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Abstract

Approximatelinearprogramming(ALP) hasemergedrecentlyasoneof
the mostpromisingmethodsfor solving complex factoredMDPs with
�nite statespaces. In this work we show that ALP solutionsare not
limited only to MDPs with �nite statespaces,but that they canalsobe
appliedsuccessfullyto factoredcontinuous-stateMDPs (CMDPs). We
show how onecanbuild anALP-basedapproximationfor sucha model
andcontrastit to existingsolutionmethods.We arguethatthis approach
offersa robustalternative for solvinghigh dimensionalcontinuous-state
spaceproblems.Thepoint is supportedby experimentson threeCMDP
problemswith 24-25continuousstatefactors.

1 Intr oduction

Markov decisionprocesses(MDPs)offeranelegantmathematicalframework for represent-
ing andsolvingdecisionproblemsin thepresenceof uncertainty. While standardsolution
techniques,suchas value andpolicy iteration, scale-upwell in termsof the numberof
states,thestatespaceof morerealisticMDP problemsis factorizedandthusbecomesex-
ponentialin thenumberof statecomponents.Muchof therecentwork in theAI community
hasfocusedon factoredstructuredrepresentationsof �nite-state MDPsandtheir ef�cient
solutions. Approximatelinear programming(ALP) hasemergedrecentlyas oneof the
mostpromisingmethodsfor solving complex factoredMDPs with discretestatecompo-
nents.Theapproachusesalinearcombinationof local featurefunctionsto modelthevalue
function.Thecoef�cients of themodelare�t usinglinearprogrammethods.A numberof
re�nementsof theALP approachhave beendevelopedoverpastfew years.Theseinclude
the work by Guestrinet al [8], de FariasandVan Roy [6, 5], SchuurmansandPatrascu
[15], andothers[11]. In this work we show how thesamesetof linearprogramming(LP)
methodscanbeextendedalsoto solutionsof factoredcontinuous-stateMDPs.1

The optimal solutionof the continuous-stateMDP (CMDP) may not (andtypically does
not) havea �nite support.To addressthis problem,CMDPsandtheir solutionsareusually
approximatedandsolvedeitherthroughstatespacediscretizationor by �tting a surrogate
and(oftenmuchsimpler)parametricvaluefunctionmodel.Thesetwo methodscomewith
differentadvantagesandlimitations. 2 Thedisadvantageof discretizationsis theiraccuracy

1Weassumethatactionspacesstay�nite. Rust[14] callssuchmodelsdiscretedecisionprocesses.
2Thetwo methodsaredescribedin moredepthin Section3.



andthe fact thathigheraccuracy solutionsarepaid for by theexponentialincreasein the
complexity of discretizations.On the otherhand,parametricvalue-functionapproxima-
tionsmaybecomeunstablewhencombinedwith dynamicprogrammingmethodsandleast
squareserror[1]. TheALP solutionthatis developedin thiswork eliminatesthedisadvan-
tagesof discretizationandfunctionapproximationapproacheswhile preservingtheir good
properties. It extendsthe approachof Trick andZin [17] to factoredmulti-dimensional
continuousstatespaces.Its mainbene�tsaregoodrunningtime performance,stability of
thesolution,andgoodqualitypolicies.

Factoredmodelsofferamorenaturalandcompactwayof parameterizingcomplex decision
processes.However, not all CMDP modelsandrelatedfactorizationsareequallysuitable
alsofor the purposeof optimization. In this work we study factoredCMDPswith state
spacesrestrictedto [0; 1]n . Weshow thatthesolutionfor suchamodelcanbeapproximated
by an ALP with in�nite numberof constraintsthat decomposelocally. In addition,we
show that by choosingtransitionmodelsbasedon betadensities(or their mixtures)and
basisfunctionsde�ned by productsof polynomialsoneobtainsanALP in which boththe
objective functionandconstraintsarein closedform. In orderto alleviate theproblemof
in�nite numberof constraints,we develop andstudyapproximationbasedon constraint
sampling[5, 6]. We show thatevenundera relatively simplerandomconstraintsampling
we areableto very quickly calculatehigh quality solutionsthat arecomparableto other
existingCMDPsolutionmethods.

Thetext of thepaperis organizedasfollows.Firstwereview �nite-stateMDPsandapprox-
imatelinearprogramming(ALP) methodsdevelopedfor their factoredre�nements.Next
weshow how to extendtheLP approximationsto factoredcontinuous-stateMDPsanddis-
cussassumptionsunderlyingthemodel.Finally, we testthenew methodon a continuous-
stateversionof the computernetwork problem[8, 15] andcompareits performanceto
alternativeCMDPmethods.

2 Finite-stateMDPs

A �nite stateMDP de�nes a stochasticcontrol processwith components(X ; A; P; R),
whereX is a �nite setof states,A is a �nite setof actions,P : X � A � X ! [0; 1]
de�nes a probabilistictransitionmodelmappinga stateto thenext statesgivenanaction,
andR : X � A ! IRde�nesa rewardmodelfor choosinganactionin aspeci�c state.

Given an MDP our objective is to �nd the policy � � : X ! A maximizingthe in�nite-
horizondiscountedrewardcriterion: E(

P 1
i =0 
 i r i ), where
 2 [0; 1) is a discountfactor

andr i is a rewardobtainedin stepi . Thevalueof theoptimalpolicy satis�estheBellman
�x edpointequation[12]:

V (x) = max
a

"

R(x; a) + 

X

x 0

P(x0jx ; a)V (x0)

#

; (1)

whereV is the valueof the optimal policy andx 0 denotesthe next state. For all states
x 2 X theequationcanbewritten asV = H V, whereH is theBellmanoperator. Given
thevaluefunctionV , theoptimalpolicy � � (x) is de�ned by theactionoptimizingEqn1.

Methodsfor solvinganMDP includevalueiteration,policy iteration,andlinearprogram-
ming [12, 2]. In thelinearprogram(LP) formulationwesolve thefollowing problem:

minimize
X

x

V (x) (2)

subjectto: V (x) � 

X

x 0

P(x0jx ; a)V (x0) � R(x; a) � 0; 8 x; a

wherevaluesof V (x) for everystatex aretreatedasvariables.



Factorizationsand LP approximations

In factored MDPs, the state space X is de�ned in terms of state variables
f X 1; X 2; : : : ; X n g. As a result, the statespacebecomesexponentialin the numberof
variables.Compactparameterizationsof MDPsbasedon dynamicbelief networks[7] and
decomposablerewardfunctionsareroutinelyusedto representsuchMDPsmoreef�ciently .
However, thepresenceof acompactmodeldoesnot imply theexistenceof ef�cient optimal
solutions.To addressthisproblemKoller andParr [9] andGuestrinatal [8] proposeto use
a linearmodel[13]:

f (x) =
X

i

wi f i (x i )

to approximatethevaluefunctionV(x). Herewi arethelinearcoef�cients to befound(�t)
andf i sdenotefeaturefunctionsde�ned oversubsetsx i of statevariables.

Given a factoredbinary-stateMDP, the coef�cients of the linear modelcanbe found by
solvingthesurrogateof theLP in Equation2 [8]:

minimizew

X

i

wi 2n �j x i j
X

x i

f i (x i ) (3)

subjectto:
X

i

wi

2

4 f i (x i ) � 

X

x 0
i

P(x 0
i jx i;a ; a)f i (x

0
i )

3

5 � R(x ; a) � 0; 8 x ; a

wherex i;a are the parentsof statevariablesin x 0
i underactiona, andR(x; a) decom-

posesto
P m

r =1 Ra;r (xa;r ; a), suchthat Ra;r (xa;r ; a) is a local reward function de�ned
over a subsetof statevariables.Note that while the objective function canbe computed
ef�ciently , thenumberof constraintsonehasto satisfyremainsexponentialin thenumber
of randomvariables.However, only asubsetof theseconstraintsbecomesactiveandaffect
the solution. Guestrinet al [8] showed how to �nd active constraintsby solving a cost
network problem.Unfortunately, thecostnetwork formulationis NP-hard.An alternative
approachfor �nding activeconstraintswasdevisedby SchuurmansandPatrascu[15]. The
approachimplementsa constraintgenerationmethod[17] andappearsto givea verygood
performanceon average.Theideais to greedilysearchfor maximallyviolatedconstraints
which canbedoneef�ciently by solvinga linearoptimizationproblem.Theseconstraints
areincludedin thelinearprogramandtheprocessis repeateduntil no violatedconstraints
arefound. De FariasandVan Roy [5] analyzeda Monte Carlo approachwith randomly
sampledconstraints.

3 Factored continuous-stateMDPs

Many stochasticcontrolledprocessesare more naturally de�ned using continuousstate
variables.In this work we focuson continuous-stateMDPs(CMDPs)wherestatespaces
arerestrictedto [0; 1]n . 3 We assumefactoredrepresentationswheretransitionprobabil-
ities are de�ned in termsof densitiesover [0; 1] statevariablesubspaces:p(x 0jx ; a) =Q n

j =1 p(x0
j jx ; a) wherex0 andx denotethecurrentandpreviousstates.Rewardsarerep-

resentedcompactlyoversubsetsof statevariables,similarly to factored�nite-stateMDPs.

3.1 Solvingcontinuous-stateMDP

The optimal valuefunction for a continuous-stateMDP satis�es the Bellman�x ed point
equation:

V (x) = max
a

�
R(x; a) + 


Z

x 0
p(x0jx ; a)V (x0)dx0

�
:

3We notethatin generalany boundedsubspaceof IRn canbetransformedto [0; 1]n .



Theproblemwith CMDPsis that in mostcasestheoptimal valuefunctiondoesnot have
a �nite supportandcannotbe computed.Existing solutionsattemptto replacethe value
functionor theoptimalpolicy with a �nite approximation.

Grid-based MDP (GMDP) discretizations[4, 14]. A typical solutionis to discretizethe
statespaceto asetof grid pointsandapproximatevaluefunctionsoversuchpoints.Unfor-
tunately, classicgrid algorithmsscaleup exponentiallywith thenumberof statevariables
[4]. Let G = f x1; x2; : : : ; xN g bea setof grid pointsover thestatespace[0; 1]n . Then
theBellmanoperatorH canbeapproximatedwith anoperatorH G thatis restrictedto grid
pointsG. Onesuchoperatorhasbeenstudiedby Rust[14] andis de�ned as:

VG (x i ) = max
a

2

4R(x i ; a) + 

NX

j =1

PG (x j jx i ; a)VG (x j )

3

5 ; (4)

wherePG (x j jx i ; a) =  a (x i )p(x j jx i ; a) de�nesa normalizedtransitionprobabilitysuch
that  a(x i ) is a normalizingconstant.Equation4 appliedto grid pointsG de�nes a �-
nite stateMDP with jGj states. The solution,VG = HG VG , approximatesthe original
continuous-stateMDP. Convergencepropertiesof theapproximationschemein Equation4
for randomor pseudo-randomsampleswereanalyzedby Rust[14].

Parametric function approximations. An alternative way to solve a continuous-state
MDP is to approximatethe optimal valuefunction V(x) with an appropriateparametric
function model [3]. The parametersof the model are �tted iteratively by applyingone
stepBellmanbackupsto a �nite setof statepointsarrangedon a �x ed grid or obtained
throughMonteCarlosampling.Leastsquarescriterionis usedto �t theparametersof the
model.In additionto parallelupdatesandoptimizations,on-lineupdateschemesbasedon
gradientdescent[3, 16] areverypopularandcanbeusedto optimizetheparameters.The
disadvantageof themethodsis their instabilityandpossibledivergence[1].

3.2 LP approximationsof CMDPs

Our objective is to develop an alternative to the above solutionsthat is basedon ALP
techniquesandthat takesadvantageof model factorizations.It is easyto seethat for a
generalcontinuous-statemodeltheexactsolutioncannotbeformulatedasalinearprogram
aswasdonein Equation2 sincethe numberof statesis in�nite. However, using linear
representationsof the value functionswe needto optimizeonly over a �nite numberof
weightscombiningfeaturefunctions.SoadoptingtheALP approachfrom factoredMDPs
(Section2), theCMDPproblemcanbeformulatedas:

minimizew

X

i

wi

Z

x i

f i (x i )dx i

subjectto:
X

i

wi

2

4 f i (x i ) � 


Z

x 0
i

0

@
Y

x 0
j

2 x 0
i

p(x0
j jx j;a ; a)

1

A f i (x 0
i )dx 0

i

3

5 � R(x ; a) � 0; 8 x ; a

Theaboveformulationof theALP buildsuponourobservationthatlinearmodelsin com-
binationwith factoredtransitionsarewell-behavedwhenintegratedover[0; 1]n statespace
(or any boundedspace)andnicelydecomposealongstate-variablesubsetsde�ning feature
functionssimilarly to Equation3. This simpli�cation is a consequenceof the following
variableeliminationtransformation:

Z 1

0

� Z

z
f (z)dz

�
dy =

� � Z

z
f (z)dz

�
y
� 1

0
=

Z

z
f (z)dz:

Despitethe decomposition,the ALP formulationof the factoredCMDP comeswith two
concerns.First, the integralsmay be improperandnot computable.Second,we needto



satisfyin�nite numberof constraints(for all valuesof x anda). In the following we give
solutionsto bothproblems.

Closedform solutions. Integralsin theobjective functionandconstraintsdependon the
choiceof transitionmodelsandbasisfunctions. We want all theseintegralsto be proper
Riemannianintegrals,and, if possible,to have closed-formsolutions. To this point, we
have identi�ed conjugateclassesof transitionmodelsandbasisfunctionsthatsatisfyboth
conditions.

Beta transitions. To parameterizethetransitionmodelover [0; 1] we proposeto usebeta
densitiesor theirmixtures.Thebetatransitionis de�ned as:

p(x0
j jx j;a ; a) = B eta(x0

j jg1
j;a (x j;a ); g2

j;a (x j;a )) ;

wherex j;a is theparentsetof a variablex j underactiona, andg1
j;a (x j;a ); g2

j;a (x j;a ) > 0
for x j;a 2 [0; 1]j x j;a j de�ne theparametersof thebetamodel.

Feature functions. A featurefunction form that is particularlysuitablefor theALP and
matchesbetatransitionsis aproductof power functions:

f i (x i ) =
Y

x j 2 x i

xm j;i

j :

It is easyto show thatfor sucha casetheintegralsin theobjective functionsimplify to:
Z

x i

f i (x i )dx i =
Z

x i

Y

x j 2 x i

xm j;i

j dx i =
Y

x j 2 x i

Z

x j

xm j;i

j dxj =
Y

x j 2 x i

1
mj;i + 1

:

Similarly, usingour conjugatetransitionandbasismodelstheintegralsin constraintssim-
plify to:

Z

x 0
i

0

@
Y

x 0
j

2 x 0
i

p(x0
j jx j;a ; a)

1

A f i (x
0
i )dx 0

i =
Y

x 0
j

2 x 0
i

�( g1
j;a (x j;a ) + g2

j;a (x j;a ))�( g1
j;a (x j;a )) + m j;i )

�( g1
j;a (x j;a ) + g2

j;a (x j;a ) + m j;i )�( g1
j;a (x j;a ))

;

where�( :) is thegammafunction. For example,assumingfeatureswith productsof state
variables:f i (x i ) =

Q
x j 2 x i

x j , theALP formulationbecomes:

minimizew

X

i

wi

� 1
2

� j x i j

(5)

subjectto:
X

i

wi

2

4
Y

x j 2 x i

x j � 

Y

x 0
j

2 x 0
i

g1
j;a (x j;a )

g1
j;a (x j;a ) + g2

j;a (x j;a )

3

5 � R(x ; a) � 0; 8 x ; a

ALP solution. AlthoughtheALP usesin�nitely many constraints,only a �nite subsetof
constraints,active constraints,is necessaryto de�ne the optimal solution. Existing ALP
methodsfor factored�nite-state MDPs searchfor this subsetmore ef�ciently by taking
advantageof local constraintdecompositionsandvariousheuristics.However, at theend
thesemethodsalwaysrely on thefactthedecompositionsarede�ned on a �nite statesub-
space.Unfortunately, constraintsin ourmodeldecomposeoversmallerbut still continuous
subspaces,sotheexistingsolutionsfor the�nite-stateMDPscannotbeapplieddirectly.

Sampling constraints. To avoid theproblemof continuousstatespaceswe approximate
theALP solutionusinga �nite setof constraintsde�ned by a�nite setof statespacepoints
andactionsin A. Thesestatespacepointscanbe de�ned by regular grids on statesub-
spacesor via randomsamplingof statesx 2 X . In this work we focuson andexperiment
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Figure1: a. Topologiesof computernetworksusedin experiments.b. Transitiondensities
for thej th computeranddifferentprevious-state/actioncombinations.

with therandomsamplingapproach.For the�nite statespacessucha techniquehasbeen
devisedandanalyzedby deFariasandVanRoy [5]. We notethat theblind samplingap-
proachcanbeimprovedvia variousheuristics.4 However, despitemany possibleheuristic
improvements,we believe that the crucial bene�t comesfrom the ALP formulationthat
“�ts” thelinearmodelandsubsequentconstraintandsubspacedecompositions.

4 Experiments

To testtheALP methodwe usea continuous-statemodi�cation of thecomputernetwork
exampleproposedby Guestrinet al [8]. Figure1aillustratesthreedifferentnetwork struc-
turesusedin experiments.Nodesin graphsrepresentcomputers.Thestateof a machine
is representedby a numberbetween0 and1 re�ecting its processingcapacity(the abil-
ity to processtasks). The network performancecanbe controlledthroughactivities of a
humanoperator: the operatorcanattenda machine(one at time) or do nothing. Thus,
thereis a total of n + 1 actionswheren is thenumberof computersin thenetwork. The
processingcapacityof a machine�uctuates randomlyand is determinedby: (1) a ran-
dom event (e.g., a software bug), (2) machinesconnectedto it and (3) the presenceof
the operatorat the machineconsole. The transitionmodel representsthe dynamicsof
the computernetwork. The model is factorizedand de�ned in termsof betadensities:
p(x0

j jx j;a ; a) = B eta(x0
j jg1

j;a (x j;a ); g2
j;a (x j;a )) , wherex0

j is the currentstateof the j th
computer, andx j;a describestheprevious-stepstateof thecomputersaffectingj . We use:
g1

j 6= a;a (x j;a ) = 2+ 13x j � 5x j x j � 1 andg2
j 6= a;a (x j;a ) = 10� 2x j � 6x j x j � 1 for transitions

whenthehumandoesnotattendthecomputer, andg1
j = a;a (x j;a ) = 20andg2

j = a;a (x j;a ) = 2
whentheoperatoris presentat thecomputer. Figure1b illustratestransitiondensitiesfor
thej th computergivendifferentvaluesof its parentsf x j ; x j � 1g andactions.Thegoalis to
maintaintheprocessingability of thenetwork at thehighestpossiblelevel over time. The
preferencesareexpressedin therewardfunction: R(x; a) = 2x2

1 +
P n

j =2 x2
j , wherex1 is

theserver. Thediscountfactor
 is 0:95.
To de�ne theALP approximation,we useda linearcombinationof linear(for everynode)
andquadratic(for every link) featurefunctions. To demonstratethe practicalbene�t of
theapproachwe havecomparedit to thegrid-basedapproximation(Equation4) andleast-
squarevalueiterationapproach(with thesamelinearvaluefunctionmodelasin theALP).
Theconstraintsin theALP weresampledrandomly. To makethecomparisonfair thesame
setsof samplesweresharedby all threemethods.The full comparisonstudywasrun on

4Variousconstraintsamplingheuristicsareanalyzedandreportedin a separatework [10].
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Figure 2: a. Averagevaluesof control policies for ALP, least-squares(LS), and grid
(GMDP) approachesfor differentsamplesizes. Randompolicy is usedasa baseline.b.
Averagerunningtimes.

problemswith threenetwork structuresfrom Figure1a,eachwith 24 or 25 nodes.Figure
2a illustratesthe averagequality (value)of a policy obtainedby differentapproximation
methodswhile varyingthenumberof samples.Theaverageis computedover30solutions
obtainedfor 30differentsamplesetsand100different(random)startstates.Thesimulation
trajectoriesof length50areused.Figure2billustratesthescale-uppotentialof themethods
in termsof runningtimes.Resultsareaveragedover30solutions.
Overall, the resultsof experimentsclearly demonstratethe bene�t of the ALP with “lo-
cal” featurefunctions. For the samplesizerangetested,our ALP methodcamecloseto
the least-squares(LS) approachin termsof the quality. Both usedthe samevaluefunc-
tion modelandbothmanagedto �t well theparameters,hencewe got comparablequality
results. However, the ALP wasmuchbetterin termsof runningtime. Oscillationsand
poorconvergencebehavior of theiterativeLS methodis responsiblefor thedifference.The
ALP outperformedthegrid-basedapproach(GMDP)in boththepolicy qualityandrunning
times. Thegapin thepolicy quality wasmorepronouncedfor smallersamplesizes.This
canbeexplainedby theability of themodelto “cover” completestatespaceasopposedto
individual grid points. Betterrunningtimesfor theALP canbeexplainedby thefact that
thenumberof freevariablesto beoptimizedis �x ed(they areequalto weightsw), while
in grid methodsfreevariablescorrespondto grid samplesandtheirnumbergrowslinearly.

5 Conclusions
We haveextendedtheapplicationof linearprogramapproximationmethodsandtheirben-
e�ts to factoredMDPs with continuousstates.5 We have proposeda factoredtransition
modelbasedonbetadensitiesandidenti�ed featurefunctionsthatmatchwell suchamodel.
OurALP solutionoffersnumerousadvantagesoverstandardgrid andfunctionapproxima-
tion approaches:(1) it takesadvantageof thestructureof theprocess;(2) it allows oneto
de�ne non-linearvaluefunctionmodelsandavoids the instabilitiesassociatedwith least-
squaredapproximations;(3) it givesa morerobust solutionfor small samplesizeswhen

5WenotethatourCMDPsolutionpavestheroadto ALP solutionsfor factoredhybridstateMDPs.



comparedto grid methodsandprovidesa betterway of “smoothing”valuefunctionto un-
seenexamples;(4) its runningtime scalesup betterthangrid methods.Thesehasbeen
demonstratedexperimentallyon threelargeproblems.

Many interestingissuesrelatedto thenew methodremainto beaddressed.First,therandom
samplingof constraintscanbe improved usingvariousheuristics. We report resultsof
someheuristicsolutionsin a separatework [10]. Second,we did not give any complexity
boundsfor therandomconstraintsamplingapproach.However, we expectthat theproofs
by deFariasandVanRoy [5] canbeadaptedto cover theCMDP case.Finally, our ALP
methodassumesaboundedsubspaceof IRn . Theimportantopenquestionis how to extend
theALP methodto IRn spaces.
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