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Abstract

We addressthe combinedschedulingproblemof maxi-
mizingthetotal reward of �x ed-priorityhard real-timesys-
temswith a givenenergy budget. We presenta fully poly-
nomialtimeapproximationscheme(FPTAS)for theoff-line
job-level schedulingproblemand an ef�cient heuristic for
thetask-level schedulingproblem.We alsodescribean on-
line algorithmwhich is effectivein leveraging theexecution
timevariation.

1 Intr oduction

In the reward-based scheduling framework [2], the
workloadof eachtaskis dividedinto a mandatorypartand
anoptionalpartanda nondecreasingconcave rewardfunc-
tion is associatedwith eachoptionalpart; themoretheop-
tionalpartis executed,thehighertherewardis. Thereward-
basedframework canmodelvariousreal-time�exibleappli-
cationsthat allow approximateresultssuchas imageand
speechprocessing,multimedia, robot control/navigation
systems,real-timeheuristicsearch[2].

As �e xible applicationsareexecutedonvariablevoltage
processors,thecombinedproblemof reward-basedschedul-
ing andvoltagescheduling,whichwecall thereward-based
voltage schedulingproblem,hasbeenrecentlyinvestigated
[4, 5, 8]. The reward-basedvoltageschedulinginvolves
two-dimensionalobjectives, maximizing the total reward
scheduling)and minimizing the energy consumptionand
canbede�ned asduals. Without lossof generality, in this
paper, we considertheproblemof maximizingthetotal re-
wardsubjectto energy constraints.

Reward-basedvoltageschedulingwas�rst addressedby
Rusuet al. [4, 5]. In [5], optimal off-line solutionsfor
frame-basedtasksets(whereall the jobshave identical re-
leasetimesanddeadlines)andperiodicEDF tasksetswith
concaverewardfunctionsareconsidered.Thereward-based
voltageschedulingproblemfor frame-basedtasksetswith
0/1rewardfunctionswasprovedtobeNP-hardandaheuris-

tic for theproblemwaspresentedin [4]. Recently, anopti-
maloff-line algorithmandanon-linealgorithmfor thejob-
level EDF reward-basedvoltageschedulingproblemhave
beenproposed[8].

In thispaper, weconsiderreward-basedvoltageschedul-
ing for �xed-priority tasks. First, we describean FP-
TASfor theoff-line job-level schedulingproblem.Second,
we presentan ef�cient heuristicfor the off-line task-level
schedulingproblem. Finally, we presentan on-line algo-
rithm which effectively leveragethe workloadvariationto
increasetherewardwithin energy budget.

2 ProblemFormulation

We consider a set J = f J1;J2; � � � ;JjJjg of priority-
orderedjobswith J1 beingthejob with thehighestpriority.
A job J 2 J is associatedwith the following attributes,
whichareassumedto beknown off-line:

� rJ anddJ: thereleasetimeandthedeadline.

� mJ: themandatoryworkload.

� uJ: thesumof mJ andtheupperboundof theoptional
workload.

� r J: therewardfunction.

We usepJ to denotethepriority of thejob J. In therest
of thepaper, we usei insteadof Ji asa subscriptof timing
parameterswhennoconfusionarises.

For the on-line schedulingproblem,mi and ui are the
worst-casevaluesandthe actualmandatoryworkloadand
upperboundof the optional workload vary within (0;mi ]
and (0;ui � mi ] during runtime. The total workload of Ji
(i.e., the sumof the mandatoryandoptionalworkloadsof
Ji) is denotedby oi and is selectedbetween[mi ;ui ] , i.e.,
mi � oi � ui . Associatedwith eachoptionalworkloadoi
is a reward function r i(oi), which is assumeto be non-
decreasing,concave, and continuouslydifferentiableover
the interval [mi ;ui ] as in [2, 5]. Given a workload tuple
o = f o1;o2; � � � ;ojJjg , the total rewardF, our optimization

goal,is givenby F(o) = å
jJj
i= 1r i(oi) .
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From the fact that eachjob runs at the constantspeed
underanenergy-optimalvoltageschedule[6, 7], thevoltage
schedulecanbede�ned asa tupleof theallowedexecution
times A = (a1;a2; � � � ;ajJj). Given a voltagescheduleA,
the responsetime of eachjob is uniquelydetermined,and
if every job �nishes its executionby its deadlineunderA,
A is saidto be feasible. The exact conditionfor a voltage
scheduleA to befeasibleis givenasfollows (See[7] for a
proof):

Condition I (Feasibility Condition).

Thereexistsa jJj-tuple ( fJ1; fJ2; � � � ; fJjJj ) 2 T J suchthat

81 � i � jJj 8r 2 f tjt 2 RJ ^ t < fJi g

å
Jk=pJk � pJi ^ rJk2[r; fJi )

ak � fJi � r :

A job setJ is saidto beanEDF job setif for any J;J02 J
(wherepJ < pJ0), dJ � dJ0 or dJ0 � rJ. Whenthe priority
assignmentfollows theEDFpolicy, thatConditionI is sim-
pli�ed asfollows (See[7] for aproof.):

Condition II (EDF Feasibility Condition).

For any r i < d j (1 � i ; j � jJj) ; å
k=[rk;dk]� [r i ;d j ]

ak � d j � r i :

Theenergy consumptionof thevoltageschedulein termsof
A is givenby E(A) = å

jJj
i= 1 ai �P(oi=ai) . For a�x edwork-

load tuple o, the energy-optimalvoltageschedulingprob-
lem is statedas maximizing E(A) subjectto Condition I
(or ConditionII for EDF job sets).Now, thereward-based
voltageschedulingproblemis formulatedasfollows:

Find a workloadtuple o = f o1;o2; � � � ;ojJjg suchthat
the total reward F(o) is maximizedwhile the corre-
spondingenergy-optimal voltage scheduledoes not
consumemorethanEbudget .

3 Off-Line Job-Level Scheduling

The Job-level Reward-basedVoltage Scheduling for
Fixed-priority(J-RVSF)problemis ageneralizedversionof
theJob-level Energy-optimalVoltageSchedulingfor Fixed-
priority (J-EVSF)problem[7] of which thecomplexity was
provedto beNP-hard(in theordinarysense)[7], andcanbe
easilyshown to beNP-hardby reductionfrom theJ-EVSF
problem. (See[1] for a proof.) The main sourceof dif-
�culty comesfrom the complicatedsolutionspaceof job-
level �x ed-priorityscheduling;it is not obvioushow to di-
rectlyexplorethesolutionspacegivenby ConditionI. How-
ever, it is worthwhileto notethatConditionI alsorepresents
thesolutionspaceof theJ-EVSFproblemandcanbeade-
quatelyhandledby dynamicprogrammingformulationas
in [7].

We brie�y review usefulobservationsrelatedto thefea-
sibility conditionwhich areshown in [7]. The feasibility
condition for a �x ed-priority job set (i.e., Condition I) is
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Figure 1. An example of EDF­equiv alent job sets.

complicatedand,consequently, inadequatefor theef�cient
explorationof thesolutionspace.On thecontrary, thefea-
sibility conditionfor an EDF job set(i.e., ConditionII) is
quitesimple.Thefollowing key propertyestablishesa link
betweenConditionsI andII.
Property 1 [7] Given a jJj-tuple f = ( fJ1; fJ2; � � � ; fJjJj ),

let Jf representthe job set f J0
1;J0

2; � � � ;J0
jJjg where pJ0

i
=

pJi ;cJ0
i

= cJi ; rJ0
i

= rJi anddJ0
i

= fJi for all 1 � i � jJj. Jf

is said to be EDF-equivalentto J if Jf is an EDF job set.
Then,thesetof all feasiblescheduleof J is equalto theset
of all feasibleschedulesof J'sEDF-equivalentjob sets.

From Property1, thereis a one-to-onecorrespondence
betweenfeasibleschedulesof a �x ed-priorityjob setJ and
feasibleschedulesof J's EDF-equivalent job sets. Figure
1 shows an exampleof EDF-equivalent job sets. Figure
1.(a) shows the original job set J = f J1;J2g. In this ex-
ample,J2 hasa lower priority but earlierdeadlinethanJ1,
soJ is not anEDF job set. In Figures1.(b) and1.(c), two
job setsareshown, whichareEDF-equivalentto J. Thejob
setsf J0

1;J0
2g andf J00

1 ;J00
2g areobtainedby choosing(rJ1;dJ1)

and(dJ2;dJ2) asdeadlines,respectively. Both job setsfol-
low theEDF priority assignmentandthemaximum-reward
schedule(resp. the energy-optimal voltageschedule)for
eachjob setcanbecomputedby thepolynomial-timeopti-
mal algorithmfor theJ-RVSE problem[8] (resp.Yao's op-
timal algorithm[6] for theJ-EVSEproblem).Theoptimal
scheduleof J is equalto thatof f J0

1;J0
2g or f J00

1 ;J00
2g depend-

ing on theworkloadof J1 andJ2. For a given�x ed-priority
job setJ, theproblemof �nding a maximum-reward(resp.
minimum-energy) scheduleof J is reducedto theproblem
of �nding an EDF-equivalent job setof J that maximizes
thetotal reward(resp.minimizestheenergy consumption).

For a job set with N jobs, there are O(N!) EDF-
equivalent job setsin the worst case. However, usingdy-
namic programmingformulation, the EDF-equivalent job
setscanbe enumeratedintelligently without actuallyenu-
meratingall of them[7]. We�rst identifyappropriate“over-
lapping” (or reusable)substructureto which dynamicpro-
grammingcanbeappliediteratively. We notethat the“op-
timal substructure”is naturallyre�ectedby blockingtuples,
which arejust sequencesof time pointsin TJ = f rJ;dJjJ 2
Jg in strictly increasingorder. That is, any solution(satis-
fying ConditionI) for thewholeinterval canbeobtainedby
mergingsolutionsof thesub-intervalsde�nedby ablocking
tuple.

Figure2 showsanexamplejob setandits corresponding
EDF-equivalent job set whosetime interval is partitioned

2



JN

JN-1

JN-2

JN-3

J2

J1

N-1d N-2d 2r 1r 2d 1dNdNr rN-1 rN-2 rN-3

f N-2

f N-1

f N

f N-3

f 1

f 2

N-1d N-2d 2r 1r 2d 1dNdNr rN-1 rN-2 rN-3

(a)

(b)

Figure 2. An example illustrating the dynamic program­

ming form ulation. (a) An original job set and (b) an

EDF­equiv alent job set de�ned by a bloc king tuple

(rN; rN� 3;dN� 1; � � � ; r2;d2;d1).

by ablockingtuple(rN; rN� 3;dN� 1; � � � ; r2;d2), which is de-
pictedby asetof thedashedthick linesin Figure2.(b).Note
that jobs in eachsub-interval follow the EDF-priority as-
signmentandthat the maximum-reward schedulefor each
partitionedsub-interval within agivenenergy budgetcanbe
foundin polynomialtime by thealgorithmfor theJ-RVSE
problem[8]. The following propertymakes it possibleto
explorethesolutionspaceef�ciently by usingdynamicpro-
grammingformulation.

Property 2 [7] For an interval [t;t0] (t; t02 TJ), let J[t;t0]
representthejob setthatconsistsof jobsin J whoserelease
timesare within the interval [t;t0) with their deadlines,if
later thant0, adjustedto t0. If J[t;t0] follows theEDF prior-
ity, it is said to beatomic. For anyEDF-equivalentjob set
J0of a �xed-priority job setJ, there alwaysexistsa block-
ing tuple(b1;b2; � � � ;bl ) such thatJ0 � [ l � 1

k= 1J[bk;bk+ 1] where
[bk;bk+ 1] is atomicfor all 1 � k < k.

Note that f J[b1;b2];J[b2;b3]; � � � ;J[bl � 1;bl ]g is a partition of J0

and the execution intervals of the partitionedjob setsdo
not overlap one another. Property2 establishesa one-to-
onecorrespondencebetweenEDF-equivalent job setsand
blocking tuples. Since the eachpartitionedjob set (i.e.,
J[bk;bk+ 1]) follows theEDF priority, it canbehandledby the
polynomial-timeoptimalalgorithmfor theJ-RVSEproblem
[8], comprisingthe “optimal substructure”of the dynamic
programmingformulation.

By exploting the partitionablestructureof the J-RVSF
problem(i.e., Property2), dynamicprogrammingformula-
tion for the J-RVSE problemcanbe constructed.For two
time-instantst;t0 2 TJ (t < t0), let F[t;t0]hei representthe

maximumachievabletotal rewardfor the job setJ[t;t0] with
theenergybudgetof e. (It canbecomputedby thealgorithm
for theJ-RVSEproblem[8].) Then,from theProperty2, the
maximumachievabletotal rewardfor thejob setJ with the
energy budgetof Ebudget(i.e.,F[0;H]hEbudgeti ) is givenby

max
n
å l � 1

k= 1F[bk;bk+ 1]heki
�
�
� 0 = b1 < b2 < � � � < bl = H ^ (1)

1 � k < l ; [bk;bk+ 1] is atomic.^ å l � 1
k= 1ek � Ebudget

o
:

To considera tabular methodfor theproblem,for thetime
being,let usassumethatin�nite columnsthatrepresentthe
continuousenergy valuesareavailable.Eachrow represents
aninterval [0;tk] (tk 2 TJ) (i.e.,thenumberof rowsis jTJ j.).
The procedureto �ll in the tableentriesproceedsrow by
row. For the top row (i.e., the emptyinterval [0;0]), every
entryis �lled with 0. Eachsubsequentrow is �lled with the
maximumachievabletotal reward for J[0;t] with theenergy
budgete (i.e., F[0;tk]hei ), which canbe computedby using
theentriesin thepreviousrow:

F[0;tk]hei = max
h

�
max

De

�
F[0;th]he� Dei + F[th;tk]hDei

�
�0 < De< e

	

�
� [th; tk] is atomic.

	
:

NotethatF[0;th]he� Dei hasbeenalreadystoredin theprevi-
ousrow andthatF[th;tk]hDei canbedirectlycomputedby the
J-RVSEalgorithm[8] sinceJ[th;tk] is anEDFjob set.Finally,
oncetheentiretableis �lled in, themaximumachievableto-
tal reward(i.e., F[0;H]hEbudgeti ) is storedin thelast row and
the blocking tuple and the energy budgetfor eachatomic
interval (i.e., (b1;b2; � � � ;bl ) andek in Eq.(1),respectively)
canbefoundby trackingthe�lling procedure.

We can transformthe tabular methodinto an FPTAS
by consideringdiscreteenergy valuesthat representsuf�-
ciently closecontinuousenergy values. The relative error
of theFPTAS dependson how theclosenessis de�ned; the
smallerthethreshholdfor thecloseness,thesmallertherel-
ative error at the costof increasingcomputationtime. For
completedescriptionof the algorithmandproofs, refer to
[1].

4 Off-Line Task-Level Scheduling

In this section,we describean off-line algorithm for
theTask-level Reward-basedVoltageSchedulingfor Fixed-
priority (T-RVSF) problemwhich is basedon Gruian's al-
gorithmfor theTask-level Energy-optimalVoltageSchedul-
ing for Fixed-priority (T-EVSF)problem[3]. We caneas-
ily reducetheT-EVSFproblemto theT-RVSF problemin
polynomialtime. Furthermore,theT-EVSFproblemcanbe
provedto beNP-hardin theordinarysense(referto [1] for
theproof.), implying that theT-RVSF problemis alsoNP-
hard.Furthermore,theinherentcomplexity of �x ed-priority
schedulabilityanalysisis not involed in the NP-hardness
proof, i.e., the periodsof transformedinstancesaredeter-
minedsuchthattheschedulabilitycanalwaysbecheckedin
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polynomial-time.Therefore,webelievethatthecomplexity
of theT-EVSFproblem(aswell astheT-RVSFproblem)is
beyond theordinaryNP-hardnessand,consequently, these
problemsarenot likely to admitanFPTAS.

Aswith thealgorithmsfor theJ-EVSEandJ-EVSFprob-
lems,thealgorithmfor theT-EVSFproblemusesa voltage
schedulingalgorithmasasubroutine.In thispaper, wecon-
siderGruian's algorithmsfor the T-EVSF problem[3]. In
devising thealgorithmfor T-RVSE problem,we adoptuse-
ful insightsfrom the J-EVSEproblem. The algorithmfor
the J-EVSEproblemstartswith the whole optionalwork-
loadsanditeratively decreasesthe optionalworkloadsun-
til the energy consumptionof the correspondingenergy-
optimal voltageschedule,which canbe directly computed
by Yao's algorithm [6], reachesthe energy budget. The
amountof optional workload of each job is determined
suchthat the gradientsof jobs areasuniform aspossible.
The gradientgi of a job Ji is de�ned to be the decreasein
the power dissipationper unit decreasein the reward, i.e.,

gi
def= P0(si)=r 0

i(oi) [8].
The procedureof our iterative algorithm for the task-

level RVSF problem is very similar to that of the algo-
rithm for the J-RVSE problem. The algorithmstartswith
thewholeoptionalworkloadsanditeratively decreasesthe
optional workload of eachtask such that the gradientof
eachtaskis as�at aspossible.Whencomputingthevoltage
scheduleateachiteration,thealgorithmusesGruian'salgo-
rithm. (For completedescriptionof our algorithm,refer to
[1].) Althoughtheheuristicis very simple,its performance
is comparableto thatof theFPTAS for theJ-RVSFproblem
for real-world applicationsasshown in Section6.

5 On-Line Algorithm

The on-line algorithm for �x ed-priority tasksslightly
differs from the previously proposedon-line algorithmfor
EDFtasks[8]. Theexistingon-linealgorithmfor EDFtasks
consistsof the following parts: slackestimationandslack
distribution. Thegoalof theslackestimationpartis to iden-
tify asmuchslacktime aspossibleandrecordstheresidual
energy reservedby anunexpectedlowerspeedor idle time.
The goal of the slack distribution part is to distribute the
slacktime andthe energy slackso that the gradientof the
resultantscheduleis asuniform aspossible.Amongthese,
only slack-timeestimationpart is changedbecauseother
partsarenot dependenton the priority assingmentpolicy.
For theslack-timeestimation,weadopttheexistingmethod
developedby Gruian [3], which is basedon the priority-
basedslackstealingmethod.

6 Experimental Results

In orderto evaluatetheperformanceof theproposedal-
gorithms,weperformedexperimentswith testjob setscon-
structedfrom periodictasksetsof threereal-world applica-

tions: MPEG4Videophone,CNC andAvionics. We used
logarithmicrewardfunctionsof thetypea i � log(bi � oi + 1).
First, we comparedtheFPTAS for theJ-RVSF problemin
Section3 andtheheuristicfor theT-RVSF problemin Sec-
tion 4. the quality of solution(the total reward) computed
by theheuristicwasvery closeto thatof theprovably close
to optimalsolutionobtainedby theFPTAS with e= 1:0%;
within 0:7% for MPEG4Videophoneapplication,andonly
about2 � 3% worsethanthe FPTAS. Next, we evaluated
theperformanceof theon-linealgorithmin Section5. For
a comparison,theFPTAS computesthenear-optimalsolu-
tion (within 1:0%) with thecompleteexecutiontraceinfor-
mation. Theresultobtainedby on-linealgorithmwasonly
5 � 12%worsethanthebaseschedule.

7 Conclusion
We investigated the problem of reward-basedvoltage

schedulingfor �x ed-priorityhardreal-timesystems.First,
we presentan FPTAS for the off-line job-level scheduling
problem. Second,we proposean heuristicfor the off-line
task-level schedulingproblemwhoseperformanceis com-
parableto theFPTAS.Finally, anef�cient low-overheadon-
line algorithmwaspresented.Theproposedalgorithmscan
befurtherextendedin severaldirections.As our immediate
futurework, we areinterestedin a morerealisticprocessor
modelwith a limited numberof voltagelevels andtransi-
tion overheadsin time andenergy. In addition,we plan to
developoff-line andon-linealgorithmsfor 0/1rewardfunc-
tions.
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