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Abstract

Typical real-time scheduling theory has addressed deadline
and energy constraints aswell as deadline and reward con-
straints simultaneously in the past. However, we believethat
embedded devices with varying applications typically have
three constraints that need to be addressed: enegy, dead-
line, and reward These constraints play important roles in
the next generation of embedded devices, since they provide
users with a variety of QoS-aware trade-offs. An optimal
scheme would allow the device to run the most critical and
valuable applications, without depleting the energy source
while still meeting all deadlines. In this paper we propose
a solution to this problem for typical control systems, such
as frame-based task sets. We devise two algorithms that
closely approximate the optimal solution while taking only
a fraction of the runtime of an optimal solution.

1 Introduction

Thecurrentdevelopmentsn embeddedystemgechnology
have beenlargely responsibldor the promotionof mobile,
wireless, systems-on-a-chipnd other “computing-in-the-
small” devices. Most of thesedevices have enegy con-
straints,embodiedby a batterythat hasa finite lifetime.
Therefore anessentiaklemenibf theseembeddedystems
is theway in which poweris managed.

In additionto the power managemenheeds,some of
thesedevicesexecutereal-timeapplicationsjn which pro-
ducingtimely resultsis typically asimportantasproducing
logically correctoutputs. An admissioncontrol algorithm
canbeusedto only acceptasksthatwill finish beforetheir
deadlines. The main problemwith admissioncontrol al-
gorithmsis thatthey areconserative, andunderutilizere-
sources.
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An alternatve is to allow systemdo run above theload
restrictionsimposedby real-time admissioncontrol algo-
rithms. Theseoverloadedsystemsendthemselesnaturally
to scenariosn whichsomeapplicationsareexecutedn lieu
of moreimportantapplicationsthevalue/revardcanbeas-
signedto eachapplication. The problem,in this case,is
how to chooseapplicationghat will maximizethe overall
reward given to the system,suchthat all applicationscho-
senwill executewithin theirrespectre deadlines.

The three constraintamentionedabore, namelyenergy,
deadline, and reward play importantrolesin the current
generatiorof embeddedevices.An optimalschemavould
allow the device to run the mostvaluedapplicationswith-
outdepletingtheenegy sourcewhile still meetingall dead-
lines.

Note that this problemdiffers from minimizing power
consumptiondue to the extra constraints considered,
namelydeadlinesand CPU utilization. Clearly, minimiz-
ing the enegy consumptionof applicationsis useful, but
doesnot considerthevalue/revardcharacteristicsf differ-
ent applications. For example,it may be betterto run an
importantapplicationthatconsumesnoreenegy thantwo
lessimportantapplicationghatconsumemuchlesseneny.

Consideringthesethree constraintssimultaneously(re-
ward, enegy, and deadlines)is importantsinceit allows
systemdesignerdo determinethe mostimportantcompo-
nentsof their systemor allows themto emphasize subset
of thesystemover anotherin a dynamicfashion.An exam-
ple of suchflexibility is whenonedecidedo maximizemis-
sionlife-time insteadof having a fixed missiontime within
which performanceshouldbe maximized.

The restof this paperis organizedasfollows: We first
describerelatedwork. Section2 explainsin detailthetask
modelanddefinegheproblem.In Section3 we presentwo
algorithmsthat closely approximatethe optimal solution.
Section4 presentsexperimentalresults obtainedthrough
simulation.In Section5 we concludethe paper
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1.1 Reéated Work

Theissueof assignmenbf CPUcyclesto differenttaskshas
beenstudiedthrough schedulingand operationsresearch
for decades.In the mid-80s,researcherstartedconsider
ing the tradeof betweentime and other metrics, suchas
value/revard [5]. In the late-90s,researcherstartedcon-
sideringa similar tradeof, but focusingon the tradeof be-
tweenenegy andtime [27]. Below we describerepresen-
tative works in thesetwo fields. However, noneof these
worksaddressethegeneraframavork with thethreetypes
of constraintswe considerhere,namelyenergy, deadline,
andreward/value.

Rewards and real-time

The IC (Imprecise Computation)[17, 23] and IRIS (In-

creasedReward with IncreasedService)[7, 16] models
wereproposedo enhancehe resourceudtilization andpro-

vide gracefuldegradationin real-timesystems. In the IC

modelevery real-timetaskis composeaf a mandatonpart
(which mustfinish beforethe taskdeadlineto yield anout-

putof minimal quality) andanoptionalpart. Thelongerthe
optional part executes the betterthe quality of the result.
Severalefficientalgorithmshave beenproposedo solvethe
schedulingproblemof aperiodictasks[17, 23]. A common
assumptionn thesestudiesis thatthe quality of the results
producedss a linear function of the precisionerror; more
generakrrorfunctionsarenot usuallyaddressed.

An alternatve modelis the IRIS modelwith no upper
boundson the executiontimesof the tasksandno separa-
tion betweenthe mandatoryand optional parts(i.e., tasks
may beallottedno CPUtime). Typically, a non-decreasing
conca&e rewardfunctionis associatedvith eachtask’s exe-
cutiontime. In [6, 7] the problemof maximizingthe total
reward in a systemof aperiodictaskswas addresseand
an optimal solution for static task setswas presentedas
well astwo extensionsthat include mandatoryparts and
policies for dynamictask arrivals. An optimal algorithm
assumingconcae reward functionsand periodicreal-time
applicationswvaspresentedn [3]. BothIC andIRIS focus
on linear and concae (logarithmicfor example)functions
representingpplicationsuchasimageandspeeciprocess-
ing [4, 11, 26] or multimediaapplicationd21]. Thecaseof
real applicationswith no reward for partial executionsor
stepfunctionshasbeenshown in [17] to be NP-Complete.
Furthermorethereward-basedchedulingproblemfor con-
vex rewardfunctionsis NP-Hard[3].

In [21] a QoS-basedesourcallocationmodel(QRAM)
was proposedor periodicapplications. The reward func-
tionsarein termsof utilization of resourcegndan itera-
tive algorithmwas presentedor the caseof one resource
and multiple QoS dimensions;the QoS dimensionsmay
be either dependenbr independent.In [22], the QRAM
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workis continuedby theauthorswith thesolutionfor a par
ticular audio-conferencin@pplicationwith two resources
(CPUcyclesandnetworkbandwidth)andone QoSdimen-
sion (samplingrate). Several resourcdradeofs (compres-
sionschemeso reducenetworkbandwidthwhile increasing
thenumberof CPU cycles)arealsoinvestigatedassuming
linearutility andresourceconsumptiorfunctions.

Variable voltage scheduling and real-time

The variablevoltage-schedulingvVvsS) frameavork, which
involves dynamically adjustingthe voltage and frequeny
of theCPU, hasrecentlypecomeamajorresearctarea.Cu-
bic enegy savings[27, 14] canbe achieved at the expense
of justlinearperformancéoss. For real-timesystemsyYVS
schemedocus on minimizing enegy consumptionin the
systemwhile still meetingthe deadlines. Yao et al. [27]
provided a static off-line schedulingalgorithm, assuming
aperiodictasksand worst-caseexecutiontimes (WCET).
Heuristicsfor on-line schedulingof aperiodictaskswhile
not hurtingthe feasibility of periodicrequestareproposed
in [13]. Non-preemptie power awareschedulings inves-
tigatedin [12]. For periodictaskswith identical periods,
theeffectsof having anupperboundon the voltagechange
rateare examinedin [14]. Slowing down the CPU when-
ever thereis a single task eligible for executionwas ex-
ploredin [24]. VVS in the contet of soft deadlineswas
investigatedn [18]. Cyclic andEDF schedulingof periodic
hardreal-timetaskson systemswith two (discrete)voltage
levels have beeninvestigatedn [15]. The static solution
for thegeneraperiodicmodelwheretaskshave potentially
different power characteristicds provided in [1]. Real-
time applicationsexhibit a large variationin actualexecu-
tion times[9] andWCET is too pessimistic.Thus,alot of
researctwasdirectedat dynamicslack-managemeiéch-
niques[2, 10, 20, 25]. Mary otherVVS papersappeared
in recentconferencesindworkshopssuchasCOLP'01or
PACS’02.

It wasprovedin [2] thatthe problemof minimizing the
enegy consumptiorassumingNCET for tasksandcorvex
power functionsis equivalentto the problemof maximizing
therewardsfor concae reward functionsassumingall the
tasksrun atthe maximumspeed.

In this work we addresghe problemof maximizingthe
rewardsassuminghe VS framewvork andalimited enegy
budgetfor frame-basedasksets. Our goal is to maximize
the rewards without exceedingthe deadlineand the total
enegy available,which canbe provided by an exhaustible
sourcesuchasa battery Thealgorithmswe proposedeter
mine which tasksto executeandthe speedsheseselected
tasksshouldrun so that the total reward of the systemis
maximizedwhile meetingboth the timing and the enegy
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constraints.

Concurrentlywith our work similar researclcombined
thethreeconstraintgtime, enegy andreward)for the case
of IRIS tasksin [8]. An algorithmwasdevelopedto maxi-
mizethe systemvalueby an enegy-avareallocationof re-
sources.However, the taskmodelin [8] doesnot include
voltageor frequeng scaling.

2 Task model

We assumea frame-basedask model, which we describe
next. Thereare N available periodic tasksin the sys-
tem, all readyat time zero. The task setis denotedby
T={T1,Tz,...,Tn}. All taskperiodsareidenticalandall
taskdeadlinesareequalto their period. Thecommondead-
line/period(alsoknown asframelength)is denotedy D. A
frameconsistf asubsebf taskswhichareselectedor ex-
ecution. The executionof the frameis to berepeatedit is
not a requirementhat all tasksmustbe scheduled.How-
ever, a task cannotbe selectedmore than once during a
frame.

The tasksareto be executedon a variablevoltagepro-
cessomwith the ability to dynamicallyadjustits frequeng
andvoltageon applicationrequestsThereare M available
frequenciegclockratesor CPUspeeds){ f1, f2, ..., far }.
Eachtaskcanrun atary of the availablespeedandwe say
thatataskrunsatspeedevel  if thespeedf thetaskis set
to f. By placingtasksthatrun at the samefrequeng next
to eachother the maximumnumberof speedchangeghat
canoccurduring a frameis min(M, N). We assumehe
overheadof min(M, N) speedchangess negligible com-
paredto the deadlineD, or thatit wasalreadysubtracted
from D.

We alsoassumehat the taskworst-casexecutiontime
and enegy consumptionare known for all tasksand all
speedevels. Theexecutiontime of taskT; runningat speed
level j is denotedby ¢; ;. Similarly, theenegy consumption
of taskT; runningatspeedevel j is denotedye; ;.

Associatedwith eachtask 7; thereis a task value v;
(also calledtaskreward or utility). The value of the sys-
temis definedasthe sumof taskvaluesfor all tasksthat
areselectedor execution. It is the ultimate goalto find a
subsebf tasksS C {1, 2,..., N} thatmaximizesthe sys-
temvalue ) ;.5 v;. For all tasksi € S the speedlevel
s; €{1,2,..., M} mustalsobedeterminedTherearetwo
majorconstraint®n the system:

e Thetiming constraint imposedby theglobaldeadline,
D. Eachtaskselectedor executionmustfinish before
thisdeadline,D.

e The energy constraint imposedby the amountof en-
ey availablein the system,F,,, ... Thetotal enegy
consumedy the selectedaskscannotexceedE ;.
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Thus,the problemis to find the subsetS andthe speeds
s;, Vi € S sothatto

maximize Z v; 1)
1€S

subjecto Y i, <D 2
1€S
Zei,sl S Emax (3)
1€S
ScC{1,2,...,N} (4)
5i€{1727'-'7M} (5)

Inequality(2) guaranteethatthetiming constrainis sat-
isfied,andinequality (3) guaranteethatthe enegy budget
is not exceeded. As shown in the Appendix,the problem
definedby (1)-(5)is NP-hard.Thereforewe relaxthemax-
imizationobjectivein (1) andlook for solutionghatapprox-
imatethe optimalsolution.

3 Algorithms REW-Pack and REW-
Unpack

We have tried mary algorithmsto solve equationg1)-(5).
Someof thesealgorithmswerebasedn sortingall tasksat
all speedevelsaccordingo somemetricthatcombineghe
threeconstraintgenepgy, deadlineandreward). Taskswere
thenaddedo theschedulen onetraversalof the sortedlist
of tasksuntil thetiming or enegy constraintouldnolonger
besatisfied.This approactwastoo conserative andalmost
invariably lead to poor utilization of one of the resources
(enegy or time) and poor systemvalues. Algorithmsthat
dynamicallymodify the schedulebasedn theresourceaus-
age (while still consideringtask values)turned out much
morerewardingin termsof resourcautilization andsystem
value.Severalheuristicsor taskselectionvereconsidered,
ignoring or including the task values,favoring taskswith
low enegy consumptioror low time requirementsor con-
sideringall the threeconstraintsat once. Two algorithms
werefoundto closelyapproximateheoptimalsolution.We
describethe two algorithmsin this section,followed by a
guantitative evaluationin the next section.

We assumethat tablesexist that store the task values
v(4), runningtimest(4, j) andenegy requirements (i, 5)
for all tasksi € {1,2,..., N} andall speedlevels j ¢
{1,2,..., M}. The algorithmsare basedon adaptingthe
scheduléy addinganddroppingtasksuntil all thetasksare
considered.We alsousetwo booleanarrays, selected(i)
andconsidered(i) of size N, to storeinformationaboutthe
statusof all tasks. Initially, we startwith an emptysched-
ule (selected(i) = false) andno taskis consideredyet
(considered(i) = false). The setof selectedtasks(ini-
tially empty)is definedasS = {i|selected(i) = true}.
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all the tasks were considered Yes
and the current schedule is feasibJe?
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e of some task?
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drop a task from
the schedule

increase speed
update schedul

Figurel: Flowchartof REW-Pack

Two variables,time andenergy, storethe total running
time of the schedule(time = ), 51(4, s;)) andthetotal
enegy consumedenergy = > .. €(i,s;)) andareini-
tialized to zero. V' storesthe systemvaluefor the current
scheduldV = 3. s v(i)) andSV storeghesystemvalue,
thatis, the largestvalueof V' encounteredhusfar. Finally,
anarray speed(), of size N, storeghespeedf all tasks.

3.1 TheREW-Pack Algorithm

The flowchart of the REW-Pack algorithmis presentedn
Figurel. Thethreemajorcomponent¢addtask,droptask
andincreasespeedparedescribechext in detail.

Add atask A new taskis added(alwaysat the minimum
speed}o thecurrentschedulef all of thefollowing criteria
aremet:

e It was not consideredbefore (considered(i) =

false).
e Thecurrentschedulas feasible(time < D).

e By adding the task to the current scheduleat the
minimum speedthe enegy budgetis not exceeded
(energy + (i, 1) < Fmagz)-

e Amongall the tasksT; that satisfythe above criteria,
selecttheonethathasthe largestratio % .

A new taskis alwaysaddedf possible.Thetaskadded
musthave agood(large)value,areasonablésmall)running
time anda reasonablésmall) enegy consumption.Hence
themetricusedto decidewhichtaskis bestto addis propor
tional to the reward andinverselyproportionalto the time
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andthe enegy requiredby thetask. Thetaskwith the high-
estmetricis consideredhebest. In our experimentsmet-
ricsthatdo notconsiderall parameter§.e., taskvalue,task
enegy andtasktime)failedto give goodapproximation®f
theoptimalsolution.

Obsere that for eachtask, the smallerthe speed,the
largerthe value of the metric (sinceenepgy increasesnore
thanlinearly with the speedwhile time decreaseapproxi-
matelylinearly andthe taskvalueremainshe sameregard-
lessof the running speed). Thus, it is reasonableo start
with thesmallesspeedlevel 1) andlaterincreasahetask’s
speedAlso obsere thatexceedingthe deadlines allowed.
We noticedduring experimentsthat without this enhance-
mentprematuretask dropsoccur hurting the accurag of
the solution. However, we do not allow exceedingthe en-
ey budget,becauseur experimentshave shavn thatal-
lowing the enegy budgetto be exceededypically leadsto
poorresults.

Increase speed of a task If notaskcanbe addedto the
schedulethe algorithmpacks tasksto makeroomfor other
notyet selectedasks wherepacking meango increasehe
speedf oneof theselectedasks alwaysto the next higher
speedevel. Thetaskchoserfor a speedncreasenustsat-
isfy thefollowing:

e It must be selected in the current schedule

(selected(i) = true).
e Itis notrunningatthemaximumspeeds; # M).

e By increasingts speedo the next higherspeedevel
theenegy budgetis notexceededenergy + e(i, s; +
1) —e(i,8) < Fmaz)-

o Amongall selectedasksT; it hasthehighesiratioﬁ—é,

whereAt = (i, s;) —t(i,s; + 1) andAE = e(7, s; +
1) —e(i, si).

Packing reduceghe total executiontime and increases
the enegy consumption. The bestcandidatesare consid-
eredthe tasksthat createa lot of room (time or slack)for
the remainingtaskswhile not significantly increasingthe
enegy consumptionTaskvaluesdo not play ary role here
asthetotal rewardis notchangedy the packingoperation.
Interestinglywhenwe usedthe samemetricfor packingas
we did for taskselection(i.e., increasingthe speedof the
taskwith the smallestratio ﬁ?m) we obtainedpoor
results.

Drop atask If the previoustwo stepsfail, ataskis elim-
inatedfrom the currentschedule.Thetaskthatis dropped
satisfies:

e |t is selectedn the currentschedule(selected(i) =
true).
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1 Initialize: selected(:) = false; considered(:) =
{1,2,...,N};energy = 0; time = 0; SV = 0; V

2 If time < DandSV <V

fa se‘v’ie

2.1 sol_selected(:) = selected(i);
sol_speed(i) = speed(:),Vi € {1,2,...,N}
2285V =V
3 If (34, considered(:) == false) or (time > D) do
3.1 ¢ = add_task()
32 0fi# -1

3.2.1 selected(i) = true; considered(i) = true;
energy = energy + €(i,1); speed(i) = 1; time =
time + t(4,1); V = V 4 v(7)
3.2.2 Gotostep2
3.3 i = increase_speed()
3405 -1
3.4.1 energy = e(i, speed(i) + 1) —
(i, speed(i)); time = time + t(3, speed(z) + 1) —
t(i, speed(?)); speed(:) = speed(z) + 1
3.4.2 Gotostep2
3.5 i = drop-task()

energy +

3.6 energy = energy — e(i,speed(i)); time = time —
(7, speed(z); V = V — v(i); selected(i) = false

3.7 Gotostep2

4 Returnsolution(sol _selected, sol_speed, SV')

Figure2: The REW-Pack algorithm

e Amongall selectedasks,T;, it hasthe smallestratio

When dropping a task is necessarythe task with the
worst metric (i.e., smallest%ﬁ—) is dropped. Task
valuesneedto be consideredheresinceit is generallybetter
to keeptaskswith high valuesanddrop the lessimportant
ones. Once a taskis dropped,it is never addedagain.
We also experimentedwith allowing tasksto be addedor
droppedk timesin the scheduletherewasan increasen
the runningtime of the algorithmby a factor of & but no
significantimprovementin theaccurag of the solution.

The algorithm is shavn in Figure 2. add_task(),
drop_task() andincrease_speed() all returnthetasknum-
beror -1 if no taskcanbe chosen. Additional vectorsare
usedto storethe solutiontasks(sol_selected) andspeeds
(sol_speed).

The compleity of the REW-Pack algorithmcanbe an-
alyzedasfollows. Eachtaskis addedat mostonceand
droppedat mostonce. For eachtask we canincreaseits
speedatmost M — 1 times. Determiningwhattaskto pick
takeslog NV time for all functions(add,increaseanddrop).
Thus,thecompleity of thealgorithmis O(M N log N).
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1 Initialize: selected(i) = false; considered(:) = f se Vi €
{1,2,...,N};energy = 0;time = 0; SV =0; V =

2 If energy < Emag andSV <V
2.1 sol_selected(:) = selected(1);
sol_speed(i) = speed(i),Vi € {1,2,...,N}
22 SV =V

3 If (34, considered(i) == false) or (energy > Emae) do

3.1 ¢ = add_task()
32 0fi#£ —1

3.2.1 selected(i) = true; considered(i) = true;
energy = energy + e(i,M); speed(i) = M;
time = time + t(¢, M ); V = V 4 v(7)
3.2.2 Goto step2
3.3 ¢ = decrease_speed()
34 0fi#£ 1
34.1 energy = energy + e(i,speed(:) — 1) —
(%, speed(i)); time = time + t(4, speed(i) — 1) —
t(i, speed(1)); speed(:) = speed(z) —
3.4.2 Goto step2
3.5 i = drop-task()
3.6 energy = energy — e(i, speed(i)); time = time —
(i, speed(z); V = V — v(i); selected(:) = false
3.7 Gotostep2

4 Returnsolution(sol _selected, sol _speed, SV')

Figure3: The REW-Unpack algorithm

3.2 TheREW-Unpack Algorithm

Theideabehindthe REW-Unpack algorithmis basicallythe
sameasREW-Pack. Thedifferences thatinsteadof adding
tasksatthe minimumspeedandthenpackingto createtime
for tasksstill to be selectedthe searchgoesin quite the
oppositedirection: tasksare addedat the maximumspeed
andthe schedulds unpackedi.e., ataskis selectecandits
speediecreasedp createenegy for theremainingtasks.
The function increase_speed() is replaced with
decrease_speed(). The samemetricsare usedfor adding
anddroppingtasksand the oppositemetric is usedto de-
cidewhich task's speedo decreaséthe taskthatsasesthe
mostenegy while increasinghe executiontime the leastis
consideredhe best, thatis, thetaskwith the highest% is
selected)Analogouslyto REW-Pack, exceedinghe enegy
budgetis allowedwhile exceedingthedeadlines not.
Thealgorithmis shavn in Figure3.

4 Experimental Results

We simulatedboth algorithmson the sametask setsand,
for relatively small task sets,comparedour solution with
theoptimalsolution,obtainedhroughanexhaustve search.
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Tablel: Intel XScalespeedsettingsandvoltages

Speed_evel | SpeedMHz) | Voltage(V)
1 150 0.75

2 400 1.0

3 600 1.3

4 800 1.6

5 1000 1.8

We definetheabsoluteerrorfor any of thetwo algorithmsto
be SYe£r=5Y whereSV representshe systemvalue(re-
ward)resultingfrom the algorithmandSVo pr is the opti-
malsystemvalue.Theaverageerrorfor severalexperiments
is definedasthe arithmeticmeanof the absoluteerrorsfor

eachexperiment.
The simulationsaredescribedy the following parame-
ters:
o N - numberof tasks
o M - numberof speedevels
o t; 5, €;; - time andenegy requirements
o D - deadline
o Fpnqe - &vailableenegy
o v; - taskvalues
Themaximumdeadline M az p, is definedasMazp =
vazl t;,1, thatis thetotal executiontime of thetasksatmin-
imum speed.The maximumenegy, Mazg, is definedas
Mazgp = Ef\il ei, u, thatis the total enegy requirement
for all tasksif runningat the maximumspeed.Clearly; if
D > Mazp thetiming constraintannotbeviolated. Sim-
ilarly, if En.. > Mazg the available enegy cannotbe
exceeded.Two parametersa and 3 describethe available
time andenengy in the system.Thedeadlinewasgenerated
usingtheformulaD = «- M azp andtheenegy wasgener
atedby F,,q = 8- Maz g, wherea € [0, 1] andg € [0, 1].
We simulatedheIntel XScalearchitecturewith 5 speed
levels. Therunningspeedsndtheircorrespondingoltages
arepresentedn Tablel. For eachtask,its executiontime
atminimumspeed; ; wasrandomlygeneratedh therange
[1,100]. Therunningtime of task7T; at speedevel j was
thencomputedas?; ; = tm}t—;, thus the running time is
inverselyproportionalwith the speed.For the power con-
sumptionof task T; at speedlevel j, we usethe formula
P;j = a; - Voltage(j)? fTJJ Thus,the poweris proportional
with the normalizedspeedandthe squareof thevoltage.a;
is anactuity factordifferentfor eachtask,proportionalwith
the dynamic switching causedby the task and randomly
generatedn therange[0.8, 1.2]. The enegy requirement
ei ; iIsthencomputedase; ; = P ; - t; 5, thatis the power
multiplied with the time. Taskvalueswere generatedan-
domlyin therange[1, 100].
First we comparedthe two algorithmswith a simpli-
fied version of REW-Pack that does not take task val-
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Figure4: Comparisorof thetwo algorithmswith a simpli-
fied versionof REW-Pack («, 8 € [0.1,0.3])

uesinto considerationand randomly selectswhich tasks
to add/drop/packirom the subsetof taskssatisfyingthe
add/drop/packeriteria. « and 3 wererandomlygenerated
in therange[0.1, 0.3] for eachsimulation.Tasksetswith 25
to 200 tasksweresimulatedand1000experimentsvereav-
eragedor eachpointin the graphs.The performanceatio
shavnin Figure4 is definedasthe systemvaluereturnedoy
the algorithm (REW-Pack or REW-Unpack) divided by the
systemvalueof thesimplifiedREW-Pack. It is clearthatthe
two algorithmshave almostidentical performance As ex-
pected,on averageandon eachparticularsimulation,they
consistentlyoutperformedhe simplified REW-Pack.

Figure 5 shaws the averageabsoluteerror of the algo-
rithms as a function of the available enegy. Task sets
with N = 10 taskswere simulatedfor very tight dead-
lines(a = 0.1) andmorerelaxed deadlineda = 0.2 and
a = 0.3). Theaveragefor 100 simulationswascomputed
for eachpoint. The sameaverageshold for highernumber
of simulations. The maximumerror for eachpoint is typ-
ically 10% — 20%. Experimentshov thatasa increases
beyond 0.4, bothalgorithmsfind the optimal solutionmost
of thetime andtheaverageerrorbecomegero.Also, asthe
amountof enegy availableincreasesthe averageerror of
both algorithmstendsto decreaseNo algorithmis a clear
winner, asthe previous experimentsuggested.The worst
performanceas whenthereis little slackin the system(i.e.,
smalla values)combinedwith areducecamountof enegy
(i.e.,small 3 values).In this caseeventhe optimal canse-
lect only two or threetasks;if the algorithmsdo not pick
exactly the sametasksasthe optimal, the erroris likely to
increase.

We noticed that althoughthe two REW algorithms
searchfor a solution from quite oppositedirections,they
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usually selectthe sametasksin the end. Also, the tasks
selectedby the algorithmsare usually the samethat the
optimal chooses.In fact, for eachpoint in the graphsthe
algorithmswere equalto the optimal at least35% of the
time (35% was obtainedfor REW-Pack at« = 0.1 and
B = 0.35). We hopedthat REW-Pack would performbet-
ter on time-constrainedask setsand REW-Unpack would
have betterresultson enegy-constrainedasksets. It turns
out thatthe time and enegy are equallyimportant(except
for caseswhen D or E,,,, aretoolargeto beusedentirely
giventheotherconstraintandbothalgorithmseturnsched-
ulesthatuseon averagemorethan90%of boththeavailable
time andenengy.

Whenthe optimal algorithmoutperformsour REW al-
gorithms, it usually managego pick one more task or it
selectsthe samenumberof tasksbut oneor two tasksare
different. The higherthe numberof tasksin the optimalso-
lution, thehigherthenumberof tasksselectedy ourheuris-
tics algorithmsandthusthe smallerthe absoluteerror.

Unfortunately the exponential nature of the optimal
makesit impossibleto computethe absoluteerrorfor high
valuesof N. Thereis experimentakvidence however, that
theabsoluteerrorsdo notincreasdrather they actuallyde-
creasepsthe numberof tasksincreases.For example,in
Figure 6, wherewe simulatedtask setswith 5 to 14 tasks
anda = 0.3 andgB = 0.3, we canseethis trend. In the
figure,eachpointis theaverageerrorof 100runs.

In orderto avoid the compleity of finding the optimal
solutionto evaluateour algorithms,we designedan experi-
mentin whichwe constructedetsof taskswith known opti-
malsolutions andranouralgorithmsagainsthosetasksets.
Thetasksetswere constructedasfollows: the deadlineD
wassetto D = vazl t;,x, andthemaximumenegy E,,q.
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wassetto F,,q.c = Efvzlehk“ wherek; € {1,2,..., M}
wasrandomlygeneratedor eachtask. Thus,if eachtask
T; runsat speedevel k;, all tasksare schedulablendthe
optimalrewardis simply SVopr = vazl v;. Weran1000
simulationson tasksetswith 50, 100and200tasks.We do
notshav a graphfor the results becausdoth our heuristic
algorithmsreturnedhe optimalsolutionin all 1000simula-
tion runs.

5 Conclusions

We presentedwo algorithmsfor the problemof maximiz-
ing thesystenmvaluegiventime andenegy constraintsThe
goalis to determinewhich tasksto executeandthe speeds
to executethe selectedaskson a variablevoltageproces-
sorsothatthetotal valueof the system(definedasthe sum
of taskvaluesfor all tasksselectedor execution)is maxi-
mizedwithout violating the timing andenegy constraints.
While real-timeresearcherbave dedicatednucheffort to
reward-basedchedulingand power-avare scheduling the
problemsf maximizingthereward(systemvalue)andmin-
imizing the enegy consumptionare usually treatedsepa-
rately Further continuouspeedsnd/orcontinuouseward
functions(increasedewardwith increasedervice)areusu-
ally assumedIn this work we departedrom suchassump-
tionsto addresshe caseof discretespeedainddiscretetask
valueswith norewardfor partialexecution.

Theproblemis NP-hardandanoptimalsolutionrequires
anexponentialtime solution. However, we shav by simu-
lation thatthe proposedlgorithmscloselyapproximatehe
optimal. Theworst-casdime compleity of thealgorithms
is just O(M N log N), whereN is the numberof tasksin
the systemand M is the numberof available speeds. A
small runningtime allows a scheduletto quickly adaptto
changesn the systemsuchastasksbecomingunavailable,
new tasksbeingaddedo the systemor new timing anden-
ey constraints.In mostcurrentvariablevoltageproces-
sors,the numberof speedevels is typically a small con-
stant(5-10). A graphicaldemonstratiomf our heuristicss
availableat http://mwww.cs.pitt.edu/PARTS/ demos. We thank
Patrick Laniganfor writing the Java appletandfor his con-
tributionsto thealgorithms.
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A Maximizing rewards while guar-
anteeing time and energy con-
straintsis NP-hard

In Section2 we claimedthatthe problemof choosinga set
of tasksuchthatthey maximizethetotal systenrewardand
still meetthetime andenegy constraintgdeadlinesanden-
ey budgetslasdescribedy equationg1)-(5) is NP-hard.
First we shav how the problemcan be transformedio a
specialcaseof the 0-1 Multidimensional Knapsack prob-
lem[19]. Thenwe shaw thattheproblemis harderthanthe
0-1Bidimensional Knapsack problem, whichis knownto be
NP-hard.

The 0-1 Multidimensional Knapsack hasthe following
formulation:

maximize c-z (6)
subjectto A-z<b (7)
z; € {03 1} (8)

wherez = [zq, 23,...,z,]° is a columnvectorof 0 — 1
variables¢ = [c1, ¢a, . .., ¢,] IS arow vectorof integers, A
is a matrix with m rows (constraintsiandn columnswith
integervaluesandb = [by, b, .. ., byt is acolumnvector
of sizem with integervalues. A, b andc¢ aregivenandthe
solutionis the 0 — 1 vectorz containingthe itemsfor the
knapsack.
Equationg1)-(5) canberewritten asfollows:

N M
S vy 9)

maximize
i=1j=1
N M
subjectto Ezem % < Fmaz  (10)
i=1j=1
N M
Eztm’ ‘zi; <D (11)
i=1j=1
M
dowi; <1 (12)
j=1
z; ; €4{0,1} (13)

Vie{l,2,...,N},Vje {1,2,..., M}

Thus, thereare N - M variables(the vector z; ;) and
N + 2 constraintsThesolutionis the columnvectorz with
N - M elementsin which z; ; = 1 meansthattask: is
selectedandrunsat speedevel j. (10) enforceghe enegy
constraint,(11) is the timing constraintand (12) consists
of NV inequalitieswhich ensurehat eachtaskis selectecdat
mostoncein the solution.
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While mary algorithmsexist for approximatinghe 0-1
Multidimensional Knapsack problem (both for real andin-
teger coeficients)[28], we takeadwantagen our approach
of thefactthateachof thelast/V rows of matrix A have ex-
actly N coeficientsequalto 1, while the othercoeficients
((N —1)- M) arezero.Similarly, in vectorb thelast v val-
ues(out of atotal of vV + 2) areall equalto 1. This allows
arunningtime which is fasterthaneven comparison-based
sortingonthe sameanputsize(N - M), yetleadingto avery
goodapproximatiorof the optimalsolution.

In the 0-1 Bidimensional Knapsack problem matrix A
hasonly 2 rows (constraints):

N

maximize Z i T (14)
=1
N

subjecto Y ay; -z < b (15)
=1
N
> az-x; < by (16)
=1
z; € {0,1} (17)

10
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We shav next that the problemdescribedoy equations
(9)-(13) is harderthanthanthe 0-1 Bidimensional Knap-
sack problem by shaving the transformatiorfrom the 0-1
bidimensionaknapsaclof size NV to a probleminstanceor
(9)-(13)of sizeN - M.

For eachvariablex; we add M — 1 variablesy;;,Vj €
{1,2,...,M — 1}. The maximizing parthvzlci -x; is
transformecdto Zf\il (ei-z + EjM:;l ¢ - ¥i;). Thefirst
constraintis transformedfrom vazlau-a:i < b to

vazl (a1; -z + Zj.v]:;l k - yi;) < by, wherek ischoserto
be higherthanb,. The secondconstraints left unchanged
andthe new NV constraintsareadded: z; + EjM:;l Yi; <
1,vie {1,2,...,N}.

Obsere thatit is never possibleto chooseanitemy;; in
theknapsaclasthefirst constrainivould beviolated. Thus,
the solution of the transformedoroblemmustbe the same
asthe bidimensionaknapsacksolution. This way the bidi-
mensionaknapsackvastransformedo aninstanceof (9)-
(13). Knowing thatthe 0-1 Bidimensional Knapsack prob-
lemis NP-hard(by atransformatiorfrom the simpleKnap-
sackproblem),we concludethat(9)-(13)is alsoNP-hard.



