1. In other words, for a given number of nodes, the relation between the node degree, S, and

the diameter, 4, is given by ( §"1_1)/(S-1)> M, which is called the Moore’s bound. It has been proven

[2] that, except for the case of S=1/ and h=1, there exists no graph that satisfies the equality in that
bound. Asymptotically, however, the Moore’s bound indicates that, in order to satisfy a fixed diameter
of A, the node degree should be at least equal tod/M .

In many parallel applications, scalability is affected by communication latency, and consequently, by
the diameter of the network. Hence, bounding the number of hops required to communicate between
any pair of nodes in the network leads to better scalability. In this paper, we introduce a low diameter
directed graph that minimizes the node degree. This work is motivated by the recent interest in using



circuit switching in scalable high performance computing systems [1,17,18,21]. Specifically, optical
switches were recently proposed for establishing direct connections among processors to match the
communication requirement of high performance applications [1,17]. This amounts to embedding the
communication graph of the application into the switching network and is ideal for applications that
exhibit communication locality. In order to clarify the concept, consider a 9-node system connected by
three 9x9 cross-bar switches (called switching planes). If the communication pattern of an application
requires the mesh-like interconnection shown in Figure 1(a), then the cross-bars can be set to match
that pattern, as long as the number of cross-bars (switching planes) in the system is at least equal to the
degree of the communication pattern. If the pattern for another application (or in another phase of the
same application) requires the ring interconnection shown in Figure 1(b), then that pattern can be
realized by appropriately setting the cross-bar switches. Note that time-division multiplexing of a
single switch can be used to realize multiple switch settings, as proposed in [6,16]. Also note that other
direct networks, such as fat trees or multistage networks can be used instead of the crossbars as
switching planes to establish direct connections between the nodes in the system.

(b)

Figure 1 — A 9-node system connected by three crossbars. The cross-bars are configured to realize the

shown interconnection topology. The circles on the left of the switches represent the output NICs (network

interface cards) of the nodes and those on the right of the switches represent the input NICs of the nodes.

Establishing direct connections between communicating nodes increases the communication
bandwidth and decreases its latency, compared to packet or wormhole switching. However, due to the
large overhead of establishing connections, circuit switching is not suitable for communication that
exhibit poor locality. The best way to deal with such communication in circuit switching networks is to
use the switches to embed a suitable topology which will allow multi-hop routing of messages on this
topology. Giving a specific node degree, implied by the number of available switching planes, the Low



Diameter Interconnection (LDI) introduced in this paper provides a means for finding the topology
which minimizes the maximum number of hops for routing a message between any two nodes in the
network.

The main result of this paper is to show that, for a given number of nodes, M, if M can be decomposed
into M = S"' G where 1 < G <, then it is possible to build a directed graph with M nodes whose
diameter is 4, and whose node degree is S, which, as shown earlier, is asymptotically optimal. In
addition, the class of Low Diameter Interconnections can be easily embedded in circuit switched
architectures and yields a simple routing algorithm which route messages in at most z hops. The
practical impact of the restriction on the decomposability of the number of nodes is minimal since in
most high performance computing systems, the number of nodes is a power of 2, which always allows
for the above mentioned decomposability.

Directed graphs have been extensively studied in the literature. For instance, the Kautz graphs and the
DeBruijn graphs are the best known classes of graphs for maximizing the number of nodes for given
node degrees and diameters[3,5,14,15]. Both the Kautz and the DeBruijn graphs may be generated
through line digraph iterations on complete directed graphs (with and without self-loops, respectively).
Specifically, a node in a Kautz/DeBruijn graph is created for each link in the complete graph, and a
link in the Kautz/DeBruijn graph is created for each path of length 2 in the complete graph. Figure 2(a)
and (b) show examples of the two graphs when node degree = 2 and diameter = 3. Although optimally
generated, the Kautz and DeBruijn graphs are not useful for finding the graph with the smallest
diameter, given the number of nodes and the node degree. The partial line digraph technique proposed
in [11] adds the flexibility of removing edges from the complete graphs before applying the line
digraph iterations, thus obtaining graphs with small diameters for arbitrary number of nodes. The
construction of the LDI graphs introduced in this paper is simpler than the partial line digraph
technique. Moreover, the routing algorithm for LDI graphs is uniform and depends only on the
parameters of the graph. Finally, there is an explicit formula for decomposing the links in LDI graphs
such that their embeddings in circuit switched networks is straight forward. In Section 2, it will be
shown that for the special case when the number of nodes is M = §", the LDI network is equivalent to
the DeBruijn graph.

(a) DeBruijn graph (b) Kautz graph (c) ShuffleNet
Figure 2 - Example graphs with node degree = 2 and diameter = 3.

Both directional and bi-directional ShuffleNets [12,13] have been proposed as interconnection
networks. They are based on a generalization of the Perfect Shuffle connection patterns [19].
Specifically, a ShuffleNet with node degree, S, and parameter k, has M = k S* nodes arranged in k



columns of S nodes each, and the connections between the columns form a Perfect Shuffle (see Figure
2(c) for an example with k=S=2, where nodes 1, 2, 3 and 4 are duplicated for clarity). This leads to a
network diameter of 2k-1, which is larger than the diameter of the LDI network with the same number
of nodes and node degree. For example, for S=4 and M= 1024 nodes, the diameter of the Shufflenet is
7 and that of the LDI is 5.

This paper is organized as follows: In the next section, the LDI graphs are defined and, in Section 3,
their embeddings in circuit switched networks are demonstrated. In Section 4 two simple cases of LDI
networks are presented to clarify the topologies and routing algorithms for these networks. In Section
5, the routing algorithm for a general class of LDI networks is derived. Concluding remarks are given
in Section 6.

2. The LDI topology

For any §>1, h>1 and "' < M <", define the LDI(M,S) topology as a directed graph, (V.E), where V
= {0, ..., M-1} is a set of M nodes, and E is the set of MS directed edges (links), given by

E = { <n, (Sn+L) mod M>, for n=0,..., M-1, and L=0,..., S-1 } (1)

where <u,v> denotes a link from node u to node v. The link <n, (Sn+L) mod M> will be called the "
link of node n. More descriptively, each node, n, in LDI(M,S), has S output links connecting it to nodes
(Sn) mod M , (Sn+1) mod M, ..., (Sn+S-1) mod M.

(c) LDI(7,2) unfolded (e) LDI(7,2) unfolded three times

(b) LDI(9,3) (d) LDI(9,3) unfolded (f) LDI(9,3) unfolded twice

Figure 3 — Examples of Low Diameter Interconnections.



Figure 3 shows LDI(7,2) and LDI(9,3) as two examples of LDI networks with node degrees 2 and 3,
respectively. Note that the definition in (1) includes links directed from a node to itself. These links are
removed in Figure 3(a/b). Figure 3(c/d) shows the unfolded LDI graphs, where the circle labeled n on
the left of the graph and the circle labeled n on the right of the graph represent the same node (or
represent the output Network Interface Card, NIC, and the input NIC of node #n, respectively). These
unfolded graphs demonstrate the regularity of the connections. Further unfolding of the graphs, as in
Figures 3(e/f) , shows that any destination in LDI (7,2) can be reached from any source in 3 hops, and
that any destination in LDI(9,3) can be reached from any source in 2 hops.

It is straight forward to argue that the diameter for LDI(M,S) is & if $"/ < M < §". Specifically, from
any node, n, the definition (1) implies that we can reach S consecutive nodes from » in one hop, where
two nodes u and v are said to be consecutive if v = (u+1) mod M. In two hops from n, we can thus
reach S? consecutive nodes and, in general, in 4 hops, we can reach up to S" consecutive nodes. Given
that M < S", then any of the M nodes can be reached in at most 4 hops. For example, from Figure 3(c),
it can be seen that node 2 can reach nodes 4 and 5 in one hop, nodes 1, 2, 3 and 4 in two hops, and all
seven nodes in three hops.

As indicated in the introduction, when M = S§", LDI(M,S) is equivalent to the DeBruijn graph.
Specifically, for any & and S, the DeBruijn graph with S" nodes may be constructed by labeling the
nodes in the graph using the S" strings of / characters over an alphabet of S symbols, say A = {ay, ...,
as.;}. That is, nodes may be labeled with strings of the form “x;_,, ..., xo” , where each x;, i=0,...,h-1, is
in A. Edges are then added from each node X, labeled by “x;_;, ..., x,”, to every node Y labeled by
“Xp2, ..., Xp, ¥, where y in A. That is Y'is obtained by shifting the label of X one position to the left and
adding any of the symbols of A at the right-most position. The equivalence to the LDI network is
obtained by taking A as the set of integers {0, ..., S-1} and interpreting the label “x;_;, ..., x,” of a

. h-1 i i . . . . . . .
node X as the integer n = Zi:o x,S" (here ' is S raised to the power i, that is n is the integer x;.; ... Xo in
the base-S number system). Hence, the label “x,, ..., xo , y” of node Y is interpreted as the

integer n = ZIZIXHS "+y . Using simple arithmetic shows that »n =(Sn+w)modS" =

(Sn+w)mod M which is the same relation governing the connectivity in LDL

3. Decomposition of LDI into permutations

The links in LDI(M,S) can be grouped into S sets, oy, y=0, ..., S-1, defined as follows:
oy = { <n, (Sn+L) mod M>; n=0,...,M-1 and L satisfies y = (n div S + L) mod S } 2)

Clearly, each set, 6y, contains M links. Given that 0 <L < S, any particular set, c,, contains exactly
one link from a given node, n, since for the same value of n, two different values of L give two
different values of (n div S + L) mod S.

Next, it will be shown that any two links in the same set 6, terminate at two different nodes. For this,
define Dest(n,y) as the destination of the link in 6, whose source node is 7. It can be shown that



Dest(n,y) = (Sn + (y —n div S) mod S ) mod M 3)

Specifically, if link <n, (Sn+L) mod M> is in oy, then y = (n div S + L) mod S. By substituting this
value of y in (3) and using Rule 1 from the appendix, we get

Dest(n,y) = [ Sn+ ((ndiv S + L) mod S — n div S) mod S| mod M
=[Sn+(ndivS + L-ndivS)modS )| modM
=[Sn+LmodS | modM = (Sn + L) mod M

Now, noting that 0 < (y - n div S) mod S < S, we conclude from (3) thatif n” #n, then Dest(n’,y) cannot
be equal to Dest(n,y).

There are two consequences for proving that the M links in each set 6, have different source nodes and
different destination nodes. First, it proves that each of the in-degree and the out-degree of a node in
the LDI graph is equal to S, and second, it shows that, because the sources and destinations of the links
in each of the § set oy, y=0,...,5-1, form a permutation, the realization of the LDI connectivity through
any S non-blocking switches is straight forward.

In addition to demonstrating the network topology and the routing algorithm, we use the example of
M=9 and S = 3 (see Figure 3) to illustrate the decomposition of the links in the LDI topology into S=3
sets as specified in equation (2). Specifically,

6o = {<0,0>, <1,3>,<2,6>, <3,2>,<4,5>,<5,8>,<6,1>,<7,4>,<8,7> }
o1 ={<0,1>, <1,4>,<2,7>, <3,0>,<4,3>,<5,6>,<6,2>,<7,5>,<8,8> }

6, = {<0,2>, <1,5>,<2,8>, <3,1>,<4,4>,<5,7>,<6,0>,<7,3>,<8,6> }

Figure 4. Switch setting to realize LDI(9,3).



It is straight forward to check that each set is a permutation, and thus the LDI connectivity can be
accomplished by appropriately setting three cross bar switches as shown in Figure 4.

Although it was shown that the diameter of LDI(M,S) is & if ST <M< S, only the case where M =
$"! G for some 0 < G < S results in a simple and regular routing algorithm. In the next section, we first
illustrate the routing algorithm and prove its correctness for the special case that leads to two-hop
routing.

4. Two-hop routing in LDI(M,S) for M = SGand G< S

Let’s revisit LDI(9,3). From Figure 3(d/f), it is easy to check that there is a 2-hop path between any
two nodes. Specifically, the nine nodes are divided into three groups (nodes 0,1,2 is one group, nodes
3,4,5 is another group and nodes 6,7,8 is a third group). Each group can connect to all the nine nodes.
The first node in any group can reach nodes 0,1,2, the second node in any group can reach nodes 3,4,5
and the third node in any group can reach nodes 6,7,8. Given that any node, 7, is connected to all the
nodes in some group, say group I, then the first routing step (hop) for a connection from n to a
destination, d, is to reach the particular node in I" that is connected to the destination, d, namely a node

(1)

n'" that satisfies n'”) mod S = d div S. The second routing step (hop) is to reach the destination. This

argument is formalized and generalized in the following theorem:

Theorem 1: Assuming that M = s? , then for any source 0 <n < M and destination 0 < d < M, anode n'”
can be found such that links <n, n'"’> and <n ,d> are in LDI(M,S).

Proof: We will find two integers, 0 < A” < S and 0 < A’ < S, such that
(S n+A") mod M = n'” (4)
(Sn"+A") mod M = d (5)

Let A” = d div S and substitute this value in (4) to get n"=(Sn+ddivS ) mod M. Then, substitute n'"
along with A"/ = d mod S, in the left hand side of (5) we get

(Sn "+ ) mod M =[S ((Sn+ddivS)mod M)+ dmod S| mod M
=[Sn+S(ddivS)+dmodS]mod M
=d

In the above simplification, we used Rule 1 from the appendix and the fact that S (d div S) + d mod S =
d. Clearly, Equation (4) specifies that <n, n”> is in LDI(M,S) and (5) specifies that <n” d> is in
LDI(M,S). &

Theorem 1 specifies a path of length 2 in LDI(S’, S) between any source node 7 and destination node d.
Thus, it provides a simple routing algorithm from 7 to d. Namely,

1) From node n, use the L™ link, where L = d div S to reach node n'”’ = (Sn + d div S) mod M



2) From node n'! , use the " link, where L = d mod S to reach node d.

Note that the above routing will always take 2-hops, even if there is a direct link from # to d. In order
to take advantage of single hop routes, a test should be performed at n before the first hop to test if (Sn)
mod M <d < (Sn+S) mod M, and if so, link L, where L = (d - Sn) mod M, should be used to route
directly to d. Moreover, if n = n”, then the first routing step can be eliminated.

After considering the case of M = S°, the more general case of M = S G, for G <, is considered. Figure
5 shows the unfolded connections for LDI(12,4) which contains M=12 nodes. The node degree for this
case is S =4 and the value of G is 3. The unfolded graph shows that any node can reach any other node
in a maximum of two steps. Specifically, the nodes are divided into 3 groups of 4 nodes each and any
node can be reached from any of the groups. In fact, because there are fewer groups than nodes within
a group, then some nodes can be redundantly reached from other groups resulting in multiple paths
between some sources and destinations. For example, two paths from node 5 to node 9 are shown in
bold in Figure 5.
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Figure 5 — The unfolded graph for LDI(12,4) showing multiple paths from node 5 to node 9.

The proof of the following theorem is similar to that of Theorem 1. It is omitted because it is a special
case of the more general theorem proved in the next section.

Theorem 2: Assuming that M = S G, for G <, then for any source O < n < M and destination 0 <d <
M, anode n” can be found such that links <n, n”> and <n” ,d> are in LDI(M,S). ¢

The routing algorithm from any source node n to any destination node, d is as follows:

1) From node n, use the L™ link, where L is an integer that satisfies (Sn + L) mod G = d div S to

reach node n'”

2) From node n'! ) use " link, where L = d mod S to reach node d.



Note that when G < S, there may be two values of L that satisfy (Sn + L) mod G = d div S in the first
routing step, thus leading to the multiple path property.

Given the equivalence established in Section 2 between LDI(S%S) and DeBruijn graphs and using
previously established results about DeBruijn graphs[8,20], we can conclude that LDI(S’,S) remains
connected in the presence of any S-2 faulty nodes, and that the diameter of the faulty network only
increases from h=2 to h=3.

Although it seems that the multiple path property of LDI when G<S may enhance its fault tolerance, it

can be easily shown that § — [S / G—| faulty nodes can partition LDI(SG,S), and clearly (S / G—| can be

equal to, and even larger than 2. Specifically, the connectivity of LDI(SGS) for G<S implies that there

is at least one group of S nodes such that |_S / G-| nodes in that group are only connected to nodes in

the same group. Hence, those nodes can be isolated from the rest of the network if the other §—[§/G ]

nodes in the group are faulty. For example, consider LDI(15,5) shown in Figure 6(a), which is

composed of G=3 groups with S=5 nodes in each group. In this case |_S / G—| = 2 and, as shown in

Figure 6(b), S-2=3 faults (namely in nodes 1,2 and 4) can partition the networks such that nodes 0 and
3 are isolated from the other nodes. It can be shown, however, that in the presence of any

S - |_S / G—|—1 = 2 faulty nodes, the LDI(15,5) remains connected and its diameter increases from

h=2 to h=3 (see Figure 6(c) for an example).

Figure 6 — LDI(15,3): (a) with no faults, (b) with 3 faults that partition the network, (c) with
2 faults that do not partition the network, (d) after restoring connectivity for case (b)



At this point, it should be mentioned that, when non-blocking switches are used to embed an LDI
network, as described in Section 3, the importance of network connectivity to fault tolerance
diminishes. This is because of the capability to reconfigure the switches to restore connectivity. For
example, in Figure 6(d), the connectivity of the network of Figure 6(b) is restored by the addition of
links from nodes O and 3 to nodes 5, 6, 7 and 8. In fact, for any number of faults, f, in LDI(M,S), it is
always possible to restore connectivity by reconfiguring the switches to embed LDI(M-f,S).

5. Routing in the general LDI(S"' G, S) for G<S

In this section, Theorem 2 is generalized. Specifically, an A-hop route in LDI(S"” G S) will be found

between any source node, n, and destination node, d. In order to simplify the notation, n and d will be
(0) (h) :

denoted by n' " and n'"”, respectively.

Theorem 3: Assuming that M = st G, for some G < § and some A > 1, then for any source node, 0 <
n(o) < M, and destination node, 0 < n(h) < M, there are h-1 nodes, 0 < n” < M, i=1,...,h-1, such that
links <n”, n™*">, i=0,...,h-1, are in LDI(M,S).

Proof: We will prove the theorem by finding explicit expressions for the links on an /-hop path from n

to d. That is, finding /-1 integers between 0 and M-1, namely . ..., n"and h integers between
0 and S-1, namely A”, ..., A" that satisfy the following
(Sa”+ A7) mod M = ™" fori=0, ..., h-1 (6)

m, n™s i=0,... h-1, are links in LDI(M,S) forming an h-hop path from n = n¥

to d = n™. In other words, we will solve (6) for A0 e A% and o Y ey n™? in terms of n”

and n™.

which proves that <n

First, we divide both sides of equation (6) by S to obtain
[(Sn”+ A7) mod M1divS=n""divs,  fori=0, .., hI

Using Rule 3 from the appendix and noting that M = §*' G, we get the following relations between the
candidate nodes on the path from n to d:

n”'mod (82 G) = n™* div fori=0, ..., h-1 (7)
The proof of the theorem follows directly from the proof of the following two lemmas.
Lemma 1: The values of n” that satisfy Equations (7) also satisfy the following equations:
nmod (s G) = n™divS™  fori=1, ..., h- (8)

Proof: It will be shown that (8) are true if (7) are true by backward induction on i. Clearly for i=h-1,
equation (8) is equivalent to equation (7) which is true from the hypothesis. Next, assuming that (8) is
true for i = a, where I < a < h-1, we will prove that it is true for i = a-1. Specifically, the induction
hypothesis is obtained by using i=a in equation (8). That is

10



n“mod (5! G) = n™ div §™
By dividing both sides of the equation by S (i.e. taking div S), we get
[n“mod (5! G )1divS=n"™div s (9)
Now, applying Rule 3 from the appendix to the LHS of (9) and using equation (7) gives
[ n“ mod (S G ) 1divS=[n divS]mod (5 G)
= [ n“Vmod (5"? G) 1 mod (5°* G)
=n“Vmod (52 G)
Substituting back in (9) gives
n“Vmod (87 G) = n™ div 5"
which shows that equation (8) is true for i = a-/, and thus completes the proof of Lemma 1. ¢

Lemma 1 specifies the relation that should hold between each of the intermediate nodes n, o™

(h)

and the destination n'"’. The following Lemma finds the links on the path connecting these nodes.

Lemma 2: With n”/, ..., n™" given by Equations (8), the values of A9, ..., A7 that solve
Equations (6) satisfy the following:

(Sn”+ A%) mod G = n™ div S (10.a)

A= ™ divS"') mod S fori=1, ..., h-1 (10.b)
Proof: from (6) we get

[(Sn”+ A7) mod M1 mod (S' G) = n™" mod (S G) fori=0, ..., h-1
By applying Rule 2 from the appendix to the LHS we get:

(Sa”+ A7) mod (8 G) = n"™" mod (S G) fori=0, ..., h-1
Applying Lemma 1 to the RHS of the above equations gives

(S + A7) mod (S G) = n™divs" fori=0, ..., h-1

Finally, leaving the equation for i=0 intact and taking mod S of both sides of the equations for i=/, ...,
h-2, and applying Rule 2 gives,

(Sn”+ A7) mod G = n™divS"’
(S + A7) modS = (n™ div S ) mod S fori=1, ..., h-1

The proof of Lemma 2 follows directly. ¢

11



To complete the proof of Theorem 3, we have to argue that there exist values of A9,

l(h_“

between 0 and S-1 that satisfy equations (10). Clearly the value obtained from (10.b) fall in
that range. Moreover, given that G < §, then there exist at least one value of A% which is

between 0 and S-7 and satisfies (10.a), thus completing the proof of Theorem 3. ¢

In addition to showing that an A-hop path exists from any node  to any other node d in LDI(S"' G, ),

Theorem 3 specifies the actual route, and thus a routing algorithm. Specifically,

The routing Algorithm from »n = ntod=n™:

1) From the source node, n(o) , send the message to the next node, n(j) , on link /1(0) s

where A% is an integer between 0 and S-/ which satisfies
(Sn”+ 2”) mod G = ddivS™
2) Fori=1, ..., h-l,

From the current node, n' , send the message to the next node on link
AV=(ddivS"")mod S .
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Figure 7 — 3-hop routing in LDI(18,3) for which S =3 and G = 2.

To clarify the routing algorithm with an example, consider the unfolded LDI(18,3) graph shown in

Figure 7 and apply the above algorithm for routing from node 7 to node 14. Given that, for this
example, S = 3 and G = 2, the first routing step should be on link A% which satisfies 21+ A )ymod 2
= 14 div 9. Thatis AY =0 or 2, which indicates that from node 7, we can either route on link O to node
(3*7 + 0) mod 18 = 3 or on link 2 to node (3*7 + 2) mod 18 = 5. From either node, the second routing

12



step should be on link A/ = (14 div 3) mod 3 = 1 (to either node 10 or 15, respectively), and the third
routing step should be on link A% = (14 div 1) mod 3 = 2 to the destination, 14.

For the special case of § = G that is M = ", the formula in the first routing step (Equation (10.a)) can
be simplified resulting in A = ddivs™ Noting that d div "' < S, then the routing algorithm may
be rewritten as follows to specify the unique path between the source and destination:

The simplified routing Algorithm for the case of M = S" :
Fori=0,...,h-1,
From the current node, n'? , send the message to the next node on link

AV = (ddivS"")mod S .

In order to show the flexibility of the LDI topology, consider a system with 4096 nodes connected by
multiple planes of circuit switches. For a specific number of switch planes, S, the switches can be
configured to minimize the number of routing hops. Table 1 shows the maximum number of routing
hops that result from embedding the LDI topology in the given number of switch planes, S.

Table 1 — The diameter of LDI(M,S) for M = 4096 nodes and different node degree, S.

Number of The LDI topology to | The maximum number | The average number of
switching planes, S be used of routing hops routing hops
64 LDI(4096, 64) 2 1.9
16 LDI(4096, 16) 3 29
8 LDI(4096, 8) 4 3.8
LDI(4096, 4) 6 5.6

Note that, in an h-hop routing, a message traverses the network /4 times. Hence, assuming that the
maximum aggregate bandwidth of each switching plane is B, then the maximum aggregate effective
bandwidth of using S switching planes with A-hop routing is B S / h. In other words, increasing the
number of switching planes results in a larger than linear increase in the maximum bandwidth as well
as a decrease in the maximum number of routing steps. For example, if a 4096-node system has 4
switching planes, then the embedding of LDI(4096,4) results in a diameter of 6 and maximum
aggregate bandwidth of 4B/6 = 0.75B. Increasing the number of planes to 8 allows the embedding of
LDI(4096,8) which reduces the diameter to 4 while increasing the maximum bandwidth to 8B/4 = 2B.
Although this analysis is based on the diameter rather than the average number of hops, it is fairly
accurate, especially in large systems where the maximum number of hops is not much larger than the
average number of hops. This point is made in Table 1 by showing the average number of hops
(obtained from simulations) for LDI networks with 4096 nodes.

The flexibility of the circuit switching architecture is also demonstrated by the ability to
simultaneously embed predetermined connections to take advantage of communication locality and an
LDI for routing random traffic. For example, with 4096 nodes and 8 switching planes, it is possible to
dedicate 4 planes for establishing 2D torus connections, and use the remaining four planes for
embedding LDI(4096,4) for routing random traffic with a maximum of 6 hops. Alternatively, it is
possible to double the bandwidth for the torus connections by embedding two 2D torii in the 8 planes,
while routing the random traffic on the torii with a maximum of 32 hops. The choice depends on the
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ratio of mesh traffic to random traffic and on the delay tolerance of each type of traffic.

6. Concluding Remarks

The goal of the LDI directed graphs introduced in this paper is to minimize the network diameter for a
given number of nodes and a given node degree. Specifically, for a given node degree, S, the LDI
graph with M nodes, where ST <« M<S" Gand 1 <G < S, has a diameter of s, which is
asymptotically optimal. The construction of the LDI networks is modular, and surprisingly simple.
Moreover, for M = §"’ G the algorithm for routing between any two nodes in the LDI graph is straight
forward. Deadlock-free routing in an LDI network with diameter  is guaranteed if & virtual channels
are used [7].

The main advantage of LDI graphs is their straight forward embeddings in parallel computer systems
that are interconnected by circuit switching networks. However, in addition to their applicability to
routing random traffic in circuit switched networks, the LDI graphs may be applied whenever low
diameter directed graphs are needed. Examples of such applications are overlay networks[4], WDM
routing in light-wave networks[13] and the pre-scheduling of collective communication patterns[9,10].
It is worth noting that routing in LDI is performed using modular arithmetic operations, which leads to
efficient hardware implementations.

Given that circuit switching networks are most beneficial for establishing connections that match
application’s regular communication patterns, and that LDI allows those networks to efficiently route
random traffic, the next step is to study the efficient simultaneous routing of both regular and random
traffic. Specifically, given a number, S, of switching planes in an architecture, if K planes are dedicated
to regular traffic (e.g. mesh connections), an interesting problem is to find the configurations of the
remaining S-K planes such that random traffic is routed on all S planes with the minimum number of
hops.

Fault tolerance is a very important issue in the design of interconnection networks for high
performance systems. Using previously known results about DeBruijn graphs, we can conclude that,
when M = Sh, LDI(M, S) remains connected in the presence of any S-2 faulty nodes, and that the
diameter of the faulty network only increases from S to S+/ [8,20]. A detailed study of the
fault-tolerance capabilities of the LDI network when G<S is left for future work.
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Appendix:

In this appendix, we prove a few rules of modulus arithmetic used in the papers.
Rule 1: (a (b mod k) + ¢c) mod k= (ab + c ) mod k

Proof: let b = x k + y, where 0 <y < k. Hence, LHS = (a y + ¢) mod k, and RHS =( a
xk+ay+c)modk=(ay+c)modk &

Rule2: If M =k g ,then (amodM + b)mod g = (a + b) mod g

Proof: let a = x M + y, where 0 <y < k. Hence, LHS = (y + b) mod g, and RHS =
(xkg+y+b)modg=(y+b)modg ¢

Rule 3: (a mod (kg)) div k = (a div k) mod g

Proof: leta=xkg+yk+z where0<y<gand0<z <k Hence, LHS=(yk+z)divk =y,
andRHS=(xg+y)modg=1y ¢
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