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Abstract

Typical real-time scheduling theory has addressed deadline
and energy constraints as well as deadline and reward con-
straints simultaneously in the past. However, we believe that
embedded devices with varying applications typically have
three constraints that need to be addressed: energy, dead-
line, and reward. These constraints play important roles in
the next generation of embedded devices, since they provide
users with a variety of QoS-aware trade-offs. An optimal
scheme would allow the device to run the most critical and
valuable applications, without depleting the energy source
while still meeting all deadlines. In this paper we propose
a solution to this problem for typical control systems, such
as frame-based task sets. We devise two algorithms that
closely approximate the optimal solution while taking only
a fraction of the runtime of an optimal solution.

1 Introduction

Thecurrentdevelopmentsin embeddedsystemstechnology
have beenlargely responsiblefor thepromotionof mobile,
wireless,systems-on-a-chipand other “computing-in-the-
small” devices. Most of thesedevices have energy con-
straints,embodiedby a battery that hasa finite lifetime.
Therefore,anessentialelementof theseembeddedsystems
is theway in whichpower is managed.

In addition to the power managementneeds,someof
thesedevicesexecutereal-timeapplications,in which pro-
ducingtimely resultsis typically asimportantasproducing
logically correctoutputs. An admissioncontrol algorithm
canbeusedto only accepttasksthatwill finishbeforetheir
deadlines. The main problemwith admissioncontrol al-
gorithmsis that they areconservative, andunderutilizere-
sources.�

This work hasbeensupportedby the DefenseAdvancedResearch
ProjectsAgencythroughthe PARTS (Power-AwareReal-Time Systems)
projectunderContractF33615-00-C-1736.

An alternative is to allow systemsto run above the load
restrictionsimposedby real-timeadmissioncontrol algo-
rithms.Theseoverloadedsystemslendthemselvesnaturally
to scenariosin whichsomeapplicationsareexecutedin lieu
of moreimportantapplications;thevalue/rewardcanbeas-
signedto eachapplication. The problem,in this case,is
how to chooseapplicationsthat will maximizethe overall
rewardgiven to thesystem,suchthat all applicationscho-
senwill executewithin their respective deadlines.

The threeconstraintsmentionedabove, namelyenergy,
deadline, and reward play important roles in the current
generationof embeddeddevices.An optimalschemewould
allow thedevice to run themostvaluedapplications,with-
outdepletingtheenergy sourcewhile still meetingall dead-
lines.

Note that this problemdiffers from minimizing power
consumption due to the extra constraints considered,
namelydeadlinesandCPU utilization. Clearly, minimiz-
ing the energy consumptionof applicationsis useful, but
doesnot considerthevalue/rewardcharacteristicsof differ-
ent applications. For example,it may be betterto run an
importantapplicationthatconsumesmoreenergy thantwo
lessimportantapplicationsthatconsumemuchlessenergy.

Consideringthesethreeconstraintssimultaneously(re-
ward, energy, and deadlines)is importantsince it allows
systemdesignersto determinethe most importantcompo-
nentsof their system,or allowsthemto emphasizea subset
of thesystemover anotherin a dynamicfashion.An exam-
pleof suchflexibility is whenonedecidesto maximizemis-
sionlife-time insteadof having a fixedmissiontime within
whichperformanceshouldbemaximized.

The restof this paperis organizedas follows: We first
describerelatedwork. Section2 explainsin detail the task
modelanddefinestheproblem.In Section3 wepresenttwo
algorithmsthat closely approximatethe optimal solution.
Section4 presentsexperimentalresultsobtainedthrough
simulation.In Section5 weconcludethepaper.
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1.1 Related Work

Theissueof assignmentof CPUcyclesto differenttaskshas
beenstudiedthroughschedulingand operationsresearch
for decades.In the mid-80s,researchersstartedconsider-
ing the tradeoff betweentime and other metrics,suchas
value/reward [5]. In the late-90s,researchersstartedcon-
sideringa similar tradeoff, but focusingon the tradeoff be-
tweenenergy andtime [27]. Below we describerepresen-
tative works in thesetwo fields. However, noneof these
worksaddressedthegeneralframework with thethreetypes
of constraintswe considerhere,namelyenergy, deadline,
andreward/value.

Rewards and real-time

The IC (ImpreciseComputation)[17, 23] and IRIS (In-
creasedReward with IncreasedService) [7, 16] models
wereproposedto enhancetheresourceutilization andpro-
vide gracefuldegradationin real-timesystems. In the IC
modelevery real-timetaskis composedof amandatorypart
(whichmustfinish beforethetaskdeadlineto yield anout-
putof minimalquality)andanoptionalpart.Thelongerthe
optionalpart executes,the betterthe quality of the result.
Severalefficientalgorithmshavebeenproposedto solvethe
schedulingproblemof aperiodictasks[17, 23]. A common
assumptionin thesestudiesis thatthequalityof theresults
producedis a linear function of the precisionerror; more
generalerrorfunctionsarenot usuallyaddressed.

An alternative model is the IRIS model with no upper
boundson the executiontimesof the tasksandno separa-
tion betweenthe mandatoryandoptionalparts(i.e., tasks
maybeallottedno CPUtime). Typically, a non-decreasing
concave rewardfunctionis associatedwith eachtask’s exe-
cution time. In [6, 7] theproblemof maximizingthe total
reward in a systemof aperiodictaskswas addressedand
an optimal solution for static task setswas presented,as
well as two extensionsthat include mandatorypartsand
policies for dynamictask arrivals. An optimal algorithm
assumingconcave reward functionsandperiodicreal-time
applicationswaspresentedin [3]. Both IC andIRIS focus
on linear andconcave (logarithmicfor example)functions
representingapplicationssuchasimageandspeechprocess-
ing [4, 11, 26] or multimediaapplications[21]. Thecaseof
real applicationswith no reward for partial executionsor
stepfunctionshasbeenshown in [17] to beNP-Complete.
Furthermore,thereward-basedschedulingproblemfor con-
vex rewardfunctionsis NP-Hard[3].

In [21] a QoS-basedresourceallocationmodel(QRAM)
wasproposedfor periodicapplications.The reward func-
tions are in termsof utilization of resourcesandan itera-
tive algorithmwaspresentedfor the caseof one resource
and multiple QoS dimensions;the QoS dimensionsmay
be either dependentor independent.In [22], the QRAM

work is continuedby theauthorswith thesolutionfor apar-
ticular audio-conferencingapplicationwith two resources
(CPUcyclesandnetworkbandwidth)andoneQoSdimen-
sion (samplingrate). Several resourcetradeoffs (compres-
sionschemesto reducenetworkbandwidthwhile increasing
thenumberof CPUcycles)arealsoinvestigated,assuming
linearutility andresourceconsumptionfunctions.

Variable voltage scheduling and real-time

The variablevoltage-scheduling(VVS) framework, which
involvesdynamicallyadjustingthe voltageand frequency
of theCPU,hasrecentlybecomeamajorresearcharea.Cu-
bic energy savings [27, 14] canbeachieved at theexpense
of just linearperformanceloss.For real-timesystems,VVS
schemesfocus on minimizing energy consumptionin the
systemwhile still meetingthe deadlines. Yao et al. [27]
provided a static off-line schedulingalgorithm, assuming
aperiodictasksand worst-caseexecution times (WCET).
Heuristicsfor on-line schedulingof aperiodictaskswhile
nothurtingthefeasibilityof periodicrequestsareproposed
in [13]. Non-preemptive power awareschedulingis inves-
tigatedin [12]. For periodic taskswith identicalperiods,
theeffectsof having anupperboundon thevoltagechange
rateareexaminedin [14]. Slowing down the CPU when-
ever there is a single task eligible for executionwas ex-
plored in [24]. VVS in the context of soft deadlineswas
investigatedin [18]. Cyclic andEDFschedulingof periodic
hardreal-timetaskson systemswith two (discrete)voltage
levels have beeninvestigatedin [15]. The static solution
for thegeneralperiodicmodelwheretaskshave potentially
different power characteristicsis provided in [1]. Real-
time applicationsexhibit a largevariationin actualexecu-
tion times[9] andWCET is too pessimistic.Thus,a lot of
researchwasdirectedat dynamicslack-managementtech-
niques[2, 10, 20, 25]. Many otherVVS papersappeared
in recentconferencesandworkshops,suchasCOLP’01or
PACS’02.

It wasprovedin [2] that theproblemof minimizing the
energy consumptionassumingWCETfor tasksandconvex
powerfunctionsis equivalentto theproblemof maximizing
therewardsfor concave reward functionsassumingall the
tasksrunat themaximumspeed.

In this work we addresstheproblemof maximizingthe
rewardsassumingtheVVS framework andalimited energy
budgetfor frame-basedtasksets.Our goal is to maximize
the rewardswithout exceedingthe deadlineand the total
energy available,which canbeprovidedby anexhaustible
sourcesuchasa battery. Thealgorithmswe proposedeter-
minewhich tasksto executeandthe speedstheseselected
tasksshouldrun so that the total reward of the systemis
maximizedwhile meetingboth the timing and the energy
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constraints.
Concurrentlywith our work similar researchcombined

thethreeconstraints(time, energy andreward)for thecase
of IRIS tasksin [8]. An algorithmwasdevelopedto maxi-
mizethesystemvalueby anenergy-awareallocationof re-
sources.However, the taskmodel in [8] doesnot include
voltageor frequency scaling.

2 Task model

We assumea frame-basedtaskmodel,which we describe
next. There are

�
available periodic tasks in the sys-

tem, all readyat time zero. The task set is denotedby
T= �����	�
���	�	
�
	
��
����� . All taskperiodsareidenticalandall
taskdeadlinesareequalto theirperiod.Thecommondead-
line/period(alsoknownasframelength)is denotedby � . A
frameconsistsof asubsetof taskswhichareselectedfor ex-
ecution.Theexecutionof the frameis to berepeated.It is
not a requirementthat all tasksmustbe scheduled.How-
ever, a task cannotbe selectedmore than onceduring a
frame.

The tasksareto be executedon a variablevoltagepro-
cessorwith the ability to dynamicallyadjustits frequency
andvoltageon applicationrequests.Thereare � available
frequencies(clock ratesor CPUspeeds),�����	��������
	
�
����	��� .
Eachtaskcanrunatany of theavailablespeedsandwesay
thata taskrunsatspeedlevel � if thespeedof thetaskis set
to �	� . By placingtasksthatrunat thesamefrequency next
to eachother, themaximumnumberof speedchangesthat
canoccurduring a frameis �! #"%$&�'� �)( . We assumethe
overheadof �! #"%$&�'� ��( speedchangesis negligible com-
paredto the deadline� , or that it wasalreadysubtracted
from � .

We alsoassumethat the taskworst-caseexecutiontime
and energy consumptionare known for all tasksand all
speedlevels.Theexecutiontimeof task ��* runningatspeed
level + is denotedby ,-*/. 0 . Similarly, theenergy consumption
of task ��* runningatspeedlevel + is denotedby 1	*2. 0 .

Associatedwith eachtask ��* there is a task value 3	*
(alsocalled task reward or utility). The valueof the sys-
tem is definedas the sumof taskvaluesfor all tasksthat
areselectedfor execution. It is the ultimategoal to find a
subsetof tasks4657�98���:9�	
�
	
;� � � thatmaximizesthesys-
tem value < *#=?> 3	* . For all tasks  A@B4 the speedlevelC *D@)�98���:9�	
�
	
;���E� mustalsobedetermined.Therearetwo
majorconstraintson thesystem:F Thetiming constraint imposedby theglobaldeadline,� . Eachtaskselectedfor executionmustfinishbefore

thisdeadline,� .F The energy constraint imposedby the amountof en-
ergy availablein the system,GIHKJ�L . The total energy
consumedby theselectedtaskscannotexceedGMHMJ�L .

Thus,theproblemis to find thesubset4 andthespeedsC * �ONP �@Q4 sothatto

maximize R *#=S> 3 * (1)

subjectto R *#=S> ,-*/.UT�VXWY� (2)

R *#=S> 1 */.UT VXWYG HMJ�L (3)

4Z5[�98���:9�	
�
	
-� � � (4)C *\@��]8���:9�	
	
�
;���E� (5)

Inequality(2) guaranteesthatthetiming constraintis sat-
isfied,andinequality(3) guaranteesthat theenergy budget
is not exceeded.As shown in the Appendix,the problem
definedby (1)-(5) is NP-hard.Therefore,werelaxthemax-
imizationobjectivein (1) andlook for solutionsthatapprox-
imatetheoptimalsolution.

3 Algorithms REW-Pack and REW-
Unpack

We have tried many algorithmsto solve equations(1)-(5).
Someof thesealgorithmswerebasedon sortingall tasksat
all speedlevelsaccordingto somemetricthatcombinesthe
threeconstraints(energy, deadlineandreward).Taskswere
thenaddedto theschedulein onetraversalof thesortedlist
of tasksuntil thetiming or energy constraintcouldnolonger
besatisfied.Thisapproachwastooconservativeandalmost
invariably lead to poor utilization of oneof the resources
(energy or time) andpoor systemvalues. Algorithmsthat
dynamicallymodify theschedulebasedon theresourceus-
age(while still consideringtask values)turnedout much
morerewardingin termsof resourceutilization andsystem
value.Severalheuristicsfor taskselectionwereconsidered,
ignoring or including the taskvalues,favoring taskswith
low energy consumptionor low time requirements,or con-
sideringall the threeconstraintsat once. Two algorithms
werefoundto closelyapproximatetheoptimalsolution.We
describethe two algorithmsin this section,followedby a
quantitativeevaluationin thenext section.

We assumethat tablesexist that store the task values3^$# ( , runningtimes ,�$& _�-+ ( andenergy requirements1]$# ;�O+ (
for all tasks  A@`�]8S��:a��
	
	
-� � � and all speedlevels +b@�]8S��:a��
	
	
;���E� . The algorithmsarebasedon adaptingthe
scheduleby addinganddroppingtasksuntil all thetasksare
considered.We alsousetwo booleanarrays, C 1	c/1	d�,-1�e�$# (
and d�f?" C  ge91�h	1	e�$& ( of size

�
, to storeinformationaboutthe

statusof all tasks. Initially, we startwith an emptysched-
ule ( C 1�c/1	d�,-1	e�$& (ji �^k9c C 1 ) and no task is consideredyet
( d�f?" C  ge91�h	1	e�$& (!i �lk]c C 1 ). The setof selectedtasks(ini-
tially empty) is definedas 4 i �� �m C 1	c/1	d�,-1	eP$# (Ai ,
h�n^1�� .
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Figure1: Flowchartof REW-Pack

Two variables, ,
 #�o1 and 1�"�1�hqp^r , store the total running
time of the schedule( ,
 &�s1 i < *#=?> ,�$# ;� C * ( ) andthe total
energy consumed( 1�"�1�hqp^r i < *#=S> 1]$# ;� C * ( ) and are ini-
tialized to zero. t storesthe systemvaluefor the current
schedule( t i < *#=?> 3^$# ( ) and 4Dt storesthesystem value,
thatis, thelargestvalueof t encounteredthusfar. Finally,
anarray, C-u 1�1	e�$& ( , of size

�
, storesthespeedsof all tasks.

3.1 The REW-Pack Algorithm

The flowchartof the REW-Pack algorithm is presentedin
Figure1. Thethreemajorcomponents(addtask,droptask
andincreasespeed)aredescribednext in detail.

Add a task A new taskis added(alwaysat theminimum
speed)to thecurrentscheduleif all of thefollowingcriteria
aremet:

F It was not consideredbefore ( d�f?" C  ge91�h	1	e�$& (vi
�^k9c C 1 ).

F Thecurrentscheduleis feasible( ,
 &�s1�WY� ).

F By adding the task to the current scheduleat the
minimum speedthe energy budget is not exceeded
( 1�"�1�hqparxwy19$& _��8 ( WzGIHKJ�L ).

F Amongall the tasks� * that satisfythe above criteria,
selecttheonethathasthelargestratio {�| */}~ | */.��-}/�U� | */.��-} .

A new taskis alwaysaddedif possible.The taskadded
musthaveagood(large)value,areasonable(small)running
time anda reasonable(small)energy consumption.Hence
themetricusedto decidewhichtaskis bestto addis propor-
tional to the reward andinverselyproportionalto the time

andtheenergy requiredby thetask.Thetaskwith thehigh-
estmetric is consideredthebest. In our experiments,met-
ricsthatdonotconsiderall parameters(i.e., taskvalue,task
energy andtasktime)failedto givegoodapproximationsof
theoptimalsolution.

Observe that for eachtask, the smaller the speed,the
larger thevalueof themetric(sinceenergy increasesmore
thanlinearly with the speedwhile time decreasesapproxi-
matelylinearlyandthetaskvalueremainsthesameregard-
lessof the runningspeed). Thus, it is reasonableto start
with thesmallestspeed(level 1) andlaterincreasethetask’s
speed.Also observe thatexceedingthedeadlineis allowed.
We noticedduring experimentsthat without this enhance-
mentprematuretaskdropsoccur, hurting the accuracy of
thesolution. However, we do not allow exceedingthe en-
ergy budget,becauseour experimentshave shown that al-
lowing theenergy budgetto beexceededtypically leadsto
poorresults.

Increase speed of a task If no taskcanbe addedto the
schedule,thealgorithmpacks tasksto makeroomfor other
notyet selectedtasks,wherepacking meansto increasethe
speedof oneof theselectedtasks,alwaysto thenext higher
speedlevel. Thetaskchosenfor a speedincreasemustsat-
isfy thefollowing:F It must be selected in the current schedule

( C 1	c/1	d�,-1	eP$# (�i ,
h�nl1 ).F It is not runningat themaximumspeed( C *x�i � ).F By increasingits speedto thenext higherspeedlevel
theenergy budgetis notexceeded( 1�"�1�hqpar�wj19$& _� C *�w8 (�� 19$& _� C * ( W�GIHKJ�L ).F Amongall selectedtasks��* it hasthehighestratio � ~��� ,
where��, i ,�$& _� C * (�� ,�$& _� C * w�8 ( and �oG i 1]$# ;� C * w8 (�� 19$& _� C * ( .

Packing reducesthe total executiontime and increases
the energy consumption.The bestcandidatesareconsid-
eredthe tasksthat createa lot of room (time or slack)for
the remainingtaskswhile not significantly increasingthe
energy consumption.Taskvaluesdo not play any role here
asthetotal rewardis notchangedby thepackingoperation.
Interestingly, whenweusedthesamemetricfor packingas
we did for taskselection(i.e., increasingthe speedof the
taskwith the smallestratio {�| */}~ | */.UT V }/�U� | *2.UT V } ) we obtainedpoor
results.

Drop a task If theprevioustwo stepsfail, a taskis elim-
inatedfrom the currentschedule.The taskthat is dropped
satisfies:F It is selectedin the currentschedule( C 1�c/1	d�,-1	e�$& ()i,
h�nl1 ).
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1 Initialize: �_�-���-�;�/�O�����/���Y���	���_� ; �;���]�;�����O���-�����/���'���	���;�¡ ]�\¢£	¤�¥&¦	¥;§O§;§-¥#¨ª©
; �O�?�O�-«	¬K�®­ ; �/��¯x�\�®­ ; °^±��®­ ; ±Q�®­

2 If �/��¯x�D²!³ and °l±j´!±
2.1 �_�
� �;�-���-�;�/�O�����2���µ�_�-�¶�O�;�/�-�S���/� ;�_�
� �/·��O�-�����/���¸�g·��-�O�����2� ,  ]�9¢ £	¤�¥&¦	¥;§O§;§-¥#¨ª©
2.2 °^±��µ±

3 If ( ¹	� , �;���]�;�����O���-�����/���º�µ�S�����;� ) or ( �/��¯��\»o³ ) do

3.1 �^�®���q� �/���_¼?�/�
3.2 If �P½��¾ ¤

3.2.1 �_�-���-�;�/�O�����/�¿�À�g�
Á�� ; �;���]�_�����-���-�S���/�Â�À�/��Á�� ;�O�?�O�-«	¬x�µ�-���-�O«�¬ÄÃs����� ¥;¤ � ; �g·��-�O�����2��� ¤ ; �/��¯x�\��g��¯��PÃÅ�_��� ¥;¤ � ; ±Q�Q±!ÃÅÆS���/�
3.2.2 Go to step2

3.3 �^�®���?�;���-���;� �g·��-�O���2�
3.4 If �P½��¾ ¤

3.4.1 �O�?�O�-«	¬ � �-�?�O�O«�¬zÃÇ����� ¥ �/·S�-�-�S���/�!Ã ¤ �®¾�q��� ¥ �/·��O�-�����/�&� ; �/��¯x�º�È�/��¯x��ÃÅ�;��� ¥ �/·��O�-�����/�9Ã ¤ �9¾�_��� ¥ �/·S�-�-�S���/�#� ; �g·��-�O�����2���µ�/·��O�-�����/�9Ã ¤
3.4.2 Go to step2

3.5 �^�®�����;· �/���_¼?�/�
3.6 �O�?�-�O«�¬��É�-���-�O«�¬Å¾Q����� ¥ �/·��O�-�����/�&� ; �g��¯��)�É�/��¯��x¾�;��� ¥ �/·��O�-�����/� ; ±Q�Q±µ¾�ÆS���/� ; �;�O�¶�-�;�g�-�����/���Q�S�����;�
3.7 Go to step2

4 Returnsolution( �;��� �_�-�¶�O�;�/�-� , �;��� �/·��O�-� , °^± )

Figure2: TheREW-Pack algorithm

F Among all selectedtasks, ��* , it hasthe smallestratio{�| */}~ | */.UT�V¶}/�U� | */.UT�V¶} .

When dropping a task is necessary, the task with the
worst metric (i.e., smallest {�| */}~ | */.UT�V¶}/�U� | *2.UT�V¶} ) is dropped. Task
valuesneedto beconsideredheresinceit is generallybetter
to keeptaskswith high valuesanddrop the lessimportant
ones. Once a task is dropped,it is never addedagain.
We alsoexperimentedwith allowing tasksto be addedor
dropped� timesin the schedule;therewasan increasein
the running time of the algorithmby a factor of � but no
significantimprovementin theaccuracy of thesolution.

The algorithm is shown in Figure 2. k9e9e ,-k C ��$ ( ,eah	f u ,-k C ��$ ( and  &"�d	h	1�k C 1 C-u 1�1	e�$ ( all returnthetasknum-
ber or -1 if no taskcanbe chosen.Additional vectorsare
usedto storethe solutiontasks( C f�c C 1	c/1�d�,-1�e ) andspeeds
( C f�c COu 1	1�e ).

The complexity of the REW-Pack algorithmcanbe an-
alyzedas follows. Eachtask is addedat most onceand
droppedat mostonce. For eachtask we can increaseits
speedat most � � 8 times.Determiningwhattaskto pick
takesÊ�Ë?Ì � time for all functions(add,increaseanddrop).
Thus,thecomplexity of thealgorithmis Ís$&� � Ê�Ë?Ì �)( .

1 Initialize: �_�-���-�;�/�O�����/���[�S�����;� ; �;���]�_�����-���-�S���/�Î�Y���	���_�% ]�D¢£	¤q¥2¦	¥O§-§;§O¥&¨�©
; �O�?�O�-«	¬x�!­ ; �g��¯��º�µ­ ; °l±Q�®­ ; ±Q�®­

2 If �O�?�-�O«�¬�²!Ï%ÐºÑ�Ò and °^±�´!±
2.1 �;��� �;�O�¶�O�;�/�-�����/���µ�;�-���-�;�/�O�����2� ;�;��� �/·S�-�-�S���/���Q�/·��O�-�����/� ,  9�9¢ £	¤�¥&¦	¥O§;§-§O¥/¨ª©
2.2 °^±Q�Q±

3 If ( ¹	� , �;���]�;�����O���-�����/�X�%�µ���	���;� ) or ( �O�?�-�O«�¬Î»oÏ%ÐºÑ�Ò ) do

3.1 �a�®�	��� �/���;¼��2�
3.2 If ��½�A¾ ¤

3.2.1 �_�-���-�;�/�O�����/�Â�À�/��Á�� ; �;�
�9�;�����O�
�O�����2�Ç�Ó�/��Á�� ;�O�?�O�-«	¬Ô�`�O�?�O�-«	¬ÕÃZ����� ¥#Ö � ; �/·��O�-�����/�j� Ö
;�g��¯��\�!�g��¯��PÃÅ�_��� ¥/Ö � ; ±Q�Q±!ÃÅÆS���/�

3.2.2 Go to step2

3.3 �a�®���O�;���-���;� �/·��O�-���/�
3.4 If ��½�A¾ ¤

3.4.1 �O�?�O�-«	¬ � �-���-�O«�¬�Ã¿�q��� ¥ �/·S�-�-�S���/�µ¾ ¤ �®¾�q��� ¥ �/·��O�-�����/�&� ; �/��¯x�%�®�/��¯x��ÃÅ�;��� ¥ �g·��-�O�����/�l¾ ¤ ��¾�_��� ¥ �g·��-�O�����2�#� ; �g·��-�O�����2���µ�g·��-�O�����/�l¾ ¤
3.4.2 Go to step2

3.5 �a�®�����;· �/���;¼��2�
3.6 �-�?�O�O«�¬×�¿�O�?�O�-«	¬Ø¾µ����� ¥ �g·��-�O�����/�#� ; �/��¯x�Q�Ç�/��¯x�M¾�;��� ¥ �g·��-�O�����/� ; ±Q�µ±A¾�Æ����2� ; �;�O�¶�-�;�g�-�����/���¸�S�����;�
3.7 Go to step2

4 Returnsolution( �_�
� �;�-���-�;�/�O� , �_�
� �/·��O�-� , °l± )

Figure3: TheREW-Unpack algorithm

3.2 The REW-Unpack Algorithm

TheideabehindtheREW-Unpack algorithmis basicallythe
sameasREW-Pack. Thedifferenceis thatinsteadof adding
tasksat theminimumspeedandthenpackingto createtime
for tasksstill to be selected,the searchgoesin quite the
oppositedirection: tasksareaddedat the maximumspeed
andthescheduleis unpacked(i.e.,a taskis selectedandits
speeddecreased)to createenergy for theremainingtasks.

The function  &"�d	h	1�k C 1 C-u 1�1	e�$ ( is replaced withe91�d	h	1�k C 1 COu 1	1�e�$ ( . The samemetricsareusedfor adding
anddroppingtasksand the oppositemetric is usedto de-
cidewhich task’s speedto decrease(the taskthatsavesthe
mostenergy while increasingtheexecutiontime theleastis
consideredthebest,thatis, thetaskwith thehighest ���� ~ is
selected).Analogouslyto REW-Pack, exceedingtheenergy
budgetis allowedwhile exceedingthedeadlineis not.

Thealgorithmis shown in Figure3.

4 Experimental Results

We simulatedboth algorithmson the sametasksetsand,
for relatively small task sets,comparedour solution with
theoptimalsolution,obtainedthroughanexhaustivesearch.
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Table1: Intel XScalespeedsettingsandvoltages
SpeedLevel Speed(MHz) Voltage(V)
1 150 0.75
2 400 1.0
3 600 1.3
4 800 1.6
5 1000 1.8

Wedefinetheabsoluteerrorfor any of thetwoalgorithmsto
be >9Ù�Ú^Û�Ü�ÝP>9Ù>9Ù Ú^Û�Ü , where 4Dt representsthesystemvalue(re-
ward)resultingfrom thealgorithmand 4Dt^Þ�ß�à is theopti-
malsystemvalue.Theaverageerrorfor severalexperiments
is definedasthe arithmeticmeanof theabsoluteerrorsfor
eachexperiment.

Thesimulationsaredescribedby the following parame-
ters: á �

- numberof tasksá � - numberof speedlevelsá ,-*/. 0 , 1�*/. 0 - timeandenergy requirementsá � - deadlineá GMHMJ�L - availableenergyá 3 * - taskvalues
Themaximumdeadline,�âkaãlä , is definedas �âk^ãlä i< �*/å�� , */.�� , thatis thetotalexecutiontimeof thetasksatmin-

imum speed.The maximumenergy, �âk^ã � , is definedas�âkaã � i < �*/å�� 1 *2. � , that is the total energy requirement
for all tasksif runningat the maximumspeed.Clearly, if�¿æY�âk^ã ä thetiming constraintcannotbeviolated.Sim-
ilarly, if GMHMJ�Lbæç�âk^ã � the availableenergy cannotbe
exceeded.Two parameters:è and é describetheavailable
timeandenergy in thesystem.Thedeadlinewasgenerated
usingtheformula � i èxê/�âk^ã ä andtheenergy wasgener-
atedby GIHKJ�L i éÎêë�âk^ã � , whereèj@jì ía��8�î and é�@×ìUí9��8�î .

WesimulatedtheIntel XScalearchitecture,with 5 speed
levels.Therunningspeedsandtheircorrespondingvoltages
arepresentedin Table1. For eachtask,its executiontime
atminimumspeed,-*/.�� wasrandomlygeneratedin therangeì�8S��8	í?í�î . The runningtime of task ��* at speedlevel + was
then computedas ,-*/. 0 i ,-*/.��?ïqðïOñ , thus the running time is
inverselyproportionalwith the speed.For the power con-
sumptionof task � * at speedlevel + , we usethe formulaò *U0 i k * ê�tÎf�c�,-k�p]19$�+ ( � ï-ñï�ó . Thus,thepoweris proportional
with thenormalizedspeedandthesquareof thevoltage. k *
is anactivity factordifferentfor eachtask,proportionalwith
the dynamicswitching causedby the task and randomly
generatedin the range ì ía
¶ô9��8�
¶:	î . The energy requirement1�*/. 0 is thencomputedas 1	*/. 0 iEò *2. 0�ê	,-*/. 0 , that is thepower
multiplied with the time. Taskvaluesweregeneratedran-
domly in therange ì�8���8�í?í�î .

First we comparedthe two algorithmswith a simpli-
fied version of REW-Pack that does not take task val-
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Figure4: Comparisonof thetwo algorithmswith a simpli-
fiedversionof REW-Pack ( è���éQ@jìUí9
/8���í9
¶ö	î )
ues into considerationand randomly selectswhich tasks
to add/drop/packfrom the subsetof taskssatisfying the
add/drop/packcriteria. è and é wererandomlygenerated
in therangeìUí9
/8S��ía
÷ö�î for eachsimulation.Tasksetswith :?ø
to :?í�í tasksweresimulatedand1000experimentswereav-
eragedfor eachpoint in thegraphs.Theperformanceratio
shown in Figure4 is definedasthesystemvaluereturnedby
thealgorithm(REW-Pack or REW-Unpack) dividedby the
systemvalueof thesimplifiedREW-Pack. It is clearthatthe
two algorithmshave almostidenticalperformance.As ex-
pected,on averageandon eachparticularsimulation,they
consistentlyoutperformedthesimplifiedREW-Pack.

Figure 5 shows the averageabsoluteerror of the algo-
rithms as a function of the available energy. Task sets
with

� i 8�í taskswere simulatedfor very tight dead-
lines ( è i í9
/8 ) andmorerelaxeddeadlines( è i í9
¶: andè i í9
¶ö ). The averagefor 100simulationswascomputed
for eachpoint. Thesameaverageshold for highernumber
of simulations.The maximumerror for eachpoint is typ-
ically 8�í�ù � :?í�ù . Experimentsshow that as è increases
beyond ía
 ú , bothalgorithmsfind theoptimalsolutionmost
of thetimeandtheaverageerrorbecomeszero.Also,asthe
amountof energy available increases,the averageerror of
bothalgorithmstendsto decrease.No algorithmis a clear
winner, as the previous experimentsuggested.The worst
performanceis whenthereis little slackin thesystem(i.e.,
small è values)combinedwith areducedamountof energy
(i.e., small é values).In this caseeven theoptimalcanse-
lect only two or threetasks;if the algorithmsdo not pick
exactly the sametasksastheoptimal, theerror is likely to
increase.

We noticed that although the two ûÎGÅü algorithms
searchfor a solution from quite oppositedirections,they

6
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Figure5: Averageerrorasafunctionof é (availableenergy)
for 10tasks
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( è i í9
¶ö , é ií9
¶ö )
usually selectthe sametasksin the end. Also, the tasks
selectedby the algorithmsare usually the samethat the
optimal chooses.In fact, for eachpoint in the graphsthe
algorithmswere equalto the optimal at least35% of the
time (35% was obtainedfor REW-Pack at è i í9
/8 andé i ía
¶ö?ø ). We hopedthat REW-Pack would performbet-
ter on time-constrainedtasksetsandREW-Unpack would
have betterresultson energy-constrainedtasksets.It turns
out that the time andenergy areequally important(except
for caseswhen � or G HMJ�L aretoo largeto beusedentirely
giventheotherconstraint)andbothalgorithmsreturnsched-
ulesthatuseonaveragemorethan90%of boththeavailable
timeandenergy.

Whentheoptimalalgorithmoutperformsour ûÎGÅü al-
gorithms, it usually managesto pick one more task or it
selectsthe samenumberof tasksbut oneor two tasksare
different.Thehigherthenumberof tasksin theoptimalso-
lution,thehigherthenumberof tasksselectedby ourheuris-
ticsalgorithmsandthusthesmallertheabsoluteerror.

Unfortunately, the exponential nature of the optimal
makesit impossibleto computetheabsoluteerror for high
valuesof

�
. Thereis experimentalevidence,however, that

theabsoluteerrorsdonot increase(rather, they actuallyde-
crease)as the numberof tasksincreases.For example,in
Figure6, wherewe simulatedtasksetswith 5 to 14 tasks
and è i ía
¶ö and é i í9
¶ö , we canseethis trend. In the
figure,eachpoint is theaverageerrorof 100runs.

In orderto avoid the complexity of finding the optimal
solutionto evaluateouralgorithms,wedesignedanexperi-
mentin whichweconstructedsetsof taskswith knownopti-
malsolutions,andranouralgorithmsagainstthosetasksets.
The tasksetswereconstructedasfollows: the deadline�
wassetto � i < �*/å�� ,-*/. ��V andthemaximumenergy GMHMJ�L

7
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wassetto GMHMJ�L i < �*/å�� 1�*/. ��V , where �?*I@Y�]8S��:a��
	
�
;���E�
wasrandomlygeneratedfor eachtask. Thus,if eachtask� * runsat speedlevel � * , all tasksareschedulableandthe
optimalrewardis simply 4Dt Þ�ß�à i < �*/å�� 3 * . We ran1000
simulationson tasksetswith 50,100and200tasks.We do
not show a graphfor theresults,becausebothourheuristic
algorithmsreturnedtheoptimalsolutionin all 1000simula-
tion runs.

5 Conclusions

We presentedtwo algorithmsfor theproblemof maximiz-
ing thesystemvaluegiventimeandenergy constraints.The
goal is to determinewhich tasksto executeandthespeeds
to executethe selectedtaskson a variablevoltageproces-
sorsothat thetotal valueof thesystem(definedasthesum
of taskvaluesfor all tasksselectedfor execution)is maxi-
mizedwithout violating the timing andenergy constraints.
While real-timeresearchershave dedicatedmucheffort to
reward-basedschedulingandpower-awarescheduling,the
problemsof maximizingthereward(systemvalue)andmin-
imizing the energy consumptionare usually treatedsepa-
rately. Further, continuousspeedsand/orcontinuousreward
functions(increasedrewardwith increasedservice)areusu-
ally assumed.In this work wedepartedfrom suchassump-
tionsto addressthecaseof discretespeedsanddiscretetask
values,with no rewardfor partialexecution.

Theproblemis NP-hardandanoptimalsolutionrequires
anexponentialtime solution. However, we show by simu-
lation thattheproposedalgorithmscloselyapproximatethe
optimal. Theworst-casetime complexity of thealgorithms
is just Ío$&� � Ê�Ë?Ì �)( , where

�
is the numberof tasksin

the systemand � is the numberof available speeds.A
small running time allows a schedulerto quickly adaptto
changesin thesystemsuchastasksbecomingunavailable,
new tasksbeingaddedto thesystemor new timing anden-
ergy constraints.In mostcurrentvariablevoltageproces-
sors,the numberof speedlevels is typically a small con-
stant(5-10). A graphicaldemonstrationof our heuristicsis
availableathttp://www.cs.pitt.edu/PARTS/demos. We thank
Patrick Laniganfor writing theJava appletandfor hiscon-
tributionsto thealgorithms.
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Reward-BasedSchedulingfor Periodic Real-Time Tasks,
Proceedings of the 20 ÿ�� IEEE Real-Time Systems Sympo-
sium (RTSS’99), Phoenix, December 1999

[4] E. Chang, A. Zakhor: ScalableVideo Coding using 3-
D SubbandVelocity CodingandMulti-Rate Quantization,
IEEE Int. Conf. On Acoustics, Speech and Signal Process-
ing, July 1993

[5] R. K. Clark,E. D. JensenandF. D. Reynolds:An Architec-
tural Overview of theAlpha Real-Time DistributedKernel,
USENIX Workshop on MicroKernels and Other Kernel Ar-
chitectures, April 1992

[6] J. K. Dey, J. Kurose,D. Towsley, C. M. Krishna and M.
Girkar: Efficient On-LineProcessorSchedulingfor a Class
of IRIS (IncreasingRewardwith IncreasingService)Real-
TimeTasks,Proceedings of ACM SIGMETRICS Conference
on Measurement an Modeling of Computer Systems, pp.
217-228, May 1993

[7] J. K. Dey, J. KuroseandD. Towsley: On-Line Scheduling
Policies for a Classof IRIS (IncreasingReward with In-
creasingService)Real-Time Tasks,IEEE Transactions on
Computers 45(7):802-813, July 1996

[8] D. Kang,S. P. CragoandJ. Suh: A FastResourceSynthe-
sisTechniquefor Energy-EfficientReal-TimeSystems,Pro-
ceedings of the 23

���
IEEE Real-Time Systems Symposium

(RTSS’02), Austin, December 2002

[9] R. Ernst and W. Ye: EmbeddedProgramTiming Analy-
sisbasedonPathClusteringandArchitectureClassification,
Computer-Aided Design(ICCAD’97), pp. 598-604, 1997

[10] F. Gruian: Hard Real-Time SchedulingUsing Stochastic
Data and DVS Processors,Proceedings of International
Symposium on Low Power Electronics and Design, pp. 46-
51, 2001

[11] W. Feng,J. W.-S.Liu: An extendedimprecisecomputation
model for time-constrainedspeechprocessingand genera-
tion, Proceedings of the IEEE Workshop on Real-Time Ap-
plications, May 1993

[12] I. Hong,D. Kirovski, G. Qu, M. PotkonjakandM. Srivas-
tava: Power Optimizationof VariableVoltageCore-based
Systems,Proceedings of the 35 ÿ�� Design Automation Con-
ference (DAC’98), 1998

[13] I. Hong,M. PotkonjakandM. Srivastava: On-lineSchedul-
ing of Hard Real-Time Taskson VariableVoltageProces-
sors, Computer-Aided Design (ICCAD’98), pp. 653-656,
1998

[14] I. Hong, G. Qu, M. PotkonjakandM. Srivastava: Synthe-
sisTechniquesfor Low-Power HardReal-Time Systemson
VariableVoltageProcessors,Proceedings of the 19 ÿ�� IEEE

8



Real-TimeSystemsSymposium(RTSS-2002) Austin,December2002

Real-Time Systems Symposium (RTSS’98), Madrid, Decem-
ber 1998

[15] C. M. KrishnaandY. H. Lee: VoltageClock ScalingAdap-
tive SchedulingTechniquesfor Low Power in Hard Real-
TimeSystems,Proceedings of the 6 ÿ�� IEEE Real-Time Tech-
nology and Applications Symposium (RTAS’00), Washington
D. C., May 2000

[16] C. M. Krishna and K. G. Shin: Real-timeSystems, Mc
Graw-Hill, New-York 1997

[17] J.W.-S.Liu, K.-J. Lin, W.-K. Shih,A. C.-S.Yu, C. Chung,
J.Yao,W. Zhao:Algorithmsfor schedulingimprecisecom-
putations,IEEE Computer, 24(5):58-68, May 1991

[18] J. R. Lorch and A. J. Smith: Improving DynamicVoltage
ScalingAlgorithms with PACE, Proceedings of the ACM
SIGMETRICS 2001 Conference, Cambridge, MA, June 2001

[19] S. Martello and P. Toth: KnapsackProblems:Algorithms
andComputerImplementation.Wiley and Sons, 1997.
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A Maximizing rewards while guar-
anteeing time and energy con-
straints is NP-hard

In Section2 we claimedthattheproblemof choosinga set
of tasksuchthatthey maximizethetotalsystemrewardand
still meetthetimeandenergy constraints(deadlinesanden-
ergy budgets)asdescribedby equations(1)-(5) is NP-hard.
First we show how the problemcan be transformedto a
specialcaseof the 0-1 Multidimensional Knapsack prob-
lem [19]. Thenweshow thattheproblemis harderthanthe
0-1 Bidimensional Knapsack problem, whichis known to be
NP-hard.

The 0-1 Multidimensional Knapsack hasthe following
formulation:

maximize d�ê�ã (6)

subjectto
� ê�ãµW�� (7)ãl*%@j��ía��8S� (8)

where ã i ìUã�����ã��	�	
	
�
O��ã
	�î ~ is a columnvectorof í � 8
variables,d i ì dS���
d	�	��
	
	

��d�	�î is a row vectorof integers,

�

is a matrix with � rows (constraints)and " columnswith
integervaluesand � i ì �������q�	��
	
	
-����HMî ~ is a columnvector
of size � with integervalues.

�
, � and d aregivenandthe

solutionis the í � 8 vector ã containingthe itemsfor the
knapsack.

Equations(1)-(5)canberewritten asfollows:

maximize
�R */å��

�R0�å�� 3	*�ê�ã^*/. 0 (9)

subjectto
�R */å��

�R0�å�� 1 *2. 0 ê�ã */. 0 WYG HMJ�L (10)

�R */å��
�R0�å�� ,-*/. 0�ê�ã^*/. 0�Wz� (11)

�R0	å�� ã */. 0 Wb8 (12)

ã^*/. 0Î@���ía��8S� (13)

N� %@��]8���:9�	
	
�
O� � ���-Nl+�@j�98���:9�	
�
	
;���E�
Thus, thereare

� êP� variables(the vector ã */. 0 ) and� w): constraints.Thesolutionis thecolumnvector ã with� ê�� elementsin which ã */. 0 i 8 meansthat task  is
selectedandrunsat speedlevel + . (10) enforcestheenergy
constraint,(11) is the timing constraintand (12) consists
of
�

inequalitieswhich ensurethateachtaskis selectedat
mostoncein thesolution.
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While many algorithmsexist for approximatingthe 0-1
Multidimensional Knapsack problem (both for realandin-
tegercoefficients)[28], we takeadvantagein our approach
of thefactthateachof thelast

�
rowsof matrix

�
have ex-

actly
�

coefficientsequalto 8 , while theothercoefficients
( $ �b� 8 ( ê
� ) arezero.Similarly, in vector � thelast

�
val-

ues(out of a total of
� w�: ) areall equalto 8 . This allows

a runningtime which is fasterthanevencomparison-based
sortingonthesameinputsize(

� ê
� ), yet leadingto avery
goodapproximationof theoptimalsolution.

In the 0-1 Bidimensional Knapsack problem matrix
�

hasonly 2 rows(constraints):

maximize
�R *2å�� d�*�ê�ãl* (14)

subjectto
�R *2å�� k �;* ê�ã * W
� � (15)

�R *2å�� k^�O*�ê�ãl*%W
��� (16)

ãl*%@���í9��8�� (17)

We show next that the problemdescribedby equations
(9)-(13) is harderthan than the 0-1 Bidimensional Knap-
sack problem by showing the transformationfrom the 0-1
bidimensionalknapsackof size

�
to aprobleminstancefor

(9)-(13)of size
� ê�� .

For eachvariable ã * we add � � 8 variablesr *U0 �ON^+Q@�]8S��:a��
	
	
;��� � 8�� . The maximizing part < �*/å�� d�*�ê�ã^* is
transformedto < �*/å�� $gd�*�ê�ãl*�w < �µÝ��0	å�� d�*�ê�r	*U0 ( . The first

constraint is transformedfrom < �*2å�� k �;* ê�ã * W � � to< �*/å�� $gk��ë*�ê�ãl*aw < �µÝX�0�å�� ��ê�r	*U0 ( W��	� , where� is chosento
behigherthan �	� . Thesecondconstraintis left unchanged
andthe new

�
constraintsareadded: ã^*Xw < �µÝX�0�å�� r	*U0�W8��ONP �@��]8S��:a��
	
�
;� � � .

Observe thatit is never possibleto chooseanitem r	*U0 in
theknapsackasthefirst constraintwouldbeviolated.Thus,
the solutionof the transformedproblemmustbe the same
asthebidimensionalknapsacksolution.This way thebidi-
mensionalknapsackwastransformedto aninstanceof (9)-
(13). Knowing that the0-1 Bidimensional Knapsack prob-
lem is NP-hard(by a transformationfrom thesimpleKnap-
sackproblem),weconcludethat(9)-(13)is alsoNP-hard.
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