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Abstract
Although many real-world stochasticplanning problemsare
morenaturallyformulatedby hybrid modelswith bothdiscrete
andcontinuousvariables,currentstate-of-the-artmethodscan-
not adequatelyaddresstheseproblems. We presentthe �rst
framework thatcanexploit problemstructurefor modelingand
solvinghybrid problemsef�ciently . We formulatetheseprob-
lems as hybrid Markov decisionprocesses(MDPs with con-
tinuousanddiscretestateandactionvariables),which we as-
sumecanbe representedin a factoredway usinga hybrid dy-
namicBayesiannetwork (hybrid DBN). We presenta new lin-
earprogramapproximationmethodthat exploits the structure
of thehybridMDPandletsuscomputeapproximatevaluefunc-
tionsmoreef�ciently . In particular, wedescribeanew factored
discretizationof continuousvariablesthatavoidstheexponen-
tial blow-up of traditionalapproaches.We provide theoretical
boundsonthequalityof suchanapproximationandonitsscale-
up potential.We supportour theoreticalargumentswith exper-
imentson a setof controlproblemswith up to 28-dimensional
continuousstatespaceand22-dimensionalactionspace.

1 Intr oduction
Markov decisionprocesses(MDPs)(Bellman1957;Bertsekas
& Tsitsiklis 1996)offer an elegant mathematicalframework
for representingsequentialdecisionproblemsin thepresence
of uncertainty. While standardsolution techniques,suchas
value or policy iteration, scale-upwell in termsof the total
numberof statesandactions,thesetechniquesare lesssuc-
cessfulin real-world MDPs. In purely discretesettings,the
runningtime of thesealgorithmsgrows exponentiallyin the
numbervariables,thesocalledcurseof dimensionality. Fur-
thermore,many real-world problemsincludeacombinationof
continuousanddiscretestateandactionvariables.The con-
tinuouscomponentsareusuallydiscretized,which leadsto an
exponentialblow up in thenumberof variables.

We presentthe�rst framework thatexploits problemstruc-
tureandsolveslargehybrid MDPsef�ciently . TheMDPsare
modelledby hybrid factoredMDPs, wherethestochasticdy-
namicsis representedcompactlyby a probabilisticgraphical
model,a hybrid dynamicBayesiannetwork (DBN) (Dean&
Kanazawa 1989). The solutionof the MDP is approximated
by a linearcombinationof basisfunctions(Bellman,Kalaba,
& Kotkin 1963;Bertsekas& Tsitsiklis1996).Speci�cally, we
usea factored (linear) value function (Koller & Parr 1999),
whereeachbasisfunctiondependsonasmallnumberof state
variables. We show that the weightsof this approximation
canbeoptimizedusinga convex formulationthatwe call hy-
brid approximatelinearprogramming(HALP). TheHALP re-
ducesto theapproximatelinearprogramming(ALP) formula-
tion (Schweitzer& Seidmann1985)in purelydiscretesettings
andto the formulationrecentlyproposedby (Hauskrecht&
Kveton2003)for thecontinuous-statesettings.
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We presenta theoreticalanalysisof the HALP, providing
boundswith respectto thebestapproximationin thespaceof
thebasisfunctions. Unfortunately, theHALP formulationof
theproblemmaynot besolveddirectly sinceit mayusein�-
nite numberof constraints.To addressthis problem,we for-
mulatea relaxed versionof the HALP, an ²-HALP, that uses
a �nite subsetof constraintsinducedby the "-grid disretiza-
tion of continuouscomponents.We provide a boundon the
lossin thequality of the"-HALP solutionwith respectto the
completeHALP formulation.

Themainadvantageof the"-HALP is that it canbesolved
ef�ciently by existing factored ALP methods (Guestrin,
Koller, & Parr 2001a;Schuurmans& Patrascu2002). There-
fore, the complexity of our solutiondoesnot grow exponen-
tially with the numberof variables,anddependsonly on the
structureof theproblemandthechoiceof basisfunctions.We
illustratethefeasibility of our formulationandits solutional-
gorithmon a sequenceof controloptimizationproblemswith
28-dimensionalcontinuousstatespaceand 22-dimensional
actionspace.Thesenontrivial dynamicoptimizationproblems
arefaroutof reachof classicsolutiontechniques.

2 Multiagent hybrid factoredMDPs
FactoredMDPs(Boutilier, Dearden,& Goldszmidt1995)al-
low one to exploit problemstructureto representexponen-
tially large MDPs compactly. We extend this formalism to
amultiagenthybrid factoredMDP thatis de�ned by a4-tuple
(X ; A ; P; R) consistingof a statespaceX representedby a
set of statevariablesX = f X 1; : : : X n g, an action space
A de�ned by a set of action variablesA = f A1; : : : Am g,
a stochastictransitionmodelP modelingthe dynamicsof a
stateconditionedon thepreviousstateandactionchoice,and
a rewardmodelR thatquanti�es theimmediatepayoffs asso-
ciatedwith astate-actioncon�guration.
Statevariables: Eachstatevariableis eitherdiscreteor con-
tinuous.Weassumethateverycontinuousvariableis bounded
to a [0; 1] subspace,andeachdiscretevariabletakesonvalues
in some�nite domain.A stateis de�nedby avectorx of value
assignmentsto eachstatevariable,which splits into discrete
andcontinuouscomponentsdenotedby x = (x D ; xC ).
Actions: Action spaceis distributed suchthat every action
correspondsto oneagent.As with statevariables,theglobal
action a is de�ned by a vector of individual action choices
thatcanbedividedinto discreteaD andcontinuousaC com-
ponents.
Factored transition: Statetransitionmodel is de�ned by a
dynamicBayesiannetwork(DBN) (Dean& Kanazawa 1989).
Let X i denotea variableat the currenttime and let X 0

i de-
notethe samevariableat the successive step. The transition
graph of a DBN is a two-layerdirectedacyclic graphwhose
nodesaref X 1; : : : ; X n ; A1; : : : ; Am ; X 0

1; : : : ; X 0
n g. Thepar-

entsof X 0
i in thegrapharedenotedby Par(X 0

i ). For simplic-
ity of exposition, we assumethat Par(X 0

i ) µ f X ; A g, i.e.,



all arcsin theDBN arebetweenvariablesin consecutive time
slices. EachnodeX 0

i is associatedwith a conditionalproba-
bility function(CPF) p(X 0

i j Par(X 0
i )) . Thetransitionproba-

bility p(x0 j x ; a) is thende�ned to be
Q

i p(x0
i j u i ), where

u i is thevaluein f x ; ag of thevariablesin Par(X 0
i ).

Parameterization of CPFs: The transitionmodel for each
variableis local, aseachCPFdependsonly on a smallsubset
of statevariablesandindividual actions.Compactparametric
representationof the transitionsis achieved by usingbetaor
mixtureof betadensities(Hauskrecht& Kveton2003;Kveton
& Hauskrecht2004)for continuousvariables,andby general
discriminantfunctionsfor discretevariables.
Rewards: RewardfunctionR decomposesasasumof partial
rewardfunctionsRj de�ned on thesubsetsof stateandaction
variables.
Policy: Theobjective is to �nd a controlpolicy ¼¤ : X ! A
that maximizesthe in�nite-horizon, discountedreward crite-
rion: E [

P 1
i =0 ° i r i ], where° 2 [0; 1) is a discountfactor, and

r i is a rewardobtainedin stepi .
Value function: Thevalueof theoptimalpolicy satis�esthe
Bellman �x ed point equation(Bellman 1957; Bertsekas&
Tsitsiklis1996):

V ¤ (x ) = sup
a

2

4R(x ; a) + °
X

x 0
D

Z

x 0
C

p(x 0 j x ; a)V ¤ (x 0)

3

5 ; (1)

whereV ¤ is thevalueof theoptimalpolicy. Giventhevalue
functionV ¤, theoptimalpolicy ¼¤(x) is de�ned by thecom-
positeactiona optimizingEquation1.

3 Approximate linear programming solutions
for hybrid MDPs

A standardwayof solvingcomplex MDPsis to assumeasur-
rogatevaluefunctionform with a smallsetof tunableparam-
eters.Increasinglypopularin recentyearsaretheapproxima-
tionsbasedonlinearrepresentationsof valuefunctions,where
thevaluefunctionV (x) is expressedasa linearcombination
of k basisfunctionsf i (x) (Bellman,Kalaba,& Kotkin 1963;
Roy 1998):

V (x) =
kX

i =1

wi f i (x):

Basisfunctionsareoften restrictedto small subsetsof state
variables(Bellman,Kalaba,& Kotkin 1963;Roy 1998),and
the goal of the optimizationis to �t the setof weightsw =
(w1; : : : ; wk ).

3.1 Formulation
We generalizeapproximatelinear programming(ALP) for
discreteMDPs (Schweitzer& Seidmann1985) into hybrid
settings.Weightsw areoptimizedby solvinga convex opti-
mizationproblemthatwecall hybridapproximatelinear pro-
gram(HALP):

minimizew

X

i

wi ®i

subjectto:
X

i

wi F i (x ; a) ¡ R(x ; a) ¸ 0 8 x ; a; (2)

where®i denotesthe basisfunctionrelevanceweightgiven
by:

®i =
X

x D

Z

x C

Ã(x)f i (x )dx C ; (3)

whereÃ(x) > 0 is astaterelevancedensityfunctionsuchthatP
x D

R
x C

Ã(x)dxC = 1, allowing usto weightthequality of

our approximationdifferently for differentpartsof the state
space;andFi (x ; a) denotes:

F i (x ; a) = f i (x ) ¡ °
X

x 0
D

Z

x 0
C

p(x 0 j x ; a)f i (x
0)dx 0

C : (4)

This formulationreducesto the standarddiscrete-caseALP
(Schweitzer& Seidmann1985; Guestrin, Koller, & Parr
2001b;de Farias& Van Roy 2003;Schuurmans& Patrascu
2002)if thestatespacex is discrete,or to thecontinuousALP
(Hauskrecht& Kveton2003)if thestatespaceis continuous.

A numberof concernsarise in context of the HALP ap-
proximation. First, the formulationof the HALP appearsto
be arbitrary, andit is not immediatelyclearhow it relatesto
theoriginal hybrid MDP problem.Second,theHALP aprox-
imation for the hybrid MDP involvescomplex integrals that
mustbeevaluated.Third, thenumberof constraintsde�ning
theLP is exponentialif thestateandactionspacesarediscrete
andin�nite if any of the spacesinvolvescontinuouscompo-
nents.In thefollowing text, we addressandprovide solutions
for eachof theseissues.

3.2 Theoretical analysis

Theoreticalanalysisof thequality of thesolutionobtainedby
the HALP follows the ideasof de FariasandVan Roy 2003
for thediscretecase.They notethattheapproximateformula-
tion cannotguaranteeanuniformly goodapproximationof the
optimalvaluefunctionover thewholestatespace.To address
this issue,they de�ne a Lyapunov functionthatweighsstates
appropriately: a Lyapunov function L(x) =

P
i wL

i f i (x)
with contractionfactor· 2 (0; 1) for thetransitionmodelP¼
is astrictly positive functionsuchthat:

·L (x) ¸ °
X

x 0
D

Z

x 0
C

P¼(x0 j x )L (x0)dx0
C : (5)

Thisde�nition allows to claim:

Proposition1 Let w ¤ bean optimalsolutionto theHALP in
Equation2, then, for any Lyapunov functionL(x), we have
that:

kV ¤ ¡ H w ¤k1;Ã ·
2Ã| L
1 ¡ ·

min
w

kV ¤ ¡ H wk1 ;1=L ;

where H w representsthe function
P

i wi f i (¢), the L 1 norm
weightedby Ã i given by k¢k1;Ã , and k¢k1 ;1=L is the max-
normweightedby1=L.
Proof: The proof of this result for the hybrid setting fol-
lowstheoutlineof theproof of deFarias andVan Roy's The-
orem4.2 (de Farias & Van Roy2003) for the discretecase.

4 FactoredHALP
FactoredMDP modelsoffer, in additionto structuredparam-
eterizationsof the process,an opportunityto solve the prob-
lemmoreef�ciently . Theopportunitystemsfrom thestructure
of constraintde�nitions thatdecomposeover stateandaction
subspaces.This is a directconsequenceof: (1) factorizations,
(2) presenceof local transitions,and(3) basisfunctionsde-
�ned over small statesubspaces.This sectiondescribeshow
thesepropertiesallow usto computethefactorsin theHALP
ef�ciently .



4.1 Factoredhybrid basisfunction representation
Koller andParr 1999show that basisfunctionswith limited
scopeprovide the basisfor ef�cient approximationsin the
context of discretefactoredMDPs. An importantissuein hy-
brid settingsis thattheproblemformulationincorporatesinte-
grals,which maynot becomputable.HauskrechtandKveton
2003proposeconjugate transitionmodelandbasisfunction
classesthat lead to closed-formsolutionsof all integrals in
strictly continuouscases.

In our hybrid setting,eachbasisfunction f i (x i ) is de�ned
over discretecomponentsx i D and continuouscomponents
x i C , anddecomposesasaproductof two factors:

f i (x i ) = f i D (x i D )f i C (x i C ); (6)
wheref i C (x i C ) takesthe form of polynomialsover thevari-
ablesin X i C , andf i D (x i D ) is an arbitraryfunction over the
discretevariablesX i D . This basis function representation
givesushigh �e xibility andability to ef�ciently solve hybrid
planningproblem.

4.2 Hybrid backprojections
Computationof Fi (x ; a), the differencebetweenthe basis
functionf i (x) andits discountedbackprojection, givenby:

gi (x ; a) =
X

x 0
D

Z

x 0
C

p(x0 j x ; a)f i (x0)dx0
C

requiresusto computea sumover theexponentialnumberof
discretestatesx0

D , andintegralsoverthecontinuousstatesx 0
C .

Basedon the resultsof Koller andParr 1999 for discrete
variables,and Hauskrechtand Kveton 2003 for continuous
variables,wecanrewrite thebackprojectionfor hybrid basis:

gi (x ; a) = gi D (x ; a)gi C (x ; a);

=
µ

P
x 0

i D
p(x 0

i D
j x ; a)f i D (x 0

i D
)
¶

µ
R

x 0
i C

p(x 0
i C

j x ; a)f i C (x 0
i C

)dx 0
i C

¶ (7)

andcomputeit ef�ciently . Notethatgi D (x ; a) is thebackpro-
jectionof a discretebasisfunctionandgi C (x ; a) is theback-
projectionof acontinuousbasisfunction.

4.3 Hybrid relevanceweights
Computationof basisfunctionrelevanceweights®i in Equa-
tion 3 requiresusto solve exponentially-largesumsandcom-
plex integrals.

Guestrinet al. 2001b;2003 showed that if the staterel-
evancedensityÃ(x) is representedin a factorizedfashion,
theseweightscanbecomputedef�ciently . This resultextends
to hybrid settings,andthuswe candecomposethe computa-
tion of ®i :

®i = ®i D ®i C ;

=
³ P

x i D
Ã(x i D )f i D (x i D )

´

³ R
x i C

Ã(x i C )f i C (x i C )dx i C

´
;

(8)

whereÃ(x i D ) is themarginal of thedensityÃ(x) to thedis-
cretevariablesX i D , andÃ(x i C ) is themarginal to thecontin-
uousvariablesX i C .

5 Factored "-HALP formulation
Despitethe decompositionsand closed-formsolutions,fac-
tored HALPs remainhard to solve. Unfortunately, the for-
mulationincludesconstraintsfor eachjoint statex andaction
a, which leadsto exponentially-many constraintsfor discrete

components,anduncountablyin�nite constraintset for con-
tinuous.To addresstheseissues,we proposeto transformthe
factoredHALP into "-HALP, anapproximationof thefactored
HALP with a �nite numberof constraints.

The "-HALP relies on the " coverageof the constraint
space.In the"-coverageeachcontinuous(stateor action)vari-
ableis discretizedinto 1

2" + 1 equallyspacedvalues.Thedis-
cretizationinducesa multidimensionalgrid G, suchthat any
point in [0; 1]d is at most " far from a point in G underthe
max-norm.

If we directly enumerateeachstateand action con�gu-
ration of the "-HALP we obtain an LP with exponentially-
many constraints. However, not all theseconstraintsde-
�ne the solution and needto be enumerated. This is the
samesettingas the factoredLP decompositionof Guestrin
et al. 2001a. We canusethe sametechniqueto decompose
our " -HALP into an equivalentLP with exponentially-fewer
constraints. The complexity of this new problemwill only
be exponentiallyin the tree-widthof a costnetwork formed
by therestrictedscopefunctionsin our LP, ratherthanin the
completeset of variables(Guestrin,Koller, & Parr 2001a;
Guestrinet al. 2003). Alternatively we can also apply the
approachby Schuurmansand Patrascu2002 that incremen-
tally builds thesetof constraintsusingaconstraintgeneration
heuristicandoftenperformswell in practice.

The "-HALP offers an ef�cient approximationof a hybrid
factoredMDP; however, it is unclearhow the discretization
affectsthe quality of the approximation.Most discretization
approachesrequireanexponentialnumberof pointsfor a�x ed
approximationlevel. In theremainderof this section,we pro-
vide a proof thatexploits factorizationstructureto show that
our" -HALP providesapolynomialapproximationof thecon-
tinuousHALP formulation.

5.1 Bound on the quality of " -HALP
A solution to the "-HALP will usually violate someof the
constraintsin the original HALP formulation. We show that
if theseconstraintsareviolatedby a small amount,thenthe
"-HALP solutionis nearlyoptimal.

Let us�rst de�ne thedegreeto whicha relaxedHALP, that
is, a HALP de�ned over a �nite subsetconstraints,violates
thecompletesetof constraints.
De�nition 1 A setof weightsw is ±-infeasibleif:X

i

wi Fi (x ; a) ¡ R(x; a) ¸ ¡ ±; 8x; a:

Now wearereadyto show that,if thesolutionto therelaxed
HALP is ±-infeasible,then the quality of the approximation
obtainedfrom the relaxed HALP is closeto the one in the
completeHALP.
Proposition2 Letw ¤ beanyoptimalsolutionto thecomplete
HALP in Equation2, and bw beanyoptimalsolutionto a re-
laxedHALP, such that bw is ±-infeasible, then:

kV ¤ ¡ H bwk1;Ã · kV ¤ ¡ H w ¤k1;Ã + 2
±

1 ¡ °
:

Proof: First, by monotonicityof the Bellmanoperator, any
feasiblesolutionw in thecompleteHALP satis�es:X

i

wi f i (x ) ¸ V ¤ (x ): (9)

Usingthis fact,wehave that:
kH w ¤ ¡ V ¤k1;Ã = Ã| jH w ¤ ¡ V ¤ j ;

= Ã| (H w ¤ ¡ V ¤ ) ;

= Ã| H w ¤ ¡ Ã| V ¤ : (10)



Next, notethattheconstraintsin therelaxedHALP areasub-
setof thosein the completeHALP. Thus,w ¤ is feasiblefor
therelaxedHALP, andwehave that:

Ã| H w ¤ ¸ Ã| H bw : (11)
Now, note that if bw is ±-infeasiblein the completeHALP,

thenif weadd ±
1¡ ° to H bw weobtaina feasiblesolutionto the

completeHALP, yielding:
°
°
°
° H bw +

±
1 ¡ °

¡ V ¤

°
°
°
°

1;Ã

= Ã| H bw +
±

1 ¡ °
¡ Ã| V ¤ ;

· Ã| H w ¤ +
±

1 ¡ °
¡ Ã| V ¤ ;

= kH w ¤ ¡ V ¤k1;Ã +
±

1 ¡ °
:

(12)
The proof is concludedby substitutingEquation12 into the

triangleinequalitybound:

kH bw ¡ V ¤k1;Ã ·

°
°
°
° H bw +

±
1 ¡ °

¡ V ¤

°
°
°
°

1;Ã

+
±

1 ¡ °
:

Theaboveresultcanbecombinedwith theresultin Section
3 to obtaintheboundon thequalityof the"-HALP.
Theorem1 Let bw be any optimal solutionto the relaxed"-
HALP satisfyingthe ± infeasibility condition. Then,for any
Lyapunov functionL(x), wehave:

kV ¤ ¡ H bw k1;Ã · 2
±

1 ¡ °
+

2Ã| L
1 ¡ ·

min
w

kV ¤ ¡ H w k1 ;1=L :

Proof: Direct combinationof Propositions1, 2.

5.2 Resolutionof the " grid
Ourboundfor relaxedversionsontheHALP formulation,pre-
sentedin the previous section,relieson addingenoughcon-
straintsto guaranteeat most±-infeasibility. The"-HALP ap-
proximatesthe constraintsin HALP by restrictingvaluesof
its continuousvariablesto the" grid. In this section,we ana-
lyze therelationshipbetweenthechoiceof " andtheviolation
level ±, allowing us to choosethe appropriatediscretization
level for adesiredapproximationerrorin Theorem1.

Our condition in De�nition 1 can be satis�ed by a set
constraintsC that ensuresa ± max-norm discretizationofP

i bwi Fi (x ; a) ¡ R(x; a). In the"-HALP thisconditionis met
with the "-grid discretizationthat assuresthat for any state-
actionpair x ; a thereexists a pair x G ; aG in the " grid such
that:°

° P
i bwi F i (x ; a) ¡ R(x ; a) ¡

P
i bwi F i (x G ; aG ) + R(x G ; aG )

°
°

1

· ±:

Usually, suchboundsareachievedby consideringtheLip-
schitz modulusof the discretizedfunction: Let h(u) be an
arbitraryfunctionde�ned over thecontinuoussubspaceU 2
[0; 1]d with a Lipschitz modulusK and let G be an "-grid
discretizationof U . Then the ± max-normdiscretizationof
h(u) canbeachievedwith a" grid with theresolution" · ±

K .
Usually, theLipschitzmodulusof a functionrapidly increases
with dimensiond, thus requiringadditionalpoints for a de-
sireddiscretizationlevel.

Eachconstraintin the"-HALP is de�ned in termsof asum
of functions:

P
i bwi Fi (x ; a) ¡

P
j R(x; a), whereeachfunc-

tion dependsonly on a small numberof variables(and thus
hasa small dimension).Therefore,insteadof usinga global
LipschitzconstantK for thecompleteexpressionwe canex-
presstherelationin betweenthefactor± and" in termsof the
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(a) (b)
Figure1: a. Thetopologyof an irrigationsystem.Irrigationchan-
nels are representedby links x i and water regulation devices are
marked by rectanglesai . Input and output regulation devices are
shown in light anddark gray colors. b. Reward functionsfor the
amountof waterx i in thei th irrigationchannel.

Lipschitzconstantsof individual functions,exploiting thefac-
torizationstructure.In particular, let K max betheworst-case
Lipschitz constantover both the reward functionsR j (x ; a)
andwi Fi (x ; a). To guaranteethatK max is bounded,wemust
boundthe magnitudeof bwi . Typically, if the basisfunctions
have unit magnitude,the bwi will beboundedRmax =(1 ¡ ° ).
Here,wecande�ne K max to bethemaximumof theLipschitz
constantsof therewardfunctionsandof Rmax =(1 ¡ ° ) times
theconstantfor eachFi (x ; a). By choosingan" discretization
of only:

" ·
±

M K max
;

whereM is thenumberof functions,we guaranteethecondi-
tion of Theorem1 for aviolationof ±.

6 Experiments
Thissectionpresentsanempiricalevaluationof ourapproach,
demonstratingthequality of theapproximationandthescale-
uppotential.

6.1 Irrigation network example
An irrigationsystemconsistsof a network of irrigationchan-
nelsthatareconnectedby regulationdevices(Figure1a).Reg-
ulationdevicesareusedto regulatetheamountof waterin the
channels,which is achieved by pumpingthe waterfrom one
of thechannelsto anotherone.Thegoalof theoperatorof the
irrigationsystemis to keeptheamountof waterin all channels
on anoptimal level (determinedby thetypeof plantedcrops,
etc.),by manipulationof regulationdevices.

Figure1aillustratesthetopologyof channelsandregulation
devices for oneof the irrigation systemsusedin the experi-
ments.To keepproblemformulationsimple,weadoptseveral
simplifying assumptions:all channelsare of the samesize,
water�o ws areoriented,andthecontrolstructuresoperatein
discretemodes.

The irrigationsystemcanbe formalizedasa hybrid MDP,
andtheoptimalbehavior of theoperatorcanbe foundasthe
optimal control policy for the MDP. The amountof water in
the i th channelis naturallyrepresentedby a continuousstate
factorx i 2 [0; 1]. Eachregulationdevice canoperatein mul-
tiple modes: the water can be pumpedin betweenany pair
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Figure2: Featurefunctionsfor the amountof waterx i in the i th
irrigationchannel.

of incomingandoutgoingchannel.Theseoptionsarerepre-
sentedby discreteactionvariablesai , onevariableperregula-
tion device. Theinput andoutputregulationdevices(devices
with no incoming or no outgoingchannels)are specialand
continuouslypumpthewaterin or outof theirrigationsystem.
Transitionfunctionsarede�nedasbetadensitiesthatrepresent
water�o ws dependingon theoperatingmodesof theregula-
tion devices. Reward function re�ects our preferencefor the
amountof waterin thechannels(Figure1b). Therewardfunc-
tion is factorizedalongchannels,de�ned by a linear reward
function for the outgoingchannels,and a mixture of Gaus-
siansfor all otherchannels.Thediscountfactoris ° = 0:95.
To approximatetheoptimalvaluefunction,a combinationof
linear andpiecewise linear featurefunctionsis usedat every
channel(Figure2).

6.2 Experimental results
The objective of the �rst setof experimentswasto compare
the quality of solutionsobtainedby the "-HALP for varying
grid resolutions" againstothertechniquesfor policy genera-
tion andto illustratetime (in seconds)neededto solve the"-
HALP problem.All experimentsareperformedon theirriga-
tion network from Figure1awith 17 dimensionalstatespace
and15 dimensionalactionspace.Theresultsarepresentedin
Figure3. Thequality of policiesis measuredin termsof the
averagerewardthatisobtainedviaMonteCarlosimulationsof
thepolicy on 100state-actiontrajectories,eachof 100steps.
Toassurethefairnessof thecomparison,thesetof initial states
is kept�x edacrossexperiments.

Threealternativesolutionsareusedin thecomparison:ran-
dompolicy, local heuristic,andglobalheuristic.Therandom
policy operatesregulationdevicesrandomlyandservesasa
baselinesolution. The local heuristicoptimizesthe one-step
expectedrewardfor every regulationdevice locally, while ig-
noringall otherdevices.Finally, theglobalheuristicattempts
to optimize one-stepexpectedreward for all regulatory de-
vices together. The parameterof the global heuristicis the
numberof trials usedto estimatetheglobalone-stepreward.
All heuristicsolutionswereappliedin theon-linemode;thus,
their solutiontimesarenot includedin Figure3. The results
show that the "-HALP is ableto solve a very complex opti-
mizationproblemrelatively quickly andoutperformstrawman
heuristicmethodsin termsof thequalityof their solutions.

6.3 Scale-upstudy
Thesecondsetof experimentsfocuseson thescale-uppoten-
tial of " -HALP methodwith respectto thecomplexity of the
model.Theexperimentsareperformedfor n-ring andn-ring-
of-rings topologies(Figure4a). The results,summarizedin
Figure4b,show severalimportanttrends:(1) thequalityof the
policy for the"-HALP improveswith highergrid resolution" ,
(2) therunningtime of themethodgrows polynomiallywith

" -HALP Alter nativesolution
" ¹ ¾ Time[s] Method ¹ ¾
1 42.8 3.0 2 Random 35.9 2.7

1=2 60.3 3.0 21 Local 55.4 2.5
1=4 61.9 2.9 184 Global1 60.4 3.0
1=8 72.2 3.5 1068 Global4 66.0 3.6
1=16 73.8 3.0 13219 Global16 68.2 3.2

Figure 3: Resultsof the experimentsfor the irrigation systemin
Figure1a. The quality of found policies is measuredby the aver-
agereward ¹ for 100 state-actiontrajectories,where¾denotesthe
standarddeviationof therewards.

the grid resolution,and(3) the increasein the running time
of themethodfor topologiesof increasedcomplexity is mild
andfar from exponentialin thenumberof variablesn. Graph-
ical examplesof eachof thesetrendsaregivenin Figures4c,
4d, and4e. In additionto the runningtime curve, Figure4e
shows a quadraticpolynomial�tted to thevaluesfor different
n. Thissupportsour theoretical�ndings thattherunningtime
complexity of the "-HALP methodfor anappropriatechoice
of basisfunctionsdoesnot grow exponentiallyin thenumber
of variables.

7 Conclusions
Wepresentthe�rst framework thatcanexploit problemstruc-
turefor modelingandapproximatelysolvinghybrid problems
ef�ciently . We provide boundson the quality of the solu-
tions obtainedby our HALP formulationwith respectto the
bestapproximationin our basisfunction class. This HALP
formulationcanbe closelyapproximatedby the (relaxed) " -
HALP, if theresultingsolutionis nearfeasiblein theoriginal
HALP formulation. Althoughwe would typically requirean
exponentially-largediscretizationto guaranteethisnearfeasi-
bility, weprovideanalgorithmthatcanef�ciently generatean
equivalentguaranteewith anexponentially-smallerdiscretiza-
tion. Whencombined,thesetheoreticalresultsleadto a prac-
tical algorithmthat we have successfullydemonstratedon a
setof controlproblemswith up to 28-dimensionalcontinuous
statespaceand22-dimensionalactionspace.

The techniquespresentedin this paperdirectly generalize
to collaborative multiagentsettings,whereeachagentis re-
sponsiblefor oneof the actionvariables,and they mustco-
ordinateto maximizethe total reward. Theoff-line planning
stageof our algorithmremainsunchanged.However, in the
on-line actionselectionphase,at every time step,the agents
mustcoordinateto choosethe action that jointly maximizes
the expectedvaluefor the currentstate.We canachieve this
by extendingthecoordinationgraphalgorithmof Guestrinet
al. 2001bto ourhybrid settingwith our factoreddiscretization
scheme.Theresultwill beanef�cient distributecoordination
algorithmthatcancopewith bothcontinuousanddiscreteac-
tions.

Many real-world problemsinvolve continuousanddiscrete
elements.We believe that our algorithmsandtheoreticalre-
sultswill signi�cantly further the applicability of automated
planningalgorithmsto thesesettings.
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n-ring
" n = 6 n = 9 n = 12 n = 15 n = 18

¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s]
1 28.4 1 37.5 1 46.9 1 55.6 2 64.5 3

1 / 2 33.5 3 43.0 5 52.6 9 62.9 17 72.1 28
1 / 4 35.1 11 45.2 21 54.2 43 64.2 63 74.5 85
1 / 8 40.1 46 51.4 85 62.2 118 73.2 168 84.9 193
1 / 16 40.4 331 51.8 519 63.7 709 75.5 963 86.8 1285

n-ring-of-rings
" n = 6 n = 9 n = 12 n = 15 n = 18

¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s]
1 14.8 1 16.2 2 17.5 4 18.5 5 19.7 6

1 / 2 38.6 12 50.5 25 44.0 103 75.8 69 87.6 107
1 / 4 40.1 82 53.6 184 66.7 345 79.0 590 93.1 861
1 / 8 48.0 581 62.4 1250 76.1 2367 90.5 3977 104.5 6377
1 / 16 47.1 4736 62.3 11369 77.6 22699 92.4 35281 107.8 53600
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Figure4: a. Two irrigationnetwork topologiesusedin thescale-upexperiments:n-ring-of-rings(shown for n = 6) andn-ring (shown for
n = 6). b. Averagerewardsandpolicy computationtimesfor different" andvariousnetworksarchitectures.c. Averagerewardasa function
of grid resolution" . d. Time complexity asa functionof grid resolution" . e. Time complexity (solid line) asa functionof differentnetwork
sizesn. Quadraticapproximationof thetimecomplexity is plottedasdashedline.
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