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Abstract

ApproximatelinearprogrammingALP) hasemegedrecentlyasoneof
the most promisingmethodsfor solving complex factoredMDPs with
nite statespaces. In this work we show that ALP solutionsare not
limited only to MDPswith nite statespacesbut thatthey canalsobe
appliedsuccessfullyto factoredcontinuous-statéDPs (CMDPs). We
shav how onecanbuild an ALP-basedapproximatiorfor sucha model
andcontrasit to existing solutionmethods We arguethatthis approach
offersarobustalternative for solving high dimensionakontinuous-state
spaceproblems.The pointis supportedy experimentson threeCMDP
problemswith 24-25continuousstatefactors.

1 Intr oduction

Markov decisionprocesse@MDPs)offer anelegantmathematicaframework for represent-
ing andsolving decisionproblemsin the presencef uncertainty While standardsolution
techniquessuchas value and policy iteration, scale-upwell in termsof the numberof
statesthe statespaceof morerealisticMDP problemsis factorizedandthusbecomesx-
ponentiain thenumberof statecomponentsMuch of therecentwork in the Al community
hasfocusedon factoredstructuredrepresentationsf nite-state MDPs andtheir ef cient
solutions. Approximatelinear programming(ALP) hasemepgedrecentlyas one of the
mostpromisingmethodsfor solving complex factoredMDPs with discretestatecompo-
nents.Theapproachusesalinearcombinatiorof local featurefunctionsto modelthevalue
function. Thecoefcients of themodelare t usinglinear programmethods A numberof
re nementsof the ALP approacthave beendevelopedover pastfew years.Theseinclude
the work by Guestrinet al [8], de Fariasand Van Roy [6, 5], Schuurmansnd Patrascu
[15], andothers[11]. In thiswork we shav how the samesetof linear programming(LP)
methodscanbe extendedalsoto solutionsof factoredcontinuous-statMDPs !

The optimal solution of the continuous-statéDP (CMDP) may not (andtypically does
not) have a nite support.To addresghis problem,CMDPsandtheir solutionsareusually
approximatedandsolved eitherthroughstatespacediscretizatioror by tting asurrogate
and(oftenmuchsimpler)parametriosaluefunctionmodel. Thesetwo methodscomewith
differentadvantagesndlimitations. > Thedisadwantageof discretizationgs theiraccurag

IWe assuméhatactionspacestay nite. Rust[14] callssuchmodelsdiscretedecisionprocesses.
2Thetwo methodsaredescribedn moredepthin Section3.



andthe factthathigheraccurag solutionsare paid for by the exponentialincreasan the
compleity of discretizations.On the other hand, parametricvalue-functionapproxima-
tionsmaybecomeunstablevhencombinedwith dynamicprogrammingnethodsandleast
square®rror[1]. TheALP solutionthatis developedin thiswork eliminateshedisadwan-
tagesof discretizatiorandfunctionapproximatiorapproachewhile preservingheirgood
properties. It extendsthe approachof Trick and Zin [17] to factoredmulti-dimensional
continuousstatespaceslts mainbene tsaregoodrunningtime performancestability of

the solution,andgoodquality policies.

Factorednodelsoffer amorenaturalandcompactvay of parameterizingomplex decision
processesHowever, not all CMDP modelsandrelatedfactorizationsare equally suitable
alsofor the purposeof optimization. In this work we study factoredCMDPs with state
spacesestrictedo [0; 1]". We shaw thatthe solutionfor suchamodelcanbeapproximated
by an ALP with in nite numberof constraintshat decomposdocally. In addition, we

shav that by choosingtransitionmodelsbasedon betadensities(or their mixtures)and

basisfunctionsde ned by productsof polynomialsoneobtainsan ALP in which boththe

objectie functionandconstraintsarein closedform. In orderto alleviate the problemof

in nite numberof constraintswe develop and study approximationbasedon constraint
sampling[5, 6]. We shav thatevenundera relatively simplerandomconstraintsampling
we are ableto very quickly calculatehigh quality solutionsthat are comparableo other
existing CMDP solutionmethods.

Thetext of thepapelis organizedasfollows. Firstwereview nite-state MDPsandapprox-
imatelinear programming(ALP) methodsdevelopedfor their factoredre nements. Next
we shav how to extendthe LP approximationgo factoredcontinuous-stat®DPsanddis-
cussassumptionsinderlyingthe model. Finally, we testthe new methodon a continuous-
stateversionof the computernetwork problem([8, 15 and compareits performanceo
alternatve CMDP methods.

2 Finite-state MDPs

A nite stateMDP de nes a stochasticcontrol processwith componentdX; A; P;R),
whereX is a nite setof statesA is a nite setof actions,P : X A X I [0;1]
de nes a probabilistictransitionmodelmappinga stateto the next statesgivenanaction,
andR : X A! IRde nesarewardmodelfor choosinganactionin aspeci c state.

Givenan MDP our objectve is to nd tpe policy : X I A maximizingthein nite-
horizondiscountedeward criterion: E ( il:O 'ri), where 2 [0;1) is adiscountfactor
andr; is arewardobtainedin stepi. Thevalueof the optimalpolicy satis esthe Bellman
x edpointequation12]: " 4

X
V(x) = max R(x;a) + P(x%x;a)V(x9 ; (1)
x0
whereV is the value of the optimal policy and x° denotesthe next state. For all states
x 2 X theequationcanbewrittenasV = HV, whereH is the Bellmanoperator Given
thevaluefunctionV, theoptimalpolicy  (x) is de ned by theactionoptimizingEqn1.

Methodsfor solvingan MDP includevalueiteration,policy iteration,andlinearprogram-
ming[12, 2]. In thelineggprogram(LP) formulationwe solve thefollowing problem:

minimize V (x) (2
i X
subjectto: V(x) P(x%x;a)V(x% R(x;a) 0; 8 x;a
x0
wherevaluesof V (x) for every statex aretreatedasvariables.



Factorizationsand LP approximations

In factored MDPs, the state space X is dened in terms of state variables

variables.Compactparameterizationsf MDPsbasedn dynamicbelief networks[7] and
decomposablewardfunctionsareroutinelyusecdo represensuchMDPsmoreef ciently .
However, thepresencef acompacmodeldoesnotimply theexistenceof ef cient optimal
solutions.To addresshis problemKoller andParr [9] andGuestrinatal [8] proposéo use
alinearmodel[13]:

X
fx)= wfi(xp)
i
to approximatehevaluefunctionV (x). Herew; arethelinearcoefcients to befound( t)
andf ; s denotefeaturefunctionsde ned over subsetx; of statevariables.

Given a factoredbinary-stateMDP, the coefcients of the linear model canbe found by
solvingthesurrogs)xge)f theLP irquuationZ [8]:

minimize, wi2" K () ®3)
i 2 Xj 3
X X
subjectto: wi 4 (xi) P(xVixia;a)fi(x)® R(x;a) 0;8x;a
i xio

wherexp, arethe parentsof statevariablesin x?2 underactiona, andR(x;a) decom-
posesto :“:1 Rar (Xar ; @), suchthat Ry (Xar ;@) is a local reward function de ned

over a subsetof statevariables. Note that while the objective function canbe computed
ef ciently, the numberof constraintonehasto satisfyremainsexponentialin the number
of randomvariables However, only a subsedf theseconstraintdecomesctive andaffect

the solution. Guestrinet al [8] shaved how to nd active constraintshy solving a cost
network problem. Unfortunately the costnetwork formulationis NP-hard.An alternatve

approactfor nding active constraintsvasdevisedby SchuurmansndPatrascy15]. The

approachmplementsa constraintgeneratiormethod[17] andappeargo give avery good

performancen average.Theideais to greedilysearchfor maximallyviolatedconstraints
which canbe doneef ciently by solvinga linearoptimizationproblem. Theseconstraints
areincludedin thelinearprogramandthe processs repeatedintil no violatedconstraints
arefound. De FariasandVan Roy [5] analyzeda Monte Carlo approachwith randomly
samplecconstraints.

3 Factored continuous-stateMDPs

Many stochasticcontrolled processesre more naturally de ned using continuousstate
variables.In this work we focuson continuous-stat®DPs (CMDPs)wherestatespaces
arerestrictedto [0; 1]".  We assumdactoredrepresentationaheretransitionprobabil-
fHies are de ned in termsof densitiesover [0; 1] statevariablesubspacesp(xYx;a) =
j”:1 p(xJij; a) wherex®andx denotethe currentand previous states.Revardsarerep-
resentecdompactlyover subset®f statevariablessimilarly to factored nite-state MDPs.

3.1 Solving continuous-stateMDP

The optimal valuefunction for a continuous-stat®DP satis esthe Bellman x ed point
equation: 7

V(x) = max R(x;a)+ p(xYx;a)V (x%9dx° :

X

3We notethatin generalary boundedsubspacef R" canbetransformedo [0; 1]".



The problemwith CMDPsis thatin mostcaseghe optimal valuefunctiondoesnot have
a nite supportandcannotbe computed.Existing solutionsattemptto replacethe value
functionor the optimalpolicy with a nite approximation.

Grid-based MDP (GMDP) discretizations[4, 14]. A typical solutionis to discretizethe
statespaceo a setof grid pointsandapproximatesaluefunctionsover suchpoints. Unfor-
tunately classicgrid algorithmsscaleup exponentiallywith the numberof statevariables

theBellmanoperatoH canbeapproximatedvith anoperatoH s thatis restrictedo grid
pointsG. Onesuchoperatomagbeenstudiedby Rust[14] andis de neg as:

X
Ve(x') = max4R(x';a) +  Po(x!jxia)Ve(x)5; @
j=1

wherePg (x) jx';a) = 4(x")p(x! jx'; &) de nesanormalizedtransitionprobability such
that ,(x') is a normalizingconstant. Equation4 appliedto grid pointsG de nesa -
nite stateMDP with jGj states. The solution,Vs = Hg Vg, approximateghe original
continuous-stat®DP. Corvergencepropertiesof theapproximatiorschemen Equationd
for randomor pseudo-randoreamplesvereanalyzedoy Rust[14].

Parametric function approximations. An alternatve way to solve a continuous-state
MDP is to approximatethe optimal value function V (x) with an appropriateparametric
function model[3]. The parameter®f the modelare tted iteratively by applyingone
stepBellmanbackupsto a nite setof statepointsarrangedon a x ed grid or obtained
throughMonte Carlo sampling.Leastsquare<riterionis usedto t the parametersf the
model.In additionto parallelupdatesandoptimizations pn-line updateschemedasedn
gradientdescen{3, 16] arevery popularandcanbe usedto optimizethe parametersThe
disadwantageof the methodss theirinstability andpossibledivergence1].

3.2 LP approximationsof CMDPs

Our objectie is to develop an alternatve to the above solutionsthat is basedon ALP
techniquesandthat takes advantageof modelfactorizations. It is easyto seethatfor a
generakontinuous-statmodelthe exactsolutioncannotbeformulatedasalinearprogram
aswasdonein Equation2 sincethe numberof statesis in nite. However, usinglinear
representationsf the value functionswe needto optimize only over a nite numberof
weightscombiningfeaturefunctions.Soadoptingthe ALP approactrom factoredMDPs
(Section2), the CMZDP problemcanbeformulatedas:
X
minimizey Wi fi(x;)dx;
X

2 7 0 1 3

X Y
subjectto: wi 4fi(xi) @ p(x{ixja ;@)A Fi(x))dx®  R(x;a) 0, 8x;a

) 0
i X xi°2x?

Theabove formulationof the ALP builds uponour obsenationthatlinearmodelsin com-
binationwith factoredransitionsarewell-behaedwhenintegratedover[0; 1]" statespace
(or ary boundedspaceprndnicely decomposalongstate-ariablesubsetsle ning feature
functionssimilarly to Equation3. This simpli cation is a consequencef the following
variableeliminationtransformation:
zZ, Z z 1 Z
f(z)dz dy= f(z)dz y = f(2)dz:

0 z z 0 z

Despitethe decompositionthe ALP formulationof the factoredCMDP comeswith two
concerns.First, the integralsmay be improperandnot computable.Second we needto



satisfyin nite numberof constraintgfor all valuesof x anda). In the following we give
solutionsto bothproblems.

Closedform solutions. Integralsin the objective function and constraintsdependon the
choiceof transitionmodelsandbasisfunctions. We want all theseintegralsto be proper
Riemannianintegrals, and, if possible,to have closed-formsolutions. To this point, we
have identi ed conjugateclasse®f transitionmodelsandbasisfunctionsthatsatisfyboth
conditions.

Beta transitions. To parameterizéhe transitionmodelover [0; 1] we proposeto usebeta
densitiesor their mixtures. The betatransitionis de ned as:

p(XjOij;a ;a)=B eta(xfjgj%a (Xja ); gjz;a (Xja ));
wherex;,, is the parentsetof avariablex; underactiona, andgj}a (Xja ) gfa (Xja) > 0
for xja 2 [0; 1}*i= ] de ne theparametersf thebetamodel.

Feature functions. A featurefunctionform thatis particularly suitablefor the ALP and
matchedetatransitionss a productof power functions:

fi(xi) = X"
Xj2Xi

It is easyto show thatfor sucha casetheintegralsin the objective functionsimplify to:

z Z oy Y ) Yoo
mj; myji .
fi(xj)dx; = X] Hodxi = X; Tdx; = F—
Xi Xi Xj2Xi XjZXi Xj XjZXi mj;l
Similarly, usingour conjugateransitionandbasismodelstheintegralsin constraintsim-
plify to:
0

7 1

Y Y 1 ) 2 ) 1 ) .
@ O a)A f, 0y iy © = (G (Xja ) + gia (Xja ) ( Gia (Xja )) + mji );
POGIXja 1) Fi(xi)ex (oL (i) + & () *+ My ) ( Gl (1)

0
i xJQinO xi°2x?

where (1) is thegqﬁnmafunction. For example,assumindeatureswith productsof state
variablesf;(x;) = Xj , the ALP formulationbecomes:

Xj 2Xi
o X 1 ixi
minimizey w3 %)
) 3
Y Y 1 (y.
subjectto: w; 4 X . _gJ'a (xj’az) _ R(x;a) O; 8x;a
[ Xj 2% xP2xp Gia (Xja ) *+ Gia (Xja )

ALP solution. Althoughthe ALP usesin nitely mary constraintspnly a nite subsetf

constraintsactive constraintsjs necessaryo de ne the optimal solution. Existing ALP

methodsfor factored nite-state MDPs searchfor this subsetmore ef ciently by taking
adwantageof local constraintdecompositiongndvariousheuristics.However, at the end
thesemethodsalwaysrely on thefactthe decompositionarede ned ona nite statesub-
space Unfortunately constraintsn ourmodeldecomposever smallerbut still continuous
subspacesotheexisting solutionsfor the nite-state MDPscannotbe applieddirectly.

Sampling constraints. To avoid the problemof continuousstatespaceswve approximate
the ALP solutionusinga nite setof constraintsle ned by a nite setof statespacepoints
andactionsin A. Thesestatespacepointscanbe de ned by regular grids on statesub-
space®r via randomsamplingof statesx 2 X. In this work we focuson andexperiment
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Figurel: a. Topologiesof computemetworksusedin experimentsb. Transitiondensities
for thej th computeranddifferentprevious-state/actionombinations.

with therandomsamplingapproach.For the nite statespacesuchatechniquehasbeen
devisedandanalyzedby de FariasandVan Roy [5]. We notethatthe blind samplingap-
proachcanbeimprovedvia variousheuristics? However, despitemary possibleheuristic
improvementswe believe that the crucial bene t comesfrom the ALP formulationthat
“ts” thelinearmodelandsubsequentonstraintandsubspacelecompositions.

4 Experiments

To testthe ALP methodwe usea continuous-statenodi cation of the computemetwork

exampleproposedy Guestrinetal [8]. Figurelaillustratesthreedifferentnetwork struc-
turesusedin experiments.Nodesin graphsrepresentomputers.The stateof a machine
is representedy a numberbetween0 and 1 re ecting its processingcapacity(the abil-

ity to procesgasks). The network performancecanbe controlledthroughactiities of a

humanoperator: the operatorcan attenda machine(one at time) or do nothing. Thus,
thereis atotal of n + 1 actionswheren is the numberof computersn the network. The
processingcapacityof a machine uctuates randomlyandis determinedby: (1) a ran-

dom event (e.g., a software bug), (2) machinesconnectedo it and (3) the presenceof

the operatorat the machineconsole. The transition model representghe dynamicsof

the computernetwork. The modelis factorizedand de ned in termsof betadensities:
p(x{jxja ;@) = Beta(x{jgl, (Xja ) g% (Xja ), wherex? is the currentstateof the j th

computeyandx, describeshe previous-stepstateof the computersaffectingj . We use:
O'saa(Xja) = 2+ 13 5%)X; 1andg% ., (Xja) = 10 2x; 6x;X; 1 fortransitions
Whenthehumamloesnotattendhecomputerandgj1: aa(Xja) = 20andgj2: aa(Xja) = 2

whenthe operatoris presentat the computer Figure 1b illustratestransitiondensitiesfor

thej th computegivendifferentvaluesof its parentd x; ; X; 19 andactions.Thegoalis to

maintainthe processingbility of the network at the highestpossibjslevel overtime. The
preferenceareexpressedn therewardfunction: R(x; a) = 2x3 + jnzz x?, wherex; is

thesener. Thediscountfactor is 0:95.

To de ne the ALP approximationwe useda linearcombinationof linear (for every node)
and quadratic(for every link) featurefunctions. To demonstrate¢he practicalbene t of
theapproachwe have comparedt to the grid-basedpproximationEquationd4) andleast-
squarevalueiterationapproachwith the samdinearvaluefunctionmodelasin the ALP).
Theconstraintsn the ALP weresampledandomly To make thecomparisorfair thesame
setsof samplesvere sharedby all threemethods.The full comparisorstudywasrun on

“4Variousconstrainisamplingheuristicsareanalyzedandreportedn a separatavork [10].



24-ring 25-star 24-ring-of-rings

145 155 145
°
®©
150
% 140
@ 3 145
8135
3 140
& —_ ALP
130 135
0 500
400 , 400
/
5300 / 300
[}
(b) 200
100
0
0 500 0 500 O 500

Number of samples Number of samples Number of samples

Figure 2: a. Averagevaluesof control policies for ALP, least-square$LS), and grid
(GMDP) approachesor differentsamplesizes. Randompolicy is usedasa baseline.b.
Averagerunningtimes.

problemswith threenetwork structuredrom Figure 1a, eachwith 24 or 25 nodes.Figure
2aillustratesthe averagequality (value)of a policy obtainedby differentapproximation
methodswhile varyingthe numberof samplesThe averages computedover 30 solutions
obtainedor 30differentsamplesetsand100different(random)startstates Thesimulation
trajectorieof length50areused.Figure2billustratesthe scale-uppotentialof themethods
in termsof runningtimes. Resultsareaveragedover 30 solutions.

Overall, the resultsof experimentsclearly demonstratehe bene t of the ALP with “lo-
cal” featurefunctions. For the samplesize rangetested,our ALP methodcamecloseto
the least-squareflS) approachn termsof the quality. Both usedthe samevalue func-
tion modelandbothmanagedo t well the parametershencewe got comparablejuality
results. However, the ALP was much betterin termsof runningtime. Oscillationsand
poorcornvergencebehaior of theiterative LS methods responsibldor thedifference.The
ALP outperformedhegrid-basedpproaci{GMDP) in boththepolicy qualityandrunning
times. Thegapin the policy quality wasmorepronouncedor smallersamplesizes. This
canbeexplainedby theability of the modelto “cover” completestatespaceasopposedo
individual grid points. Betterrunningtimesfor the ALP canbe explainedby the factthat
the numberof free variablesto be optimizedis x ed(they areequalto weightsw), while
in grid methoddreevariablescorrespondo grid samplesandtheirnumbergrows linearly.

5 Conclusions

We have extendedthe applicationof linear programapproximatiormethodsandtheir ben-
e ts to factoredMDPs with continuousstates.® We have proposedh factoredtransition
modelbasednbetadensitiesandidenti ed featurefunctionsthatmatchwell suchamodel.
Our ALP solutionoffersnumerousadvantagesver standardyrid andfunctionapproxima-
tion approachesfl) it takesadvantageof the structureof the process(?2) it allows oneto

de ne non-linearvaluefunction modelsandavoids the instabilitiesassociateavith least-
squaredapproximations{3) it givesa more robust solutionfor small samplesizeswhen

SWe notethatour CMDP solutionpavestheroadto ALP solutionsfor factorechybrid stateMDPs.



comparedo grid methodsandprovidesa betterway of “smoothing”valuefunctionto un-
seenexamples;(4) its runningtime scalesup betterthan grid methods. Thesehasbeen
demonstratedxperimentallyon threelarge problems.

Many interestingssuegelatedto thenev methodremainto beaddressedrirst,therandom
samplingof constraintscan be improved using variousheuristics. We reportresultsof

someheuristicsolutionsin a separatavork [10]. Secondwe did not give ary compleity

boundsfor the randomconstraintsamplingapproach However, we expectthatthe proofs
by de FariasandVan Roy [5] canbe adaptedo cover the CMDP case.Finally, our ALP

methodassumesa boundedsubspacef R". Theimportantopenquestioris how to extend
the ALP methodto IR" spaces.

References

[1] D.P. BertsekasA counterexampleto temporaldifferencedearning.Neural Compu-
tation, 7:270-279,1994.

[2] D.PR. BertsekasDynamicprogrammingandoptimalcontmol. AthenaScienti ¢, 1995.
[3] D.P. BertsekagndJ.N. Tsitsiklis. Neuo-dynamidrogramming AthenaSc.,1996.

[4] C.S.Chaw andJ.N.Tsitsiklis. An optimalone-way multigrid algorithmfor discrete-
time stochasticontrol. IEEE Transaction®n AutomaticControl, 36:898—-9141991.

[5] D.P deFariasandB. VanRay. Onconstrainsamplingfor thelinearprogrammingap-
proachto approximatelynamicprogramming Mathematicof OperationsReseath,
submitted 2001.

[6] D.P.deFariasandB. VanRoy. TheLinear ProgrammingApproachto Approximate
DynamicProgrammingln OpemationsReseath, 51:6,2003.

[7] T. DeanandK. Kanazava. A modelfor reasoningaboutpersistencend causation.
Computationalntelligence 5:142—-1501989.

[8] C.GuestrinD. Koller, andR. Parr. Max-normprojectiongor factoredviDPs. In Pro-
ceeding®f the SeventeenthnternationalJoint Confeenceon Arti cial Intelligence
pages73—-6822001.

[9] D. Koller andR. Parr. Computingfactoredvaluefunctionsfor policiesin structured
MDPs. In Proceeding®f the 16th InternationalJoint Confeenceon Arti cial Intel-
ligence pagesl332—-13391999.

[10] B.KvetonandM. HauskrechtHeuristicsre nementsof approximatdinearprogram-
ming for factoredcontinuous-stat®arkov decisionprocessedn 14Thinternational
Confeenceon AutomatedPlanningand Scheduling to appear2004.

[11] P. Poupart,C. Boutilier, R. Patrascu,and D. Schuurmans.Piecavise linear value
functionapproximatiorfor factoredVIDPs.In Proceeding®ftheEighteentiNational
Confeenceon Al, pages292—-2992002.

[12] M.L. Puterman.Markov decisionprocessesdiscrete stochasticdynamicprogram-
ming JohnWiley, New York, 1994.

[13] B. VanRoy. Learningand valuefunctionapproximationin complex decisionprob-
lems PhDthesisMassachussettastituteof Technology1998.

[14] J.Rust. Usingrandomizatiorto breakthe courseof dimensionality Econometrica
65:487-5161997.

[15] D. SchuurmansindR.Patrascu. Direct value-approximatiorior factoredMIDPs. In
Advancesn Neuml InformationProcessingsystemd4, MIT Press2002.

[16] R.S.SuttonandA. G. Barto. Reinfocement.earning: Anintroduction 1998.

[17] M. Trick andE.SZin. A linearprogrammingapproacho solving stochastiaynamic
programs,TR, 1993.



