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Abstract

Approximatelinear programming(ALP) offers a promising
framework for solving large factoredMarkov decisionpro-
cesses(MDPs)with bothdiscreteandcontinuousstates.Suc-
cessfulapplicationof the approachdependson the choice
of an appropriatesetof featurefunctionsde�ning the value
function,andef�cient methodsfor generatingconstraintsthat
determinetheconvex spaceof thesolution. Theapplication
of the ALP in continuousstate-spacesettingsposesan ad-
ditional challenge– the numberof constraintsde�ning the
problemis in�nite. The objective of this work is to explore
variousheuristicsfor selectinga �nite subsetof constraints
de�ning agoodsolutionpolicy andfor searchingthespaceof
suchconstraintsmoreef�ciently . Theheuristicsthatwe de-
velopedrely upon:(1) thestructureof thefactoredmodeland
(2) stochasticstatesimulationsto generateanappropriateset
of constraints.Theimprovementsresultingfrom suchheuris-
ticsareillustratedonthreelargefactoredMDP problemswith
continuousstates.

Intr oduction
Markov decisionprocesses(MDPs) offer an elegant math-
ematicalframework for representingand solving decision
problemsin the presenceof uncertainty. While standard
solutiontechniques,suchasvalueor policy iterationscale-
up well in termsof thenumberof states,thestatespaceof
morerealisticMDP problemsis factoredandthusbecomes
exponentialin the numberof statecomponents.This has
promptedthedevelopmentof ef�cient algorithmicsolutions
that �t well the factoredmodels. Approximatelinear pro-
gramming(ALP) hasemergedrecentlyasoneof the most
promisingmethodsfor solvingcomplex factoredMDPswith
discretestatecomponents.The methodrelies on a value
function modelthat consistsof a linear combinationof lo-
calfeaturefunctions(VanRoy 1998),suchthateveryfeature
functionis de�nedoverasmallnumberof statecomponents.
A numberof re�nementsof the ALP approachhave been
developedover pastfew years. Theseincludethe work by
(Guestrin,Koller, & Parr2001),(deFarias& VanRoy 2002;
2001),(Schuurmans& Patrascu2002),andothers(Poupart
etal. 2002).
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The ALP solutionsare not limited to MDPs with dis-
cretestatespaces.Recently, (Hauskrecht& Kveton2003)
showed how onecanextendthe ALP approachto factored
high dimensionalcontinuous-stateMDPs (CMDPs). The
approachincorporatessomeaspectsof the linear program-
ming methoddevelopedby (Trick & Zin 1993). However,
solutionsby (Trick & Zin 1993)rely on thestate-spacedis-
cretizationthat is usedto simplify both the value function
andconstraints.Moreover, examplesthat areaddressedby
(Trick & Zin 1993)consistsof two-dimensionalcontinuous-
statespacesonly. In contrast,theALP problemformulation
of (Hauskrecht& Kveton2003)doesnot rely ontheexplicit
statespacediscretization,and the value function model is
optimizedover the completehigh dimensionalcontinuous-
statespace.

TheALP formulationof the factoredCMDP problemas
proposedby (Hauskrecht& Kveton2003)comeswith alim-
itation: thenumberof constraintsin thelinearprogram(LP)
is in�nite. However, for the linear value function model
only a �nite numberof active constraintsde�ne the opti-
mal solution. Thechallengeis to identify theseconstraints
or at leasttheir goodsubstitutes.Interestingly, (Hauskrecht
& Kveton2003)have shown that theALP solutionfor fac-
toredCMDPswith constraintsplacedon a randomgrid is
much better, both in termsof the running time ef�ciency
andthe solutionquality, thanthe correspondinggrid-based
MDP (GMDP)approximation.Sincegrid-basedapproxima-
tionsarethemostcommonmethodsto solve largeCMDPs,
this resultillustratespotentialbene�t andimpactof theALP
on thesolutionof largeCMDPs.

Heuristic constraint generation.A numberof improve-
mentsandspeed-upsof the basicALP algorithmarepos-
sible. Randomgenerationof constraintsis blind anddoes
not take any advantageof theproblemde�nition. Sincewe
wantto identify a �nite subsetof constraintsthatgiveavery
goodpolicy asquickly aspossible,thedesignof heuristics
that tendto selectconstraintswith a positive impacton the
qualityof thesolutionis desirable.In thiswork, wedevelop
andtesta heuristicconstraintgenerationmethodbasedon
theMonteCarlosimulationof states.In theALP, everycon-
straintis associatedwith a point in a multidimensionalstate
space,so therationalbehindtheMonteCarlosimulationis
to focus on the points and their correspondingconstraints
thatarelikely to bevisitedmoreoften.



Heuristic constraint �ltering . It is unlikely that one
would be able to identify a goodset of constraintsin one
shot. Sosomesearchprocessmaybenecessaryto assurea
goodconstraintcoverage.In suchacase,theef�ciency with
which we cangenerateconstraintsandsolve ALPs de�ned
uponsuchconstraintsaffect tremendouslytheef�ciency of
our�nal solution.While heuristicconstraintgenerationmay
helpusto identify potentiallyusefulconstraints,many of the
generatedconstraintscanstill be redundantin that they do
not contribute to thesolution. Sincetherunningtime com-
plexity of thelinearprogramsolver dependson thenumber
of constraints,it is equally important,for the sake of ef�-
ciency, to �lter out asmany redundantconstraintsaspos-
sible. In this work we develop and presenta simple but
very powerful constraint�ltering approachcalled greedy
constraintselection(�ltering) that canbe easilycombined
with incrementalanditerativesearchapproaches.The�lter -
ing is aheuristicsinceit focusesonly onconstraintsthatcan
improve the solutiondirectly in onestepandignoresother
usefulconstraintswithout immediateeffecton thesolution.

Exploiting the structur e. ThefactoredCMDPmodelof-
fers a greatdealof additionalstructurethat canbe usedto
speed-upthecomputationsin additionto variousconstraint-
coverageheuristics.Onestructure-basedre�nementthatwe
have devisedandimplementedtakesadvantageof the local
effectof actionsin factoredCMDPsettingsandleadsto sig-
ni�cant computationalsavings on our test problems. The
approachoptimizestheorderof computationof structurally
relatedsubtasksthat occur, for example,during constraint
andpolicy evaluations,so that theoverlappingcalculations
aretiedandperformedtogether.

In the following, we �rst review continuous-stateMDPs
(CMDPs), their factoredre�nementsand ef�cient approx-
imationsthat one can apply to solve them. After that we
focuson the ALP approachanddescribeits applicationto
factoredCMDPs. Next we develop two different heuris-
tics for speedingup thecalculationsof theALP policy and
for improving its quality. Finally, we testtheeffectsof the
heuristicson threeCMDPproblems.

Continuous-stateMDPs
A continuous-stateMDP (CMDP) is de�ned by a 4-tuple
(x; A; T; R), wherex is a statespacede�ned on Rn , A is a
�nite setof actions,T a transitionmodelde�ning the tran-
sition densityp(x0jx ; a) betweenstatesx andx0 underan
actiona, andR de�nesarewardfunctionR(x; a) thatmaps
state-actionpairsto real-valuedrewards.

Factored CMDPs. The factoredversionof the CMDP
simpli�es thede�nition of thedecisionprocessanddecom-
posestransitionandrewardmodelsalongindividualstatedi-
mensions(x1; x2; : : : ; xn ). In particular, thetransitionfunc-
tion p(x0jx ; a) is assumedto befactoredas:

p(x0jx ; a) =
Y

x 0
j

p(x0
j jx j ;a ; a);

wherex j ;a arestatecomponentsin�uencing thenext value
of x0

j underanactiona. Similarly, we assumethat rewards

arefactoredover smallersubsetsof statesinto:

R(x; a) =
mX

i =1

Ra;i (xa;i ; a):

Optimization criterion. Givena CMDP, our objective is
to �nd a control policy � � : x ! A that maximizesthe
in�nite-horizon, discountedreward E(

P 1
i =0 
 i r i ), where


 2 [0; 1) is adiscountfactor, andr i is a rewardobtainedin
timestepi .

Bellman equation. ThevaluefunctionV (x) of theopti-
mal policy satis�estheBellman�x edpoint equation(Bell-
man1957):

V (x) = max
a

�
R(x; a) + 


Z

x 0
p(x0jx ; a)V (x0)dx0

�
:

The main problemin solving CMDPsis that in mostcases
the recursive integral problemcannotbesolved in a closed
form, andthereexistsno �nite supportfor thedescriptionof
theoptimalvaluefunction. To solve theproblem,eitherthe
valuefunctionor theoptimalpolicy is replacedwith a �nite
approximation.

Grid-based MDP (GMDP) discretizations. A typical
solution is to discretizethe state spaceto a set of grid
points and approximatevalue functionsover suchpoints.
Unfortunately, classic grid algorithms scale-upexponen-
tially with the numberof statefactorsn (Chow & Tsitsik-
lis 1991). New approximationalgorithmsbasedon random
andpseudorandomgrids (Rust1997)offer more�e xibility
togetherwith a goodaccuracy-con�denceguarantees.Let
G = f x1; x2; : : : xN g be a set of grid points of the state
space[0; 1]n . Thenthe BellmanoperatorH canbe be ap-
proximatedwith an operatorH G that is restrictedto grid
pointsG. Onesuchoperatorhasbeenstudiedby (Rust1997)
andis de�ned as:

VG (x i ) = max
a

2

4R(x i ; a) + 

NX

j =1

PG (x j jx i ; a)VG (x j )

3

5 ;

wherePG (x j jx i ; a) =  a(x i )p(x j jx i ; a) de�nesa normal-
ized transitionprobability suchthat  a(x i ) is a normaliz-
ing constant. The equationapplied to grid points G de-
�nes a �nite stateMDP with jGj states. 1 The solution,
VG = HG VG , approximatesthe original CMDP. Conver-
gencepropertiesof thegrid-approximationschemefor ran-
domor pseudo-randomsampleswereanalyzed(Rust1997).

Parametric function approximations. An alternative
way to solve a continuous-stateMDP is to approximatethe
optimalvaluefunctionV (x) with anappropriateparametric
functionmodel(Bertsekas& Tsitsiklis 1996).Theparame-
tersof the modelare�tted iteratively by applyingonestep
Bellmanbackupsto a �nite setof statepointsarrangedon a
�x edgrid or obtainedthroughMonteCarlosampling.Least
squarescriterion is usedto �t theparametersof themodel.

1The operatorH G de�nes a specialconvex approximatorfor
gridswith a�x edpointsolution(see(Hauskrecht1997)or (Gordon
1999)).Otherexamplesincludethenearestneighboror barycentric
interpolators(Munos& Moore1999)



In additionto parallelupdatesandoptimizations,on-lineup-
dateschemesbasedon gradientdescent(Bertsekas& Tsit-
siklis 1996;Sutton& Barto1998)arevery popularandcan
beusedto optimizetheparameters.Thedisadvantageof the
methodsis their instability and possibledivergence(Bert-
sekas1994).

Approximate linear programming
Recently, (Hauskrecht& Kveton2003)have proposedthe
approximatelinear programming(ALP) approachasan al-
ternative methodfor solvinglargefactoredcontinuous-state
MDPs. Similarly to factoreddiscrete-stateMDP settings
(Koller & Parr1999;Guestrin,Koller, & Parr2001),thenew
approachbuilds uponthelinearmodelof thevaluefunction
(VanRoy 1998):

V (x) =
X

i

wi f i (x i );

wheref i (x i )s denotefeaturefunctionsde�ned over subsets
of statevariablesx i , andwi s areweightsthatare�t by the
model. In termsof optimization,the bene�t of the linear
valuefunctionmodelis that it allows oneto convert theop-
timization of the value function over a very complex state
spaceto theoptimizationover asmallsetof weights.

Assumingthat the statespaceof a CMDP is bounded
to the region [0; 1]n , (Hauskrecht& Kveton2003)showed
thattheoptimizationof thevaluefunctionover thecomplete
statespacecanbe expressedin termsof the following ap-
proximatelinearprogram(ALP):

minimizew :
X

i

wi

Z

x i

f i (x i )dx i

subjectto:
X

i

wi Fi (x ; a) � R(x; a) � 0;

8x 2 X ; a 2 A

where

Fi (x ; a) = f i (x i ) � 

Z

x 0
i

0

@
Y

x 0
j 2 x 0

i

p(x0
j jx j ;a ; a)

1

A f i (x0
i )dx0

i :

Conjugate choices.TheALP formulationof theCMDP
assumesthatall integralsin theobjective functionandcon-
straintsareproperintegrals.Also importantis theexistence
of analytical solutionsof integrals in the objective func-
tion and constraints. To assureboth of theseconditions,
(Hauskrecht& Kveton2003)havedevisedconjugateclasses
of featurefunctionsand transitionmodels. The matching
pairs includetransitionsbasedon betaor mixture of betas
densities,wherebetadensityis de�ned as:

p(x j jx j ;a ; a) = B eta(x j jg1
j ;a (x j ;a ); g2

j ;a (x j ;a )) ; (1)

andbasisfunctionsthatareproductsof factors:

f i (x i ) =
Y

x j 2 x i

xm j ;i
j :

In suchacasetheintegralsin theobjectivefunctionsimplify
to (Hauskrecht& Kveton2003):
Z

x i

f i (x i )dx i =
Z

x i

Y

x j 2 x i

xm j ;i
j dx i =

Y

x j 2 x i

1
mj ;i + 1

;

andtheintegralsin constraintssimplify to:

Z

x 0
i

0

@
Y

x 0
j 2 x 0

i

p(x0
j jx j ;a ; a)

1

A f i (x
0
i )dx 0

i =

Y

x 0
j 2 x 0

i

�( g1
j ;a (x j ;a ) + g2

j ;a (x j ;a ))�( g1
j ;a (x j ;a )) + m j ;i )

�( g1
j ;a (x j ;a ) + g2

j ;a (x j ;a ) + m j ;i )�( g1
j ;a (x j ;a ))

;

where�( :) is agammafunction.
The new ALP formulationfor factoredCMDPsis simi-

lar to theALP formulationfor factoreddiscrete-stateMDPs
(Schuurmans& Patrascu2002). In particular, theALP op-
timizes the weightsof the linear model and the objective
functionandconstraintsdecomposeoverstatesubspacesas-
sociatedwith individual featurefunctions.Thefact thatwe
optimizeoverthe�nite setof weightsmeansthatthenumber
of active constraintsde�ning the optimal solution is �nite.
Soour ultimateobjective is to identify active constraintsor,
at least,they goodsurrogates.

ThemaindifferencebetweentheALPs for thetwo mod-
els is that the linear programbuilt for a CMDP has in�-
nite numberof constraints;onefor eachstatex andaction
a, while the numberof constraintsin a factoreddiscrete-
stateMDPs is �nite, thoughexponentialin the numberof
state variables. Existing methodsfor solving ALPs for
factored�nite-state MDPs (Guestrin,Koller, & Parr 2001;
Schuurmans& Patrascu2002)take advantageof local con-
straintdecompositionsandvariousheuristicsto searchfor
thesetof activeconstraints.However, at theend,all of these
methodsdependon thefact that thedecompositionsarede-
�ned on a �nite statesubspacethatcanbeenumerated.Un-
fortunately, constraintsin theCMPDmodeldecomposeover
smallerbut still continuoussubspaces,so theexisting solu-
tionsfor the�nite-stateMDPscannotbeapplieddirectly. To
addressthis problem,(Hauskrecht& Kveton2003)applied
andtestedconstraintgenerationmethodsbasedonsampling.
They showedaverygoodperformanceof theapproachwhen
comparedto two standardapproachesfor solving CMDPs:
thegrid state-spacediscretizationandapproximatedynamic
programmingwith theleastsquares�t.

Searching the spaceof constraints
Theobjectiveof thisresearchis to developmethodsfor solv-
ing ALPs for CMDPs that can replacerandomconstraint
samplingandidentify a �nite subsetof constraintsde�ning
a good-qualitysolutionin a moreprincipledway. Unfortu-
nately, in general,it is very hard to comeup with a good
setof constraintsin oneshot. Typically, a muchbetterop-
tion is to generatethe setgraduallyin multiple steps,such
that in every step,theproceduretakesadvantageof thepre-
viously found solution,andappliesit to build a new setof
constraints.In the following, we describeincrementaland
iterative formsof suchaprocedure.



functionALP-incr emental(model)
C  initialize constraints
w  ALP(C)
while astoppingcriterionis notmet

Cnew  generatenew constraintsfrom model andw
C  C[ Cnew
w  ALP(C)

returnw

Figure1: ALP with incrementalgenerationof constraints.
Themostrecentsolutionof theALP, representedby weights
w, is usedtogetherwith the model to generatea new set
of constraintsCnew . In every iteration, the existing setof
constraintsCis extendedwith thesetCnew .

functionALP-iterati ve(model)
C  initialize constraints
w  ALP(C)
while astoppingcriterionis notmet

C  generatenew constraintsfrom model andw
w  ALP(C)

returnw

Figure2: ALP with iterative generationof constraints.The
mostrecentsolutionof theALP, representedby weightsw,
is usedtogetherwith the model to generatea new set of
constraintsCnew . In every iteration,theexisting setof con-
straintsCis replacedwith thesetCnew .

Incr emental approach. In the incrementalapproach
(Figure1), aninitial setof constraintsis graduallyexpanded
suchthat the feedbackfrom the previous-stagesolution is
actively usedto generatea new setof constraints.Thenew
constraintsareaddedto the existing setof constraints,and
theprocedureis repeateduntil a stoppingcriterionis met.

Iterati ve approach. In theiterative approach(Figure2),
thesetof constraintsis build from anemptysetin everystep.
The procedurestartswith an initial setof constraints,uses
feedbackfrom themostrecentsolutionto generatenew con-
straints,and �nally replacesthe setof existing constraints
with the new constraints. The processis repeateduntil a
stoppingcriterionis met.

Both iterative and incrementalsearchprocedurescan
come in different guisesdependingon the methodsem-
ployedto generateconstraints.In thefollowing, wepropose
andexplore a numberof heuristicapproachesfor generat-
ing constraintsthatcanimprove tremendouslythequalityof
theresultingsolutionaswell astheef�ciency of thesearch
process.

Heuristics for constraint generation
Statespacesimulation
The ALP methods for solving CMDPs presentedby
(Hauskrecht& Kveton2003)userandomlygeneratedcon-
straints. Surprisingly, even in this case,the solutionswere
muchbetter(in termsof boththequality andtheef�ciency)
thansolutionsobtainedfor thecorrespondinggrid-basedap-
proaches.An openissueis whetherit is possibleto choose
constraintsthat would re�ect betterthe underlyingCMDP
modelandits dynamics.

In theALP, randomlygeneratedpointsleadto a uniform
coverageof the statespaceby constraints. This may not
re�ect thedifferencesin theimportanceamongdifferentre-
gionsof thestatespace.Intuitively, we would like to have a
bettercoverageof thestatespaceregionsthataffectthesolu-
tion themost.To addressthisproblem,weproposeaMonte
Carlomethod,in which theconstraintsareselectedby sim-
ulating the statespaceaccordingto the currentlyavailable
policy � . Themethodpreferspoints(andsubsequentlycon-
straints)in the regionsthatarevisitedwith a higherproba-
bility. The intuition behindthis heuristicis that theregions
thatarevisitedmorelikely arealsomoreimportantfor the
qualityof thesolution.

The statespacesimulationheuristiccanbe easily incor-
poratedinto the incrementaland iterative approaches,and
usedto generatenew constraints.In onescenario,onecan
pick randomlyastartingpointin thestatespaceandsimulate
a trajectoryof k stepsaccordingto the currentlyavailable
policy � . Thepoint reachedafter k stepsis selectedasthe
point thatde�nesanew setof constraints.As thereis acon-
straintassociatedwith every point andaction,by adopting
this MonteCarlostrategy, a total numberof jAj constraints
can be generated.The simulationcan be repeatedmulti-
ple timesusingtrajectoriesof the sameor differentlength.
Alternatively, onecanusethesamesimulationtrajectoryto
choosemorethanonepoint.

Greedyconstraint selection
Every constraint in the ALP is associatedwith an n-
dimensionalpoint x andan actiona, so we canusea pair
(x ; a) to identify a constraint. A �nite set of constraints
de�nes a convex space,a simplex, and the solutionof the
correspondinglinearprogramis in oneof its corners.Con-
straintsthatarecritical for thesolutionaredenotedasactive
constraints.Assumingthat w � is the optimal solution,all
active constraintssatisfythecondition

X

i

w�
i Fi (x ; a) � R(x; a) = 0:

Otherconstraintsin thelinearprogramareinactive.
An additionof a new constraint(x ; a) changestheexist-

ing solutionw � only if thenew constraintviolatesthesolu-
tion, whichmeansthat

X

i

w�
i Fi (x ; a) � R(x; a) < 0: (2)

This conditionoffers a simplebut in practicevery power-
ful way of �ltering constraintsfrom a setof candidatecon-
straints. Simply, only a constraintthat violatesthe current



Figure 3: Graphicalrepresentationof simplexes and ALP
solutions for (a) constraintsf c0; c1; c2; c3; c4g, (b) con-
straintsf c0; c1; c2g, and(c) constraintsf c0; c1; c2; c4g. The
simplexesarerepresentedby graypolygons,andthecorre-
spondingsolutionsof theALPsby blackcircles.Thearrows
at endof constraintspoint to thesubspacesof solutionsthat
arenot violatedby theconstraints.

solutionw � , andthusis guaranteedto immediatelyimprove
the solution, is chosen. We refer to sucha methodas to
greedyconstraint selectionsinceit greedilyfocusesonly on
the constraintsthat assureimmediateimprovementof the
currentsolutionw � . We notethata similar ideafor MDPs
with muchsimplerstatespaceswas investigatedby (Trick
& Zin 1993). Themethodgainedsigni�cant computational
savingsascomparedto linearprogramswith all constraints.

Unfortunately, the greedyconstraintselectionis only a
heuristicsincetheconstraintthatdoesnotviolatethecondi-
tion can becomeactive later in a context of newly added
constraints. To illustrate this, let us considera CMDP
problem with two continuousstatevariables. Let us as-
sumethat its ALP approximationrelieson � ve constraints
f c0; c1; c2; c3; c4g. The solution simplex de�ned by such
constraintsis illustratedin Figure3a, and the solutionw �

is representedby a black circle. The active constraints,
which determinethe solutionw � , arec3 andc4. Now let
usconsiderthecasein which only the�rst threeconstraints
f c0; c1; c2g areusedto solve the ALP. The solutionw 0 of
theALP is shown in Figure3b. It is clearthattheALP solu-
tion w 0 for this subsetdiffers from theoptimalsolutionw �

obtainedfor all � ve constraints,which implies that at least
oneof theconstraintsf c3; c4g is critical for thesolutionw � .
Unfortunately, if thenext constrainttestedby thegreedycri-
terion is c3, it fails the greedytest,sinceit cannotchange
the solutionw 0 alone. Thus,the greedytestfails to pick a
constraintthat is importantfor the �nal solution. However,
note that the constraintc3 becomesactive (andpassesthe
greedytest) if the constraintc4 is addedto the setof con-
straintsf c0; c1; c2g beforec3 is tested.This is illustratedin
Figure3c. In general,if thereexistsa bettersolution,there
is at leastoneconstraintthatpassesthegreedytest.

Using greedy constraint selection to solve the ALP.
Greedyconstraint�ltering is especiallyusefulwhencom-

functionGI-ALP (C)
partitionCinto C1; : : : ; Cm
initialize linearprogramlp
for (x ; a) 2 C1

add(x; a) to lp
w  solve lp
for j  2 to m

for (x; a) 2 Cj
if (

P
i wi Fi (x ; a) � R(x; a) < 0)

add(x; a) to lp
w  solve lp

returnw

Figure4: GreedyincrementalALP (GI-ALP).

binedwith incrementalor iterative searchapproaches.This
�ltering is also at the heart of the method that we call
greedyincrementalALP (GI-ALP), which canbeviewedas
aheuristicspeed-upof theALP solver.

Greedy incremental ALP (GI-ALP). Let C =
f c1; c2; : : : ; cN g beasetof N candidateconstraintswecon-
sideraddingto theALP. In the�rst step,theproceduretests
constraintc1 whetherit passesthe greedytest. If the con-
straintpasses,it is addedto thelinearprogram,andthesolu-
tion of theLP is recomputed.In thenext step,constraintc2
is tested,andthis processof �ltering constraintscontinues
until all constraintsarescanned.

In moreageneralsetting,theGI-ALP methodtestswhole
setsof constraints. If C1; C2; : : : ; Cm is a partitioning of
C into m mutually exclusive constraintsets,the procedure
startsby testingconstraintsin the �rst partition C1. Those
constraintsthat passthe greedytestareaddedto the linear
program,andtheLP is resolved.In thenext step,constraints
from thesetC2 aretested,andthealgorithmcontinuesuntil
all partitionsarescanned.An outline of this procedureis
presentedin Figure4.

Partitioning and ordering. It is easyto seethatthetime
complexity of the algorithmandthe quality of its solution
dependson thepartitioningof C andtheorderin which the
partitionsare examined. If the numberof partitionsm is
setto 1, the algorithmturnsinto the standardALP. Setting
m = N correspondsto thecasewhenonly oneconstraintis
addedat time. In sucha case,the linearprogramis recom-
putedonly if a new constraintviolatesthecurrentsolution.
Anotherinterestingpartitioningdividesconstraintsinto par-
titionsof unequalcardinality, suchasjCi j = 2i . Therational
behindthischoiceis thatif theprobabilityof detectinganac-
tive constraintdecreasesexponentiallywith time stepi , the
totalnumberof addedconstraintsto theLP in everypartition
Ci staysconstant.Theresultspresentedin theexperimental
sectionareobtainedfor thispartitioning.

TheGI-ALP is aheuristicin termsof theoptimalsolution
w � and its correspondingpolicy � � . However, in highly
distributedenvironments,ourexperimentalresultsshow that
thesolutionsobtainedby GI-ALP arevery closeto thoseof



the ALP. Moreover, in termsof computationtime, several-
fold speed-upis observeddueto asmallernumberof applied
constraints.

Speed-upsdue to the local effectof actions
CMDPsbuilt for highly distributedenvironmentstendto ex-
hibit local effect of actions. We saythat an actiona hasa
local effect if it directly in�uences only a small subsetof
statecomponents.This featurecanbeusedto speedup the
operationsthat requireiterationsover all possibleactions,
while the statecomponentx is �x ed. Exampleof suchan
operationis theevaluationof constraintsin theALP or the
computationof a policy � . In the following, we show how
theevaluationof aconstraintfactorizesdueto localactions.

If anactiona1 affectsfactorsxa1 , andanactiona2 affects
factorsxa2 , the evaluationof the constraint(x ; a2) canbe
rewrittenas:
P

i wi Fi (x ; a2) � R(x; a2) =

P
i 2 t a 1 ;a 2

wi Fi (x ; a2) +
P

i =2 t a 1 ;a 2
wi Fi (x ; a1) � R(x; a2);

where

t a1 ;a 2 = f i : 9j : (j 2 (xa1 [ xa2 )) ^ (x j 2 dom(f i ))g

representsthesetof featurefunctionindiceswhosedomain
containsatleastoneof thefactorsfrom x a1 [ xa2 . Dueto the
factorizationabove, the computationof the termsF i (x ; a)
canbedividedinto two components:i =2 t a1 ;a 2 , which can
beeffectively cachedfrom thesamecomputationperformed
for theactiona1; andi 2 t a1 ;a 2 , which areaffectedby ei-
ther of the actions,andhave to be recomputed.Thus, the
computationalsavings are realizedon subexpressionsthat
arecachedfrom previouscomputations.

Thisresultis especiallyimportantif thetermsF i (x ; a) are
hardto computebecauseintegralsdo not have closed-form
solutions.Thesavingsareeven larger if theconstraintsare
evaluatedfor all actions.In sucha case,onescanssequen-
tially all actionswhile cachingthe termsfrom themostre-
centconstraint,andreusestheresultsfor thenext constraint.
We note that the computationof the reward part R(x; a2)
canbedecomposedin asimilarmanner. Wehaveoptimized
our ALP solversandtook advantageof both factorizations
in all experiments.

Experiments
Experimental setup
To analyzethe heuristicsand their performance,we use
threeCMDP problems,eachof themde�ned by oneof the
computernetwork topologiesin Figure5. Thecomputernet-
work exampleswereoriginally proposedfor factored�nite-
stateMDPsby (Guestrin,Koller, & Parr 2001).Continuous
versionsof theseexampleswereintroducedin (Hauskrecht
& Kveton2003).

A network consistsof n connectedcomputers,one of
which is a server, and the remainingcomputersarework-
stations.Thestateof the j th computerx j is representedby
a realnumberbetween0 and1, which re�ects thereliability
of the computerto processtasks. The stateof the network

Figure5: Exampleof computernetwork topologies6-ring,
7-star, and18-ring-of-rings.Server is markedby a graycir-
cle.
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Figure6: Exampleof transitionfunctionsfor the ring net-
work topology. If a = j , the transitionfunction simpli�es
to Beta(20,2). If a 6= j , the transitionmodelis de�ned by
Beta(2 + 13x j � 5x j x j � 1, 10� 2x j � 6x j x j � 1).



x is de�ned by a reliability vector(x1; x2; : : : ; xn ) of indi-
vidualcomputers,suchthatx1 is thestateof theserver. The
topologyof a network playsan importantrole in the oper-
ation of the network. In particular, an unreliablecomputer
mayaffect thereliability of computersconnectedto it.

To improve the performanceof the network andits pro-
cessingpower, we employ an administratorwho maintains
thecomputers,andis ableto improve their reliability. There
are(n + 1) actionsthat theadministratorcanperform.The
action j 2 f 1; 2; : : : ; ng meansthat the administratorat-
tendsthej th computer. Theeffect of theactionis improved
reliability of the attendedcomputer. The action(n + 1) is
a dummyactionand representsthe scenariowhen the ad-
ministratordoesnothing. Transitionfunctionsde�ning the
dynamicsof thenetwork stateover timearefactoredandde-
�ned usingbetadensitiesaspresentedin Equation1. Figure
6 illustratesvarioustransitionsemployedby themodel.

Thequalityof thenetwork operationis measuredin terms
of therewardfunction:

R(x; a) = 2x2
1 +

nX

j =2

x2
j ;

that is given by a weightedsumof computerstates.In our
model,thehighestweightis assignedto theserver. Thedis-
countfactoris 
 = 0:95.

To approximatethe optimal value function, a combina-
tion of linear (oneper nodeof the network) andquadratic
(oneper link) featurefunctionsis used. As discussedear-
lier, thesearetheconjugatechoicesthatleadto closed-form
solutionsto integralsin thefactoredALP.

Results

Thecomparisonof theALP methodwith randomconstraints
to alternative CMDP solutionson computernetwork prob-
lemswasperformedby (Hauskrecht& Kveton2003). The
resultspresentedin that work illustrate the bene�t of the
ALP approachboth in termsof the running time and the
quality of theresultingapproximation.In this work, we fo-
cusprimarilyontheheuristicsandusetheALP solutionwith
randomconstraintsasthebaselinemethod.

Figures7, 8, and9 summarizethe resultsof the exper-
iments and comparisons. The graphscapturethe quality
of solutionpoliciesandrunningtimesof differentmethods
while varyingthenumberof state-spacesamplesM . Since
every samplede�nes jAj different constraintsand all are
usedin the ALP, the total numberof constraintsis M jAj.
To evaluatethe quality of every methodwe useaverages
over 30 differentrunsof the algorithm. The quality of the
policy generatedby eachalgorithmis estimatedvia simula-
tion. To computetheestimatewe useaverageof cummula-
tive discountedrewardsobtainedfor 100simulationtrajec-
tories,eachof length50.

We run threesetsof experiments. The objective of the
�rst experimentwas to evaluate the bene�t of the state-
simulationheuristic. Figure7 shows the resultsfor the24-
ring problem. The resultsobtainedfor other two network
topologies(25-starand 24-ring-of-rings)are very similar
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Figure7: Comparisonof theALP with randomconstraints
(ALP + random),theALP-iterativewith thestate-simulation
heuristic(ALP + MC), andthe grid-basedMDP (GMDP).
Panel (a) shows the estimateof expectedrewardsof poli-
ciesfoundby differentmethodsandpanel(b) their running
times.
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Figure8: Comparisonof theALP with randomconstraints
(ALP + random), the greedyincrementalALP (GI-ALP)
with randomconstraints(GI-ALP + random),andthegrid-
basedMDP (GMDP). Panel (a) shows the estimateof ex-
pectedrewardsof policiesfound by differentmethodsand
panel(b) their runningtimes.
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Figure9: Comparisonof estimatedexpectedrewardsof policiesobtainedthroughthreeheuristicmethodsandtheir running
timeson threenetwork architectures.TheALP with randomconstraintsis usedasthebaselineof thecomparison.

andarenot shown. Figure7acomparesthequality of poli-
cies obtainedby the ALP with randomconstraintgenera-
tion andtheALP with the iterative constraintsearch(ALP-
iterative) poweredwith the statesimulationheuristic. As
a baselinewe alsoincludethe resultsof the grid-basedap-
proximation(GMDP).ThecomparisonshowsthattheALP-
iterativewith thestatesimulationheuristicis ableto improve
over theALP with randomconstraints.In termsof thequal-
ity of generatedpolicies,bothALP methodsoutperformthe
GMDPapproach.Figure7bcomparesrunningtimesthatare
neededto solve theproblemfor differentsamplesizes.We
seethat the runningtime performanceof the ALP-iterative
with thestatesimulationheuristicis worsethantheperfor-
manceof the ALP with randomconstraints.This behavior
is expectedsincethe iterative methodsolvesa sequenceof
ALPs, eachof which is of thesamesizeastheALP solved
by the randomconstraintgeneration.The GMDP is infe-
rior to theALP methodsin termsof boththequalityandthe
runningtimes.

The objective of the secondset of experimentswas to
comparethegreedyincrementalimplementationof theALP
(GI-ALP) with randomconstraintsto thestandardALP with
randomconstraints. The GI-ALP usesexponentially in-
creasingpartitionsasdescribedearlierin thepaper. Again,
the correspondinggrid-basedapproximation(GMDP) is
usedfor thecomparison.Figures8aand8bshow thequality
of generatedpoliciesandrunning times for all threealgo-

rithms. Theresultsshow that theGI-ALP is slightly worse
in termsof solutionquality whencomparedto theALP, but
at thesigni�cant savingsin therunningtimes.Thisevidence
supportsthe intuition that the greedyconstraint�ltering is
ableto eliminatea largeportionof unimportantconstraints,
andthus,to speedup thealgorithm,while thesolutionqual-
ity dropdueto theeliminationof usefulconstraintsis rela-
tively small.Onceagain theGMDPis inferior bothin terms
of thesolutionqualityandtherunningtimes.

The�rst experimentclearlyshows thebene�t of thestate
simulationin termsof thesolutionquality, but attheexpense
of the increasein the runningtime. On theotherhand,the
GI-ALP demonstratesthepotentialof a tremendousspeed-
up at the expenseof the solution quality. An immediate
questionthat arisesis whetherthe combinationof the two
heuristicswould be ableto offset their individual de�cien-
cies.To explorethis issue,wehavebuilt aniterativeversion
of theALP poweredwith thestatesimulationheuristicsuch
that every ALP to be solved inside the iterative procedure
is solvedusingtheGI-ALP method.Figure9 comparesthe
resultsof the new heuristicmethodwith the two previous
heuristicsand the standardALP with randomconstraints.
The bene�t of the new heuristicis evident. The quality of
thesolutionon all threenetwork topologiesis very closeto
theoneof theALP with thestatesimulationheuristic.The
runningtime of the new heuristicdropsbelow the running
timesof ALPswithoutgreedyconstraint�ltering.



Conclusionsand futur ework
We have developedand testedtwo different heuristicsfor
improving theperformanceof theALP solversfor factored
continuous-stateMDPs. The improvementswereachieved
by appropriateselectionsof constraints: in the �rst case
throughMonteCarlostatesimulations,which leadsto abet-
ter coverageof more likely regionsof the statespace;and
in the secondcaseby rapid �ltering of a large numberof
inactive constraints.

Despiteof therecentprogressin solvingfactoredCMDPs,
a numberof issuesremainopenandhave to be further ex-
plored. One promisingdirection is the applicationof lo-
cal searchmethodsthatcanbeusedto graduallyoptimizea
�x ednumberof constraints.In sucha case,eachconstraint
is parameterized,andthe parametersareoptimized. Local
searchtechniquesbasedon gradientascentrepresentone
possibleapproach.Theproof of samplecomplexity bounds
for theALP with randomconstraintsremainsanotherimpor-
tantopenissue.We expectthat theproof alongthe linesof
theproofby (deFarias& VanRoy 2001)for discreteMDPs
maybepossible.
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