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Abstract

Approximatelinear programming(ALP) offers a promising
framework for solving large factoredMarkov decisionpro-
cesseg¢MDPs)with bothdiscreteandcontinuousstates Suc-
cessfulapplicationof the approachdependson the choice
of an appropriatesetof featurefunctionsde ning the value
function,andef cient methoddor generatingonstraintghat
determinethe corvex spaceof the solution. The application
of the ALP in continuousstate-spaceettingsposesan ad-
ditional challenge— the numberof constraintsde ning the
problemis in nite. The objectve of this work is to explore
variousheuristicsfor selectinga nite subsetof constraints
de ning agoodsolutionpolicy andfor searchinghe spaceof
suchconstraintamoreefciently. The heuristicsthatwe de-
velopedrely upon: (1) thestructureof thefactoredmnodeland
(2) stochasticstatesimulationsto generaten appropriateset
of constraintsTheimprovementgesultingfrom suchheuris-
ticsareillustratedonthreelargefactoredVIDP problemswith
continuousstates.

Intr oduction

Markov decisionprocesse$MDPs) offer an elegant math-
ematicalframeavork for representingand solving decision
problemsin the presenceof uncertainty While standard
solutiontechniquessuchasvalueor policy iterationscale-
up well in termsof the numberof statesthe statespaceof
morerealisticMDP problemsis factoredandthusbecomes
exponentialin the numberof statecomponents.This has
promptedthe developmentof ef cient algorithmicsolutions
that t well the factoredmodels. Approximatelinear pro-
gramming(ALP) hasemegedrecentlyasone of the most
promisingmethoddor solvingcomplex factorediDPswith
discretestatecomponents. The methodrelies on a value
function modelthat consistsof a linear combinationof lo-
calfeaturefunctions(VanRoy 1998),suchthateveryfeature
functionis de ned overasmallnumberof statecomponents.
A numberof re nementsof the ALP approachhave been
developedover pastfew years. Theseinclude the work by
(GuestrinKoller, & Parr2001),(deFarias& VanRoy 2002;
2001),(Schuurmang Patrascu2002),andothers(Poupart
etal. 2002).
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The ALP solutionsare not limited to MDPs with dis-
cretestatespaces.Recently (Hauskrech& Kveton2003)
shaved how one canextendthe ALP approacho factored
high dimensionalcontinuous-statéMDPs (CMDPs). The
approachincorporatessomeaspectf the linear program-
ming methoddevelopedby (Trick & Zin 1993). However,
solutionsby (Trick & Zin 1993)rely on the state-spacdis-
cretizationthat is usedto simplify both the value function
andconstraints.Moreover, examplesthat areaddressedthy
(Trick & Zin 1993)consistof two-dimensionatontinuous-
statespace®nly. In contrastthe ALP problemformulation
of (Hauskrech& Kveton2003)doesnotrely ontheexplicit
statespacediscretization,and the value function modelis
optimizedover the completehigh dimensionalkontinuous-
statespace.

The ALP formulationof the factoredCMDP problemas
proposedy (Hauskrech& Kveton2003)comeswith alim-
itation: thenumberof constraintsn thelinearprogram(LP)
is in nite. However, for the linear value function model
only a nite numberof active constraintsde ne the opti-
mal solution. The challengeis to identify theseconstraints
or at leasttheir goodsubstitutesinterestingly (Hauskrecht
& Kveton2003)have shovn thatthe ALP solutionfor fac-
tored CMDPswith constraintsplacedon a randomgrid is
much better both in termsof the running time ef ciency
andthe solutionquality, thanthe correspondingrid-based
MDP (GMDP) approximation Sincegrid-basedpproxima-
tionsarethe mostcommonmethodgo solve large CMDPs,
thisresultillustratespotentialbene t andimpactof the ALP
onthesolutionof large CMDPs.

Heuristic constraint generation. A numberof improve-
mentsand speed-up®f the basicALP algorithm are pos-
sible. Randomgenerationof constraintss blind and does
not take ary advantageof the problemde nition. Sincewe
wantto identify a nite subsebf constraintghatgive avery
goodpolicy asquickly aspossible the designof heuristics
thattendto selectconstraintswith a positive impacton the
quality of thesolutionis desirableIn thiswork, we develop
andtesta heuristicconstraintgeneratiormethodbasedon
theMonteCarlosimulationof statesIn the ALP, every con-
straintis associatedavith a pointin a multidimensionaktate
space sotherationalbehindthe Monte Carlo simulationis
to focus on the points and their correspondingconstraints
thatarelikely to bevisitedmoreoften.



Heuristic constraint ltering . It is unlikely that one
would be able to identify a good setof constraintsin one
shot. So somesearchprocesanay be necessaryo assurea
goodconstraintcoverage.In suchacasetheef ciency with
which we cangenerateconstraintsand solve ALPs de ned
uponsuchconstraintsaffect tremendouslythe ef ciency of
our nal solution.While heuristicconstraingenerationmay
helpusto identify potentiallyusefulconstraintsmary of the
generatedatonstraintcanstill be redundanin thatthey do
not contritute to the solution. Sincethe runningtime com-
plexity of thelinearprogramsolver depend®n the number
of constraintsjt is equallyimportant,for the sale of ef-
ciengy, to Iter out asmary redundantconstraintsas pos-
sible. In this work we develop and presenta simple but
very powerful constraint ltering approachcalled greedy
constraintselection( Itering) that canbe easily combined
with incrementabnditerative searchapproachesrThe lter -
ing is aheuristicsinceit focusesnly onconstraintghatcan
improve the solutiondirectly in one stepandignoresother
usefulconstraintsvithoutimmediateeffect on the solution.

Exploiting the structur e. ThefactoredCMDP modelof-
fers a greatdeal of additionalstructurethat canbe usedto
speed-uphe computationsn additionto variousconstraint-
coverageheuristics.Onestructure-baserk nementthatwe
have devisedandimplementedakesadwantageof the local
effectof actionsin factoredCMDP settingsandleadsto sig-
ni cant computationakavings on our test problems. The
approactoptimizesthe orderof computatiorof structurally
relatedsubtaskghat occur for example,during constraint
andpolicy evaluations,sothatthe overlappingcalculations
aretied andperformedogether

In the following, we rst review continuous-stat&DPs
(CMDPs), their factoredre nementsand ef cient approx-
imationsthat one can apply to solve them. After that we
focuson the ALP approachand describeits applicationto
factoredCMDPs. Next we develop two different heuris-
tics for speedingup the calculationsof the ALP policy and
for improving its quality. Finally, we testthe effectsof the
heuristicson threeCMDP problems.

Continuous-stateMDPs

A continuous-stateMDP (CMDP) is de ned by a 4-tuple
(x; A; T; R), wherex is astatespacede nedonR", A isa
nite setof actions,T atransitionmodelde ning the tran-
sition densityp(xYx; a) betweenstatesx andx® underan
actiona, andR de nesarewardfunctionR(x; a) thatmaps
state-actiompairsto real-valuedrewards.

Factored CMDPs. The factoredversionof the CMDP
simpli es thede nition of the decisionprocessanddecom-
posedransitionandrewardmodelsalongindividual statedi-

tion p(xYx; a) is assumedo befactoredas:
Y o
p(x9x;a) = p(Xfixja; );

0
Xj

wherex;,, arestatecomponentsn uencing the next value
of x]-O underanactiona. Similarly, we assumehatrewards

arefactoredover smallersubset®f statesnto:
R(x;a) = Rai (Xa;i;@):
i=1

Optimization criterion. Givena CMDP, our objectie is
to nd a control policy : x I A thatmaximizesthe
in nite-horizon, discountedreward E ( ilzo 'ri), where

2 [0; 1) is adiscountfactot andr; is arewardobtainedn
time stepi.

Bellman equation. ThevaluefunctionV (x) of the opti-
mal policy satis esthe Bellman x ed point equation(Bell-
manl1957):

Z

V(x) = max R(x;a)+ p(x9x;a)V (x%dx° :

The main problemin solving CMDPsis thatin mostcases
therecursve integral problemcannotbe solved in a closed
form, andthereexistsno nite supportfor thedescriptionof
the optimalvaluefunction. To solve the problem,eitherthe
valuefunctionor the optimalpolicy is replacedwith a nite
approximation.

Grid-based MDP (GMDP) discretizations. A typical
solution is to discretizethe state spaceto a set of grid
points and approximatevalue functions over such points.
Unfortunately classicgrid algorithms scale-upexponen-
tially with the numberof statefactorsn (Chow & Tsitsik-
lis 1991). New approximatioralgorithmsbasedon random
and pseudorandongrids (Rust1997) offer more e xibility
togetherwith a good accurag-con denceguaranteesLet
G = fx%;x?;:::xNg be a setof grid points of the state
spacg0; 1]". Thenthe BellmanoperatorH canbe be ap-
proximatedwith an operatorHg thatis restrictedto grid
pointsG. Onesuchoperatothasbeenstudiedoy (Rust1997)

andis de ned as:
2 3

Vo(x') = max4R(x';a)+  Po(xjx';a)Ve(x!)5;
j=1

wherePg (x/jx';a) = a(x')p(x! jx'; a) de nesanormal-
ized transition probability suchthat ,(x') is a normaliz-
ing constant. The equationappliedto grid points G de-
nes a nite stateMDP with jGj states.! The solution,
Ve = HgVg, approximateghe original CMDP. Conver-

gencepropertiesof the grid-approximatiorschemefor ran-
domor pseudo-randorsamplesvereanalyzed Rust1997).

Parametric function approximations. An alternatve

way to solve a continuous-stat®DP is to approximatehe

optimalvaluefunctionV (x) with anappropriatgparametric
functionmodel(Bertsekas® Tsitsiklis 1996). The parame-
tersof the modelare tted iteratively by applyingonestep
Bellmanbackupgo a nite setof statepointsarrangedna

x edgrid or obtainedhroughMonte Carlosampling.Least
square<riterionis usedto t the parametersf the model.

1The operatorH¢ de nes a specialcorvex approximatorfor
gridswith a x edpointsolution(see(Hauskrechi997)or (Gordon
1999)). Otherexamplesincludethenearesheighboror barycentric
interpolatoryMunos& Moore1999)



In additionto parallelupdatesandoptimizationspn-lineup-
dateschemedasedon gradientdescen{Bertsekas® Tsit-
siklis 1996; Sutton& Barto 1998)arevery popularandcan
beusedto optimizethe parametersThe disadwantageof the
methodsis their instability and possibledivergence(Bert-
sekasl994).

Approximate linear programming

Recently (Hauskrecht& Kveton2003) have proposedhe
approximatdinear programming(ALP) approachasan al-
ternatve methodfor solvinglargefactoredcontinuous-state
MDPs. Similarly to factoreddiscrete-statdViDP settings
(Koller & Parr1999;GuestrinKoller, & Parr2001),thenew
approactbuilds uponthelinearmodelof the valuefunction
(VanRaoy 1998):

X
V(x) =

wifi(xi);

wheref; (x;)s denotefeaturefunctionsde ned over subsets
of statevariablesx;, andw; s areweightsthatare t by the
model. In termsof optimization,the bene t of the linear
valuefunctionmodelis thatit allows oneto cornvertthe op-
timization of the value function over a very comple state
spaceto the optimizationover a smallsetof weights.
Assumingthat the state spaceof a CMDP is bounded
to the region [0; 1]", (Hauskrecht& Kveton2003)shoved
thatthe optimizationof thevaluefunctionoverthecomplete
statespacecanbe expressedn termsof the following ap-
proximatelinearprogram(ALP):

minimize,, : Wi fi(x;)dx;
X "
subjectto: wiFi(x;a) R(x;a) 0
[
8x2X;a2A
where
7 0 y 1
Fi(x;a) = fi(xi) @ POXCjX; a5 @A fi(xP)dxP:
Xj x?2x?

Conjugate choices.The ALP formulationof the CMDP
assumeshatall integralsin the objective functionandcon-
straintsareproperintegrals. Also importantis the existence
of analytical solutionsof integrals in the objectve func-
tion and constraints. To assureboth of theseconditions,
(Hauskrech& Kveton2003)have devisedconjugateclasses
of featurefunctionsand transitionmodels. The matching
pairsinclude transitionsbasedon betaor mixture of betas
densitieswherebetadensityis de ned as:

pP(XjjXj.a; @) = Beta(x; jgjl;a (Xj:a); gjz;a (Xj:a)); (1)

andbasisfunctionsthatareproductsof factors:

Yy
)= XM
XjZXi

In sucha casetheintegralsin theobjective functionsimplify

to (Hauskrech®& Kveton2003):
4 Z v 1
fi(xi)dxi = T 1

Xi Xi XjZXi

X[ dx; =
Xj 2 X
andtheintegralsin constraintsimplify to:
0 1
Z y
@  p(xVjxjaz@)A i (xdx® =
i x?Zx?
Yoo gjl;a (Xja) + gjz;a (Xj:2)) ( gjl;a (Xj:a)) + mj;i)
<0250 (gla(Xja) + gfa(Xja) + M) ( gha(Xja))
j i

X

where ( :) is agammafunction.

The new ALP formulationfor factoredCMDPsis simi-
lar to the ALP formulationfor factoreddiscrete-stat&DPs
(Schuurmang. Patrascu2002). In particular the ALP op-
timizes the weights of the linear model and the objective
functionandconstraintslecomposever statesubspaceas-
sociatedwith individual featurefunctions. The factthatwe
optimizeoverthe nite setof weightsmeanghatthenumber
of active constraintsde ning the optimal solutionis nite.
Soour ultimateobjective is to identify active constraintsr,
atleast,they goodsurrogtes.

The main differencebetweerthe ALPs for the two mod-
els is that the linear programbuilt for a CMDP hasin -
nite numberof constraintspnefor eachstatex andaction
a, while the numberof constraintsin a factoreddiscrete-
stateMDPs s nite, thoughexponentialin the numberof
state variables. Existing methodsfor solving ALPs for
factored nite-state MDPs (Guestrin,Koller, & Parr 2001;
Schuurmang: Patrascu2002)take advantageof local con-
straintdecompositiongnd various heuristicsto searchfor
thesetof active constraintsHowever, attheend,all of these
methodsdependon thefactthatthe decompositionarede-
ned ona nite statesubspac¢hatcanbeenumeratedUn-
fortunately constraintsn the CMPD modeldecomposever
smallerbut still continuoussubspacesso the existing solu-
tionsfor the nite-state MDPscannotbeapplieddirectly. To
addresghis problem,(Hauskrech®& Kveton2003)applied
andtestecconstraingeneratioomethodsasedn sampling.
They shavedaverygoodperformancef theapproactwhen
comparedo two standardapproachesor solving CMDPs:
thegrid state-spacdiscretizatiorandapproximatedynamic
programmingwith theleastsquarest.

Searching the spaceof constraints

Theobjective of thisresearclis to developmethodgor solv-

ing ALPs for CMDPs that can replacerandomconstraint
samplingandidentify a nite subsebf constraintgle ning

a good-qualitysolutionin a moreprincipledway. Unfortu-

nately in general,it is very hardto comeup with a good
setof constraintdn oneshot. Typically, a muchbetterop-

tion is to generatehe setgraduallyin multiple steps,such
thatin every step,the procedurdakesadwantageof the pre-
viously found solution,and appliesit to build a new setof

constraints.In the following, we describeincrementaland
iterative formsof sucha procedure.



function ALP-incr ementalmodel)
C initialize constraints
w  ALP(C
while a stoppingcriterionis notmet
Grew generataen constraintfrom model andw

C Cl Gew
w  ALP(O
returnw

Figure1l: ALP with incrementalgeneratiorof constraints.

Themostrecentsolutionof the ALP, representetly weights
w, is usedtogetherwith the modelto generatea new set
of constraintsG,ey . In every iteration, the existing set of
constraintCis extendedwith thesetGey .

function ALP-iterati ve(model)
C initialize constraints
w  ALP(Q
while a stoppingcriterionis notmet
C generateew constraint§rom model andw
w  ALP(Q
returnw

Figure2: ALP with iterative generatiorof constraints.The
mostrecentsolutionof the ALP, representetdy weightsw,
is usedtogetherwith the modelto generatea new set of
constraintsG,e, . In every iteration,the existing setof con-
straintsCis replacedwith thesetGew -

Incremental approach. In the incrementalapproach
(Figurel), aninitial setof constraintss graduallyexpanded
suchthat the feedbackfrom the previous-stagesolutionis
actively usedto generatea new setof constraints.The nev
constraintsare addedto the existing setof constraintsand
theprocedurds repeatedintil a stoppingcriterionis met.

Iterati ve approach. In theiterative approachFigure2),
thesetof constraintss build from anemptysetin every step.
The procedurestartswith aninitial setof constraintsuses
feedbackrom themostrecentsolutionto generatenew con-
straints,and nally replaceshe setof existing constraints
with the new constraints. The processis repeateduntil a
stoppingcriterionis met.

Both iterative and incrementalsearchprocedurescan
comein different guisesdependingon the methodsem-
ployedto generateonstraintsin thefollowing, we propose
and explore a numberof heuristicapproachegor generat-
ing constraintghatcanimprove tremendouslyhe quality of
theresultingsolutionaswell asthe ef ciency of the search
process.

Heuristics for constraint generation
State spacesimulation

The ALP methods for solving CMDPs presentedby

(Hauskrech®& Kveton2003)userandomlygenerateadton-
straints. Surprisingly evenin this case the solutionswere
muchbetter(in termsof boththe quality andthe ef ciency)

thansolutionsobtainedor the correspondingrid-basedp-

proaches An openissueis whetherit is possibleto choose
constraintghat would re ect betterthe underlyingCMDP

modelandits dynamics.

In the ALP, randomlygenerategbointsleadto a uniform
coverageof the statespaceby constraints. This may not
re ect thedifferencesn theimportanceamongdifferentre-
gionsof the statespace Intuitively, we would like to have a
bettercoverageof thestatespaceegionsthataffectthesolu-
tion themost. To addresshis problem,we proposea Monte
Carlomethod,in which the constraintsareselectedy sim-
ulating the statespaceaccordingto the currently available
policy . Themethodpreferspoints(andsubsequentlgon-
straints)in the regionsthatarevisited with a higherproba-
bility. Theintuition behindthis heuristicis thatthe regions
thatarevisited morelikely arealsomoreimportantfor the
quality of the solution.

The statespacesimulationheuristiccan be easilyincor
poratedinto the incrementaland iterative approachesand
usedto generatenew constraints.In onescenarioonecan
pick randomlyastartingpointin thestatespaceandsimulate
a trajectoryof k stepsaccordingto the currently available
policy . Thepointreachedafterk stepsis selectedasthe
pointthatde nesanew setof constraintsAs thereis acon-
straintassociatedvith every point andaction, by adopting
this Monte Carlo strategy, a total numberof jAj constraints
can be generated. The simulationcan be repeatedmulti-
ple timesusingtrajectoriesof the sameor differentlength.
Alternatively, onecanusethe samesimulationtrajectoryto
choosemorethanonepoint.

Greedyconstraint selection

Every constraintin the ALP is associatedwith an n-
dimensionalpoint x andan actiona, sowe canusea pair
(x;a) to identify a constraint. A nite setof constraints
de nes a corvex space,a simple, andthe solution of the
correspondindinear programis in oneof its corners.Con-
straintsthatarecritical for the solutionaredenotedasactive
constraints. Assumingthatw is the optimal solution, all
active cons;gaintSatisfythe condition

w; Fi(x;a) R(x;a)= 0
[
Otherconstraintsn thelinearprogramareinactive.
An additionof a new constraint(x; a) changeghe exist-
ing solutionw only if the new constraintviolatesthe solu-
tion, which)rPeansthat

w; Fi(x;a) R(x;a) < O (2)
i

This condition offers a simple but in practicevery pover

ful way of ltering constraintdrom a setof candidatecon-

straints. Simply, only a constraintthat violatesthe current



Figure 3: Graphicalrepresentatiomf simplexes and ALP
solutions for (a) constraintsf cy; ¢ Co; C3; €49, (b) con-
straintsf c; ¢1; €@, and(c) constraintd cy; C1; C; C4g. The
simplexesarerepresentetby gray polygons,andthe corre-
spondingsolutionsof the ALPs by blackcircles. Thearrovs
atendof constraintpoint to the subspacesf solutionsthat
arenotviolatedby the constraints.

solutionw , andthusis guaranteedo immediatelyimprove
the solution, is chosen. We refer to sucha methodas to
greedyconstraint selectiornsinceit greedilyfocusesonly on
the constraintsthat assureimmediateimprovementof the
currentsolutionw . We notethata similar ideafor MDPs
with much simpler statespacesvasinvestigatedby (Trick
& Zin 1993). The methodgainedsigni cant computational
savingsascomparedo linearprogramswith all constraints.

Unfortunately the greedyconstraintselectionis only a
heuristicsincethe constrainthatdoesnotviolatethe condi-
tion can becomeactive later in a context of newly added
constraints. To illustrate this, let us considera CMDP
problemwith two continuousstatevariables. Let us as-
sumethatits ALP approximationrelieson ve constraints
fco;C1;Co;C3;¢40. The solution simplex de ned by such
constraintgs illustratedin Figure 3a, andthe solutionw
is representedy a black circle. The active constraints,
which determinethe solutionw , arecz andcs. Now let
usconsiderthe casein which only the rst threeconstraints
f co; C1; Cg areusedto solve the ALP. The solutionw? of
the ALP is shawvn in Figure3b. It is clearthatthe ALP solu-
tion w for this subsediffers from the optimal solutionw
obtainedfor all ve constraintswhich impliesthatat least
oneof the constraintg cs; c4g is critical for thesolutionw .
Unfortunatelyif thenext constraintestedby thegreedycri-
terionis cs, it fails the greedytest, sinceit cannotchange
the solutionw alone. Thus, the greedytestfails to pick a
constraintthatis importantfor the nal solution. However,
note that the constraintc; becomesactive (and passeghe
greedytest)if the constraintc, is addedto the setof con-
straintsf cy; ¢1; c2g beforecs is tested.This is illustratedin
Figure3c. In general|f thereexists a bettersolution, there
is atleastoneconstrainthatpasseshegreedytest.

Using greedy constraint selectionto solve the ALP.
Greedyconstraint ltering is especiallyusefulwhen com-

functionGI-ALP (C)

initialize linearprogramlp
for(x;a) 2 G

add(x;a) tolp
w  solelp
for j 2tom

for (x;g) 2 G

if (,wiFi(x;a)
add(x;a) tolp

w  solwelp

returnw

R(x;a) < 0)

Figure4: GreedyincrementaALP (GI-ALP).

binedwith incrementabr iterative searchapproachesThis
Itering is also at the heart of the method that we call
greedyincrementalALP (GI-ALP), which canbeviewed as
a heuristicspeed-umf the ALP solver.

Greedy incremental ALP (GI-ALP). Let C =
sideraddingto the ALP. In the rst step,theprocedurdests
constraintc; whetherit passeghe greedytest. If the con-
straintpassest is addedo thelinearprogramandthesolu-
tion of the LP is recomputedIn the next step,constraintc,
is tested,andthis procesf ltering constraintscontinues
until all constraintarescanned.

In moreageneraketting,the GI-ALP methodtestswhole

C into m mutually exclusive constraintsets,the procedure
startsby testingconstraintsn the rst partition G,. Those
constraintghat passthe greedytestare addedto the linear
programandtheLP is resohed. In thenext step,constraints
from the setG aretestedandthealgorithmcontinuesuntil
all partitionsare scanned.An outline of this procedurds
presentedn Figure4.

Partitioning and ordering. It is easyto seethatthetime
compleity of the algorithm andthe quality of its solution
dependsn the partitioningof C andthe orderin which the
partitionsare examined. If the numberof partitionsm is
setto 1, the algorithmturnsinto the standardALP. Setting
m = N correspond$o thecasewhenonly oneconstraints
addedattime. In sucha case thelinearprogramis recom-
putedonly if anew constraintviolatesthe currentsolution.
Anotherinterestingpartitioningdividesconstraintsnto par
titions of unequakardinality suchasjGj = 2'. Therational
behindthischoiceis thatif theprobabilityof detectinganac-
tive constraintdecreaseexponentiallywith time stepi, the
totalnumberof addedconstraintgo theLP in every partition
G staysconstant.Theresultspresentedn the experimental
sectionareobtainedfor this partitioning.

TheGI-ALP is aheuristicin termsof the optimalsolution
w andits correspondingpolicy However, in highly
distributedenvironmentspur experimentatesultsshov that
the solutionsobtainedby GI-ALP arevery closeto thoseof



the ALP. Moreover, in termsof computatiortime, several-
fold speed-ufis obserneddueto asmallemumberof applied
constraints.

Speed-updue to the local effect of actions

CMDPsbuilt for highly distributedervironmentgendto ex-
hibit local effect of actions. We saythatan actiona hasa
local effect if it directly in uences only a small subsetof
statecomponentsThis featurecanbe usedto speedup the
operationsthat requireiterationsover all possibleactions,
while the statecomponenix is x ed. Exampleof suchan
operationis the evaluationof constraintsn the ALP or the
computationof a policy . In the following, we shav how
the evaluationof a constrainfactorizesdueto local actions.

If anactiona; affectsfactorsx,, , andanactiona, affects
factorsx,,, the evaluationof the constraint(x; a;) canbe
rewritten as:

iWiFi(x;a2)  R(x;ap) =

P
izt WiFiIOCR) + i, WiFi(a1) R(Xaz);

where

taya, = Fi:9) 1 ( 2 (Xa, [ Xa,)) ™ (x; 2 dom(fi))g

representshe setof featurefunctionindiceswhosedomain
containsatleastoneof thefactorsfromx,, [ Xa,. Duetothe
factorizationabove, the computationof the termsF; (x; a)
canbedividedinto two componentsi 2 t,,.a,, Which can
be effectively cachedrom the samecomputatiorperformed
for theactionay; andi 2 ta,.a,, Which areaffectedby ei-
ther of the actions,and have to be recomputed.Thus, the
computationakavings are realizedon subexpressionghat
arecachedrom previouscomputations.

Thisresultis especiallyimportantif thetermsF; (x; a) are
hardto computebecauseéntegralsdo not have closed-form
solutions. The savings areeven largerif the constraintsare
evaluatedfor all actions.In sucha caseonescanssequen-
tially all actionswhile cachingthe termsfrom the mostre-
centconstraintandreusegheresultsfor thenext constraint.
We note that the computationof the reward part R(x; az)
canbedecomposeth a similar manner We have optimized
our ALP solversandtook advantageof both factorizations
in all experiments.

Experiments
Experimental setup

To analyzethe heuristicsand their performance we use
threeCMDP problems eachof themde ned by oneof the
computemetwork topologiedn Figure5. Thecomputemet-
work exampleswereoriginally proposedor factored nite-
stateMDPsby (Guestrin Koller, & Parr 2001). Continuous
versionsof theseexampleswereintroducedin (Hauskrecht
& Kveton2003).

A network consistsof n connectedcomputers,one of
which is a sener, andthe remainingcomputersare work-
stations.The stateof thej th computerx; is representethy
arealnumberetweerD andl, whichre ects thereliability
of the computerto procesgdasks. The stateof the network

Figure5: Exampleof computemetwork topologies6-ring,
7-star and18-ring-of-rings.Sener is marked by a gray cir-
cle.
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Figure6: Exampleof transitionfunctionsfor the ring net-

work topology If a = j, the transitionfunction simpli es
to Beta(20,2). If a 6 j, thetransitionmodelis de ned by
Beta@+ 13x; 5x;x; 1,10 2x; 6XjXj 1).



vidual computerssuchthatx is thestateof thesener. The
topology of a network playsanimportantrole in the oper

ation of the network. In particular an unreliablecomputer
may affect thereliability of computersonnectedo it.

To improve the performanceof the network andits pro-
cessingpower, we employ an administratorwho maintains
thecomputersandis ableto improve their reliability. There
are(n + 1) actionsthattheadministratorcanperform. The
actionj 2 f1;2;:::;ng meansthat the administratorat-
tendsthej th computer The effect of the actionis improved
reliability of the attendedcomputer The action(n + 1) is
a dummy action and representshe scenariowhenthe ad-
ministratordoesnothing. Transitionfunctionsde ning the
dynamicsof thenetwork stateovertime arefactoredandde-

ned usingbetadensitiesaaspresentedh Equationl. Figure
6 illustratesvarioustransitionsemployed by the model.

Thequality of thenetwork operatioris measuredh terms

of therewardfunction:

2 X 2
R(x;a) = 2x{ + X
j=2
thatis given by a weightedsumof computerstates.In our
model,the highestweightis assignedo thesener. Thedis-
countfactoris = 0:95.

To approximatethe optimal value function, a combina-
tion of linear (one per nodeof the network) and quadratic
(oneperlink) featurefunctionsis used. As discussedar
lier, thesearethe conjugatechoiceshatleadto closed-form
solutionsto integralsin the factoredALP.

Results

Thecomparisorof the ALP methodwith randomconstraints
to alternatve CMDP solutionson computemetwork prob-
lemswasperformedby (Hauskrech®& Kveton2003). The
resultspresentedn that work illustrate the bene t of the
ALP approachboth in termsof the running time and the
quality of the resultingapproximation.In this work, we fo-
cusprimarily ontheheuristicaandusethe ALP solutionwith
randomconstraintsasthe baselinemethod.

Figures7, 8, and9 summarizethe resultsof the exper
iments and comparisons. The graphscapturethe quality
of solutionpoliciesandrunningtimesof differentmethods
while varyingthe numberof state-spaceamplesM . Since
every samplede nes jAj different constraintsand all are
usedin the ALP, the total numberof constraintss M jAj.
To evaluatethe quality of every methodwe use averages
over 30 differentruns of the algorithm. The quality of the
policy generatedby eachalgorithmis estimatedvia simula-
tion. To computethe estimatewe useaverageof cummula-
tive discountedrewardsobtainedfor 100 simulationtrajec-
tories,eachof length50.

We run threesetsof experiments. The objective of the

rst experimentwas to evaluatethe benet of the state-
simulationheuristic. Figure 7 shaws the resultsfor the 24-
ring problem. The resultsobtainedfor othertwo network
topologies(25-starand 24-ring-of-rings) are very similar
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Figure7: Comparisorof the ALP with randomconstraints
(ALP + random) the ALP-iterative with the state-simulation
heuristic(ALP + MC), andthe grid-basedVIDP (GMDP).

Panel (a) shaws the estimateof expectedrewardsof poli-

ciesfound by differentmethodsandpanel(b) their running

times.
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Figure8: Comparisorof the ALP with randomconstraints
(ALP + random),the greedyincrementalALP (GI-ALP)

with randomconstraintGI-ALP + random),andthe grid-
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pectedrewardsof policiesfound by differentmethodsand
panel(b) theirrunningtimes.
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Figure9: Comparisorof estimatedexpectedrewardsof policies obtainedthroughthreeheuristicmethodsandtheir running
timesonthreenetwork architecturesThe ALP with randomconstraintss usedasthe baselineof the comparison.

andarenot showvn. Figure7acompareghe quality of poli-

cies obtainedby the ALP with randomconstraintgenera-
tion andthe ALP with theiterative constraintsearch(ALP-

iterative) powered with the statesimulationheuristic. As

a baselinewe alsoincludethe resultsof the grid-basedap-
proximation(GMDP). Thecomparisorshavs thatthe ALP-

iterative with thestatesimulationheuristicis ableto improve

overthe ALP with randomconstraintsin termsof thequal-
ity of generategbolicies,both ALP methodsoutperformthe
GMDP approachFigure7bcomparesunningtimesthatare
neededo solve the problemfor differentsamplesizes.We

seethatthe runningtime performanceof the ALP-iterative

with the statesimulationheuristicis worsethanthe perfor

manceof the ALP with randomconstraints.This behaior

is expectedsincethe iterative methodsolvesa sequencef

ALPs, eachof which is of the samesizeasthe ALP solved

by the randomconstraintgeneration. The GMDP is infe-

rior to the ALP methodsn termsof boththe quality andthe

runningtimes.

The objective of the secondset of experimentswas to
comparehe greedyincrementalmplementatiorof the ALP
(GI-ALP) with randomconstraintgo thestandardALP with
random constraints. The GI-ALP usesexponentially in-
creasingpartitionsasdescribecearlierin the paper Again,
the correspondinggrid-basedapproximation(GMDP) is
usedfor thecomparisonFiguresBaand8b shav thequality
of generatedolicies and runningtimesfor all threealgo-

rithms. Theresultsshaov thatthe GI-ALP is slightly worse
in termsof solutionquality whencomparedo the ALP, but
atthesigni cant savingsin therunningtimes. Thisevidence
supportsthe intuition that the greedyconstraint Itering is
ableto eliminatea large portion of unimportantconstraints,
andthus,to speedup thealgorithm,while the solutionqual-
ity drop dueto the eliminationof usefulconstraintss rela-
tively small. Onceagainthe GMDP is inferior bothin terms
of thesolutionquality andthe runningtimes.

The rst experimentclearlyshavs thebene t of the state
simulationin termsof thesolutionquality, but attheexpense
of theincreasdn the runningtime. On the otherhand,the
GI-ALP demonstratethe potentialof a tremendouspeed-
up at the expenseof the solution quality. An immediate
questionthat arisesis whetherthe combinationof the two
heuristicswould be ableto offset their individual de cien-
cies.To explorethisissue we have built aniterative version
of the ALP poweredwith the statesimulationheuristicsuch
that every ALP to be solved inside the iterative procedure
is solved usingthe GI-ALP method.Figure9 compareghe
resultsof the new heuristicmethodwith the two previous
heuristicsand the standardALP with randomconstraints.
The bene t of the new heuristicis evident. The quality of
the solutionon all threenetwork topologiesis very closeto
the oneof the ALP with the statesimulationheuristic. The
runningtime of the new heuristicdropsbelow the running
timesof ALPs without greedyconstraintltering.



Conclusionsand futur e work

We have developedand testedtwo different heuristicsfor
improving the performanceof the ALP solversfor factored
continuous-statdDPs. The improvementswere achieved
by appropriateselectionsof constraints:in the rst case
throughMonte Carlostatesimulationswhichleadsto a bet-
ter coverageof morelikely regions of the statespace;and
in the secondcaseby rapid Itering of a large numberof
inactive constraints.

Despiteof therecentprogressn solvingfactoredCMDPs,
a numberof issuesremainopenandhave to be further ex-
plored. One promisingdirectionis the applicationof lo-
cal searchmethodghatcanbe usedto graduallyoptimizea
x ed numberof constraints.n sucha caseeachconstraint
is parameterizedandthe parametersre optimized. Local
searchtechniquesbasedon gradientascentrepresenione
possibleapproach.The proof of samplecompleity bounds
for the ALP with randomconstraintgemainsanothetimpor-
tantopenissue.We expectthatthe proof alongthe lines of
the proofby (deFarias& VanRoy 2001)for discreteMDPs
maybepossible.
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