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Abstract

We addressthe combinedsceduling problemof maxi-
mizingthetotal reward of x ed-priority hard real-timesys-
temswith a givenenegy budget. We presenta fully poly-
nomialtime approximationscheme(FPTAS)for the off-line
job-level schedulingproblemand an efcient heuristicfor
thetask-level schedulingproblem.We also describean on-
line algorithmwhich is effectivein leveraging the execution
timevariation.

1 Intr oduction

In the reward-based scheduling framevork [2], the
workloadof eachtaskis dividedinto a mandatorypartand
anoptionalpartanda nondecreasingoncae reward func-
tion is associatedavith eachoptionalpart; the morethe op-
tional partis executedthehighertherewardis. Thereward-
basedramavork canmodelvariousreal-time e xible appli-
cationsthat allow approximateresultssuchasimageand
speechprocessing,multimedia, robot control/naigation
systemsreal-timeheuristicsearch2].

As e xible applicationsareexecutedon variablevoltage
processorghecombinedoroblemof reward-basedchedul-
ing andvoltageschedulingwhichwe call thereward-based
voltage schedulingproblem,hasbeenrecentlyinvestigated
[4, 5, 8]. The reward-basedvoltage schedulinginvolves
two-dimensionalobjectives, maximizing the total reward
scheduling)and minimizing the enegy consumptionand
canbe de ned asduals. Without lossof generality in this
paper we considerthe problemof maximizingthetotal re-
wardsubjectto enegy constraints.

Reward-basedoltageschedulingvas rst addressety
Rusuet al. [4, 5]. In [5], optimal off-line solutionsfor
frame-basedasksets(whereall the jobs have identical re-
leasetimesanddeadlineshndperiodicEDF tasksetswith
concaerewardfunctionsareconsideredThereward-based
voltageschedulingproblemfor frame-basedask setswith
O/1rewardfunctionswasprovedto beNP-hardandaheuris-

tic for the problemwaspresentedn [4]. Recently anopti-
mal off-line algorithmandanon-linealgorithmfor thejob-
level EDF reward-based/oltage schedulingproblemhave
beenproposed8].

In this paperwe considerreward-basedoltageschedul-
ing for xed-priority tasks. First, we describean FP-
TASfor the off-line job-level schedulingoroblem. Second,
we presentan ef cient heuristicfor the off-line task-level
schedulingproblem. Finally, we presentan on-line algo-
rithm which effectively leveragethe workload variationto
increaseherewardwithin enegy budget.

2 Problem Formulation

We considera set J = fJ1;J; ;Jjg of priority-
orderedobswith J; beingthe job with the highestpriority.
A job J 2 J is associatedwvith the following attributes,
which areassumedo beknown off-line:

rj andd;: thereleasdime andthedeadline.
my: themandatoryworkload.

uy: thesumof m; andtheupperboundof the optional
workload.

r 5: therewardfunction.

We usep; to denotethe priority of thejob J. In therest
of the paper we usei insteadof J; asa subscriptof timing
parametersvhenno confusionarises.

For the on-line schedulingproblem, m; and u; are the
worst-casevaluesand the actualmandatoryworkload and
upperbound of the optional workload vary within (0; m]
and (O;u; my] during runtime. The total workload of J;
(i.e., the sumof the mandatoryand optionalworkloadsof
J) is denotedby o; andis selectedbetween[m;;ui] , i.e.,
m 0 U . Associatedwith eachoptionalworkloado;
is a reward function ri(0;), which is assumeto be non-
decreasingconcae, and continuouslydifferentiableover
the intenval [mj;u] asin [2, 5]. Given a workload tuple
o= fo1;02; ;030, thetotal rewardF, our optimization

goal,is givenby F(0) = é{ijlri(oi)-



From the fact that eachjob runs at the constantspeed
underanenepgy-optimalvoltagescheduld6, 7], thevoltage
schedulecanbe de ned asatuple of the allowed execution
timesA = (a;a2; ;3y). Given a voltagescheduleA,
the responséime of eachjob is uniquelydeterminedand
if every job nishes its executionby its deadlineunderA,
A is saidto befeasible The exactconditionfor a voltage
scheduleA to befeasibleis givenasfollows (See[7] for a
proof):

Condition | (Feasibility Condition).
ThereexistsajJj-tuple (fy,; fs,;  ;fyy) 2 T suchthat
81 i jJj 8r2ftt2Ry"rt< fig
é. ak fy r:
k=py, Py"ry2[nfy)

A job setJ is saidto be an EDF job setif for any J;J°2 J
(wherep; < py), d; dypordyp rj. Whenthe priority
assignmentollows the EDF policy, thatConditionl is sim-
pli ed asfollows (See[7] for aproof.):

Condition 1l (EDF Feasibility Condition).

i) & a  d o
k=[r;dk] [rizdj]

Forary ri<dj (1 i;]j

Theenegy consumptiorof thevoltageschedulén termsof
Aisgivenby E(A) = a!J & P(0=a)) . Fora x edwork-
load tuple o, the enegy-optimal voltage schedulingprob-
lem is statedas maximizing E(A) subjectto Condition|
(or Conditionll for EDF job sets).Now, the reward-based

voltageschedulingoroblemis formulatedasfollows:

Find aworkloadtupleo = foy;02; ;039 suchthat
the total reward F(0) is maximizedwhile the corre-
spondingenegy-optimal voltage scheduledoes not
consumemorethanEpyqget .

3 Off-Line Job-Level Scheduling

The Job-level Reward-basedVoltage Scheduling for
Fixed-priority (J-RVSF) problemis ageneralizedersionof
theJob-level Enegy-optimalVoltageSchedulingor Fixed-
priority (J-EVSF)problem[7] of whichthecompleity was
provedto be NP-hard(in theordinarysense]7], andcanbe
easilyshavn to be NP-hardby reductionfrom the J-EVSF
problem. (See[1] for a proof.) The main sourceof dif-

culty comesfrom the complicatedsolution spaceof job-
level x ed-priority schedulingijt is not obvious how to di-
rectly explorethesolutionspacegivenby Conditionl. How-
ever, it is worthwhileto notethatConditionl alsorepresents
the solutionspaceof the J-EVSFproblemandcanbe ade-
guatelyhandledby dynamicprogrammingformulation as
in [7].

We brie y review usefulobsenrationsrelatedto the fea-
sibility conditionwhich areshavn in [7]. The feasibility
conditionfor a x ed-priority job set (i.e., Condition]l) is

Figure 1. An example of EDF-equiv alent job sets.

complicatedand,consequentlyinadequatdor the ef cient
explorationof the solutionspace.On the contrary the fea-
sibility conditionfor an EDF job set(i.e., Conditionll) is
quite simple. Thefollowing key propertyestablishes link
betweenConditionsl andll.

Property 1 [7] Givena jJj-tuplef = (fy; fy,; ;ijJj),
let J' representthe job setfJP; 33, ;39,0 whee py=
P3;C0= C3;Tp0= ry anddp= fy forall 1 i jJj. Jf

is said to be EDF-equivalento J if Jf is an EDF job set.
Then thesetof all feasiblescheduleof J is equalto the set
of all feasibleschedulesof J's EDF-equivalenfob sets.

From Propertyl, thereis a one-to-onecorrespondence
betweerfeasibleschedule®f a x ed-priorityjob setJ and
feasiblescheduleof J's EDF-equvalentjob sets. Figure
1 shavs an example of EDF-equvalent job sets. Figure
1.(a) shawvs the original job setJ = fJ;;J0. In this ex-
ample,J, hasa lower priority but earlierdeadlinethanJ;,
soJ is notan EDF job set. In Figuresl.(b) and1.(c), two
job setsareshawvn, whichareEDF-equvalentto J. Thejob
setsf J9; 399 andf 399399 areobtainedby choosing(ry, ; ds,)
and(dy,;ds,) asdeadlinesrespectrely. Both job setsfol-
low the EDF priority assignmenandthe maximum-revard
schedule(resp. the enegy-optimal voltage schedule)for
eachjob setcanbe computedby the polynomial-timeopti-
mal algorithmfor the J-RVSE problem[8] (resp.Yao's op-
timal algorithm[6] for the J-EVSEproblem). The optimal
scheduleof J is equalto thatof f J%; 9g or f J9939Y depend-
ing ontheworkloadof J; andJ,. For agiven x ed-priority
job setJ, the problemof nding a maximum-revard (resp.
minimum-enegy) scheduleof J is reducedo the problem
of nding an EDF-equvalentjob setof J that maximizes
thetotal reward (resp.minimizesthe enegy consumption).

For a job set with N jobs, there are O(N!) EDF-
equivalentjob setsin the worst case. However, using dy-
namic programmingformulation, the EDF-equvalent job
setscan be enumeratedntelligently without actually enu-
meratingall of them[7]. We rst identify appropriatéover
lapping” (or reusable)substructurgo which dynamicpro-
grammingcanbe appliediteratively. We notethatthe “op-
timal substructurefs naturallyre ected by blodking tuples
which arejust sequencesf time pointsin Ty = fry;d;jJ 2
Jg in strictly increasingorder Thatis, ary solution(satis-
fying Conditionl) for thewholeintenal canbeobtainedby
meging solutionsof thesub-interalsde ned by ablocking
tuple.

Figure2 shavs anexamplejob setandits corresponding
EDF-equvalent job setwhosetime interval is partitioned
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Figure 2. An example illustrating the dynamic program-
ming formulation. (a) An original job set and (b) an
EDF-equivalent job set dened by a blocking tuple
(rNsTN 330N 15 5r2;02;0h).

by ablockingtuple(rn;rn 3;0n 1;  ;r2;d2), whichis de-
pictedby asetof thedashedhick linesin Figure2.(b). Note
that jobs in eachsub-interal follow the EDF-priority as-
signmentandthat the maximum-revard schedulefor each
partitionedsub-intenal within agivenenegy budgetcanbe
foundin polynomialtime by the algorithmfor the J-R/SE

problem[8]. The following propertymakesit possibleto

explorethesolutionspaceef ciently by usingdynamicpro-

grammingformulation.

Property 2 [7] For aninterval [t;t9 (t;t°2 Tj), let Jyq

representhejob setthat consistof jobsin J whoserelease
timesare within the interval [t;t9 with their deadlines,if

later thant®, adjustedto t° If J.q followsthe EDF prior-

ity, it is saidto beatomic For any EDF-equivalenfob set
JOof a xed-priority job setJ, there alwaysexistsa block-

ingtuple(by;by; ;b)) sudhthatd® [ L:llJ[bk;bk+1] whee

[b; bk+1] is atomicforall 1 k< k.

Note that f J .1 Jb,bei 19y 170 IS @ partition of J°
and the executionintervals of the partitionedjob setsdo

not overlap one another Property2 establishes one-to-
one correspondencbetweenEDF-equvalentjob setsand
blocking tuples. Sincethe eachpartitionedjob set (i.e.,

Jibeby. 1) follows the EDF priority, it canbe handledby the
polynomial-timeoptimalalgorithmfor the J-R/SE problem
[8], comprisingthe “optimal substructure’df the dynamic
programmingormulation.

By exploting the partitionablestructureof the J-R/SF
problem(i.e., Property2), dynamicprogrammingormula-
tion for the J-R/SE problemcanbe constructed.For two
time-instantst;t°2 Ty (t < t9, let Fyqhei representhe

maximumachie/abletotal reward for the job setJ.q with
theenegy budgetof e. (It canbecomputed)ytheaﬂgorithm
for theJ-RVSE problem[8].) Then,fromtheProperty2, the
maximumachievabletotal rewardfor thejob setJ with the
enegy budgetof Epydget(i-€., Fo;H]Ebudged ) i givenby
n
max &, iFbcbegBd 0= bi<bp< <b=H A" (1)
[0}

1 k< I; [by; b 1] is atomic. é_:(zllq( Epudget
To considera takular methodfor the problem,for thetime
being,let usassumehatin nite columnsthatrepresenthe
continuousenegy valuesareavailable.Eachrow represents
aninterval [0;ty] (tx 2 Tj) (i.e.,thenumberof rowsis jT3j.).
The procedureto Il in the table entriesproceedsow by
row. For thetop row (i.e., the emptyinterval [O;Q]), every
entryis lled with 0. Eachsubsequenow is lled with the
maximumachie/abletotal rewardfor Jy; with the enegy
budgete (i.e., Foy,hei), which canbe computedoy using
theentriesin the previousrow:

Fotg® = mr?x ngx Fot e Del + Fy,hDei 0< De< e
[th; tk] is atomic.

NotethatFoy, e Dei hasbeeralreadystoredn theprevi-
ousrow andthatFy, .,hDei canbedirectly computedby the
J-RVSEalgorithm([8] sincedy;, ,j isanEDFjob set.Finally,
oncetheentiretableis lled in, themaximumachiezableto-
tal reward(i.e., Fo,;4Epudgei ) is Storedin the lastrow and
the blocking tuple and the enegy budgetfor eachatomic
interval (i.e., (by;by; ;b)) andeg in Eqg.(1),respectiely)
canbefoundby trackingthe lling procedure.

We can transformthe talular methodinto an FPTAS
by consideringdiscreteenepy valuesthat represensuf-
ciently closecontinuousenegy values. The relative error
of the FPTAS depend®n how the closenesss de ned; the
smallerthethreshholdor theclosenesghesmallertherel-
ative error at the costof increasingcomputationtime. For
completedescriptionof the algorithmand proofs, refer to

[1].
4 Off-Line Task-Level Scheduling

In this section,we describean off-line algorithm for
the Task-level Reward-based/oltageSchedulingor Fixed-
priority (T-RVSF) problemwhich is basedon Gruian's al-
gorithmfor the Task-level Enegy-optimalVoltageSchedul-
ing for Fixed-priority (T-EVSF) problem[3]. We caneas-
ily reducethe T-EVSF problemto the T-RVSF problemin
polynomialtime. Furthermorethe T-EVSF problemcanbe
provedto be NP-hardin the ordinarysensereferto [1] for
the proof.),implying thatthe T-RVSF problemis alsoNP-
hard.Furthermoretheinherentcompleity of x ed-priority
schedulabilityanalysisis not involed in the NP-hardness
proof, i.e., the periodsof transformednstancesare deter
minedsuchthattheschedulabilitycanalwaysbechecledin



polynomial-time.Thereforewe believe thatthe compleity
of the T-EVSF problem(aswell asthe T-RVSF problem)is
beyond the ordinary NP-hardnesand,consequentlythese
problemsarenotlikely to admitan FPTAS.

Aswith thealgorithmsfor theJ-EVSEandJ-EVSFprob-
lems,the algorithmfor the T-EVSF problemusesa voltage
schedulingalgorithmasa subroutineIn this paperwe con-
sider Gruian's algorithmsfor the T-EVSF problem[3]. In
devising the algorithmfor T-RVSE problem,we adoptuse-
ful insightsfrom the J-EVSEproblem. The algorithmfor
the J-EVSE problemstartswith the whole optional work-
loadsanditeratively decreasethe optionalworkloadsun-
til the enegy consumptionof the correspondingenegy-
optimal voltageschedulewhich canbe directly computed
by Yao's algorithm [6], reacheshe enegy budget. The
amountof optional workload of eachjob is determined
suchthat the gradientsof jobs are asuniform as possible.
The gradientg; of ajob J; is de ned to be the decreasén
the power dissipationper unit decreasén the reward, i.e.,
g €' PYs)=r {a) [8].

The procedureof our iterative algorithm for the task-
level RVSF problemis very similar to that of the algo-
rithm for the J-R/SE problem. The algorithm startswith
the whole optionalworkloadsanditeratively decreasethe
optional workload of eachtask suchthat the gradientof
eachtaskis as at aspossible Whencomputingthevoltage
scheduleateachiteration,thealgorithmusesGruians algo-
rithm. (For completedescriptionof our algorithm,referto
[1].) Althoughtheheuristicis very simple,its performance
is comparable¢o thatof the FPTAS for the J-R/SF problem
for real-world applicationsasshovn in Section6.

5 On-Line Algorithm

The on-line algorithm for x ed-priority tasksslightly
differs from the previously proposedn-line algorithmfor
EDFtaskd8]. Theexistingon-linealgorithmfor EDFtasks
consistsof the following parts: slack estimationand slack
distribution. Thegoalof theslackestimatiorpartis to iden-
tify asmuchslacktime aspossibleandrecordstheresidual
enepgy reseredby anunexpectedower speedor idle time.
The goal of the slack distribution partis to distribute the
slacktime andthe enepgy slackso thatthe gradientof the
resultantschedulds asuniform aspossible.Amongthese,
only slack-timeestimationpart is changedbecauseother
partsare not dependenbn the priority assingmenpolicy.
For theslack-timeestimationwe adoptthe existing method
developedby Gruian[3], which is basedon the priority-
basedslackstealingmethod.

6 Experimental Results

In orderto evaluatethe performanceof the proposedl-
gorithms,we performedexperimentswith testjob setscon-
structedfrom periodictasksetsof threereal-world applica-

tions: MPEG4 Videophone CNC and Avionics. We used
logarithmicrewardfunctionsof thetypea; log(b; o+ 1).
First, we comparedhe FPTAS for the J-RVSF problemin
Section3 andthe heuristicfor the T-RVSF problemin Sec-
tion 4. the quality of solution (the total reward) computed
by the heuristicwasvery closeto thatof the provably close
to optimal solutionobtainedby the FPTAS with e = 1:0%;
within 0:7% for MPEG4Videophoneapplication,andonly
about2 3% worsethanthe FPTAS. Next, we evaluated
the performanceof the on-line algorithmin Section5. For
a comparisonthe FPTAS computeghe nearoptimal solu-
tion (within 1:0%) with the completeexecutiontraceinfor-
mation. The resultobtainedby on-line algorithmwasonly
5 12%worsethanthebaseschedule.

7 Conclusion

We investicated the problem of reward-basedvoltage
schedulingfor x ed-priority hardreal-timesystems.First,
we presentan FPTAS for the off-line job-level scheduling
problem. Secondwe proposean heuristicfor the off-line
task-lerel schedulingoroblemwhoseperformancds com-
parableto theFPTAS. Finally, anef cient low-overheadn-
line algorithmwaspresentedThe proposedalgorithmscan
befurtherextendedn severaldirections.As ourimmediate
future work, we areinterestedn a morerealisticprocessor
modelwith a limited numberof voltagelevels andtransi-
tion overheadsn time andenepy. In addition,we planto
developoff-line andon-linealgorithmsfor 0/1 rewardfunc-
tions.
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