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Abstract

This is the �rst part of a two-partedreporton developmentof a statis-
tical learningalgorithmfor a latentvariablemodelreferredto ascoopera-
tivevectorquantizermodel.Thispartpresentsthetheoryandmathematical
derivationsof a variationalBayesianlearningalgorithmfor themodel.The
modelhasgeneralapplicationsin the �eld of machinelearningandsignal
processing.For exampleit canbeusedto solvetheproblemof blind source
separationor imageseparation.Ourspecialinterestis in its potentialbiolog-
ical applicationin thatwecanusethemodelto simulatesignaltransduction
componentsregulatinggeneexpressionaslatentvariables.The algorithm
is capableof automaticallyandef�ciently determiningthenumberof latent
variablesof themodel,estimatingthedistributionof theparametersandla-
tentvariables.Thus,we canusethemodelto addressfollowing biological
questionsregardinggeneexpressionregulation: (1) What arethe key sig-
nal transductioncomponentsregulatinggeneexpressionin a givenkind of
cell; (2) How many key componentsareneededto ef�ciently encodeinfor-
mationfor geneexpressionregulation; (3) What are the statesof the key
componentsfor a givengeneexpressiondatapoint. Suchinformationwill
provide insight for understandingthe mechanismof informationorganiza-
tion of cells,mechanismof diseasesanddrugeffect/toxicity.
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1 Intr oduction

1.1 Biological Moti vation

A biological systemhasa sophisticatedsignal transductionsystem. Activation
of a signaltransductionpathwayusuallyinvolveschangeof stateof many signal
transductionmoleculeswhich exert diversecellular functions. Quite often, the
signalis beeventuallypassedto transcriptionfactorsor repressorwhich, in turn,
will activate or depressthe transcriptionof genes. For example,activation of
epithelialgrowth hormonereceptor(EGFR)usuallyactivatesacascadeof protein
kinases,which eventuallyactivatetranscriptionof a setof earlyresponsegenes.
Thus,thecorrelatedexpressionlevel of theseearlyresponsegenessimplyre�ects
the stateof this signal transductionpathway. However, the biological systems
arecomplicatedby the fact that differentpathwaysare inter-weaved. It is not
uncommonthat expressionlevel of an individual geneis controlledby multiple
pathways.A ordinarycell hashundredsto thousandsof receptorson it plasma
membraneand is constantlybombardedby different signalsfrom surrounding
environment.It would bevery inef�cient if eachof thesereceptorshasa distinct
pathwaycontrollingexpressionof individualgenes.Onecanimaginethatsignals
from differentreceptorswill eventuallybeorchestratedatacertainlevel suchthat
informationis encodedmostef�ciently and,from this level, informationis further
disseminatedto control the expressionof thousandsgenes. This is analogous
to informationcompression,wherelarge amountof informationis compressed,
passedthrougha channeland regeneratedat the other endof channel. Let us
hypothesizethat thereexist somesignal transductioncomponents(STC) which
encodenecessaryinformationto control thegeneexpressionfor a give cell type.
Then,a biologistwouldtendto askfollowing questions:

1. WhataretheseSTC?Canoneidentify theSTCandmapthemto abiological
entitiessuchasproteinsor pathways?

2. How many STCareneededto encodetheinformationin agivenkind cell?

3. Canoneinfer thestateof theseSTCwhenprovidedwith geneexpression
data?

Capabilityof answeringthesequestionswill provide insight into a biologi-
cal systemin termsof (1)how informationof signal transductionpathwaysare
organizedandwhatarethekey componentsthatcanef�ciently encodeinforma-
tion. (2) mechanismof diseases;(3) mechanismof drug effect or toxicity, and
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so on. However, thesequestionsalsoposeseriouschallengesto computational
biologistsbecausesuchinformationcannot bedirectly observedfrom DNA mi-
croarrayexperiments,even thoughthe contemporaryDNA microarraytechnol-
ogyalmostenablesoneto studytheexpressionof genesalmostat wholegenome
level. Nonetheless,upongiven geneexpressiondata,a computationalbiologist
potentiallycaninfer theinformationbasedoncertainassumptionandmodel.One
plausibleapproachis to modeltheSTCswith latentvariablesin orderto explain
how observed dataaregeneratedandusestatisticallearningtechniquesto infer
theparametersof themodel. Onceequippedwith theparametersof model,one
canestimatethestatesof STCwhengivennew microarraydata.In this research,
wedevelopanovel learningalgorithmfor alatentvariablegenerativemodelbased
onrecentadvancesin machinelearning�eld to addressthesequestions.

Currently, a varietyof techniqueshave beenappliedto explorethecorrelated
geneexpressionpatternsto infer the regulationpathways.Among which, clus-
teringalgorithms,includingthenonparametrichierarchicalclusteringandmodel-
basedmixtureof Gaussianmodels,aremostcommonlyused.Theseapproaches
provide usefulinformationabouttranscriptionpro�les of genesandgroupgenes
with similar pro�le assumingthey areregulatedby samepathway. However, one
key drawbackof clusteringis thatgenesareassignedto clustersmutuallyexclu-
sively, which doesnot re�ect the fact that expressionof an individual genecan
beregulateby multiplepathways.Otherapproachessuchasprincipalcomponent
analysis(Raychaudhuriet al., 2000), singlevalue decomposition(SVD), inde-
pendentcomponentanalysis(ICA) (Liebermeister, 2002)arealsousedto analyze
geneexpressionpatterns.However, mostof theabove mentionedapproachescan
noteffectivelyaddressthequestionsuchaswhatis optimalnumberof clusters(or
components)to beincludedin themodel.Recently, graphicmodelslike Bayesian
networkandBooleannetworkhave beenusedto modelingthegeneticregulation
pathways(Friedmanet al., 2000;Liang et al., 1998). Onelimitation of suchap-
proachis that statisticaldependenceare frequentlyconfoundedby existenceof
latentvariable,suchasactivationstateof proteinsor pathwayswhich arenot ex-
plicitly modeledby the approach.Currentgraphiclearningalgorithmscannot
handlelatentvariablesef�ciently dueto computationalcomplexity.

1.2 Latent Variable Models

Latentvariablemodelshavebeenwidelyusedin statistics,psychology, economics
andmachinelearningresearches.They arealsofrequentlyreferredto asgenera-
tive modelsin thatgenerationof observeddataarecontrolledby latentvariables.
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Popularlatentvariablemodelsincludefactor analysis,ICA, independentfactor
analysis,cooperative vectorquantizer(CVQ) andprobabilisticprinciplecompo-
nentanalysis(PPCA) (Attias, 1999a;Roweis and Ghahramani,1999; Ghahra-
mani,1995;Tipping andBishop,1997). As pointedout by RowiesandGhahra-
mani (RoweisandGhahramani,1999),mostof thesemodelbelongto a uni�ed
linearGaussianmodelandassumetheform of

	�

������� (1)

where 	 is a � dimensionalvectorof observed data, � is a ����� “loading
matrix”, � is a � dimensionalvectorof latent“factors/sources”with � �����

and � is � dimensionalnoisewhich assumeGaussiandistribution �����! #"%$'&)( .
Thekey ideaof thesemodelis uselatentvariablesas“ informativelower dimen-
sionalprojectionor explanationof thecomplicatedobservations”. Whenanalyz-
ing high dimensionaldataasin our case,the advantageof usinglatentvariable
modelis several: (1) Dimensionreduction.Thedimension� of microarraydata
rangefrom thousandto ten's thousand,it is very dif�cult andinef�cient to de-
scribethe characteristicof a given samplewith suchhigh dimension. With re-
duceddimension,onedescribethe datamoresuccinctly. Furthermore,reduced
dimensionmeansreducedcomputationcomplexity andlesslikely to over-�t data
if we furtherusemicroarraydatato performclassi�cation. (2) Explainthecorre-
lation of observeddataat latentvariableslevel. As discussedin previoussection
thatcorrelatedexpressionpatternsof genesmaysimply re�ect the fact that they
co-regulatedby sameSTC.By puttingconstrainson thecovariancematrixof ob-
serveddatanoise,thelatentvariablemodelscancapturethecorrelatedexpression
patternsat latentvariablelevel, thusprovideexplanationfor observedcovariance.
(3) Inferringstateof latentvariables.Thedistribution(or state)of latentvariables
for adatapointcanbeinferredusestatisticaltechniques.This informationis very
usefulin thatwecanestimatedstatesof abiologicalsystemandsuchinformation
canbeusedto performothertasks,i.e. classi�cation.

However, all abovementionedmodelsarenotsuitablefor answeringtheques-
tionsraisedin section1.1.Oneof ourgoalis to determinewhatbiologicalentities
theSTCmaycorrespondingto. This requiresus to recover thesourcesuniquely
andtodeterminewhatgenesarecontrolledbyeachSTC.Thenwecanusebiologi-
calknowledgeto furtherinferwhattheseSTCmightcorrespondto. Thisisclosely
relatedto amachinelearningtopic– blind sourceseparation.It is well known that
factoranalysisandPPCAareinadequatein this respectdueto thefact thatlatent
variablesin thesemodelsareGaussiandistributedandrecoveredsourcesaresub-
jectedto rotationinvariance(Attias, 1999a). ConventionalICA modelassumes
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non-Gaussiandistribution for sourcesandcanperformblind sourceseparation,
but theassumptionsof themodelaretoo restrictive, i.e. assumingsamenumber
of sourceandobservationsandnoisefreesystem.Recentlydevelopedindepen-
dentfactoranalysis(Attias, 1999a)try to avoid the rotationalinvarianceof con-
ventionalfactoranalysisby adoptingmixtureof Gaussiandistribution for latent
variables.The ideais adoptedby ICA communityto developnewer versionsof
EM learningalgorithmsto performblind sourceseparation.However, after re-
coveringthedistributionof thesources,it will bedif�cult to interprettheresult(a
mixtureof Gaussiandistributions)from biologicalpointof view.

In this research,we adoptthe cooperative vectorquantizermodeland also
refer to it asa multiple causemodel. We extendthe modelby performingfull
Bayesianlearningin orderto addressthequestionsraisedin section1.1.TheEM
algorithmfor learningparametersof the modelwasdevelopedby Ghahramani
(Ghahramani,1995)andwasdemonstratedto be capableof separatingsources
uniquely. Here,we will brie�y introducethe key featuresof the modelandits
relevanceto biological problemand leave detaileddiscussionin section2. In
this model,we representthe signaltransductioncomponentsor sourcesasa set
of latentbinary variableswhich canassumeon/off state. The stateof a source
re�ects balancedeffect from upstreamsignaltransductionsystem.Theobserved
DNA microarraydatais theresultof concertedregulationby thesesources.When
asourceis turnedon,it in�uencesgeneexpressionpatternby outputtingaweight
ontoevery geneon themicroarray, althoughfor mostof genestheweightis zero
re�ecting the fact that thegivensourcehasno in�uence on thesegenes.On the
otherhand,if a sourceoutputsa nonzeroweightto a subsetof genes,it indicates
thatthesegenesareco-regulatedby thesource.Althoughthefact thatthis model
canbeusedto identify subsetof co-regulatedgenessoundssimilar to clustering,
thereis a fundamentaldifferencebetweentheapproachesbecause,in our model,
expressionof anindividual genecanberegulatedby multiple sources.Themain
taskfor our modelis to learn/estimatetheweightmatrix associatedwith sources.
Thus,afterlearningtheweightmatrixof themodel,wewouldbeableto determine
whatgenesareregulatedby a given STCandusebiologicalknowledgeto infer
whattheSTCcorrespondingto. Furthermore,with modelparameterslearned,we
wouldbeableto estimatethestatesof STCfor new data.

1.3 BayesianModel Selection

The question(2) in the section1.1 is of greatbiological interestbecauseit ad-
dresseshow informationis organizedinsidea biologicalsystemasregulationof
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geneexpressionis concerned.This problemwasnot effectively addressedbefore
eitherexperimentallyor computationallydueto lackof datato supportsuchstudy.
With adventof DNA microarraytechnology, onecanmonitorthegenetranscrip-
tion at wholegenomelevel. With datacollectedundervarietyof conditions,e.g.
datacollectedwhile cellsgoingthroughcell cycle,agoodexperimentsamplewill
containmostof thenecessaryinformationto addressthe issue.From biological
point view, themergepoint of signaltransductiondoesexist andpotentiallycan
beat transcriptionfactors/repressorslevel, becausemostpathwaysexert their in-
�uence on geneexpressionthroughactivatingor inactivatingtheseproteins.The
questionis whetherit is mostef�cient to encodeall informationcontrollinggene
expressionat this level andhow canonedeterminethenumberof STCneededto
encodetheinformation.In anotherword,if wesetout to modeltheDNA microar-
raydatawith latentvariablemodel,how many latentvariablesshouldwe include
in the modelandwhetherthe numberre�ects themostef�cient informationen-
coding?

This canbe addressin Bayesianmodelselectionframework (Bishop,1999;
Ghahramaniand Beal, 2000a;MacKay, 1995; Kassand Raftery, 1994)which
embodiesOccam's Razor, a principle that statesto selectthe simplestmodel
amongthosehave samedescriptionpower. That is, if we selectmodelaccord-
ing to Bayesianmodelselectionframe,we automaticallyrecover themodelthat
hasminimum numberof parameterscomparedto other modelswith samede-
scriptionpower andrecover thenumberof latentvariablesthatwill describethe
datamostef�ciently . Similarly, in informationtheory, minimaldescriptionlength
(MDL) principledictatesthatanencodingsystemprefersa modelthathasmini-
mumparameterscomparingto modelswith samepower to describetheobserved
data(HansenandYu, 2001).TherelationbetweenBayesianmodelselectionand
MDL principlehasbeenpoint out by severalauthors(HansenandYu, 2001;At-
tias, 1999b). Critics on Bayesianmodelselectionis that it requiresintegration
of parameterswhich is intractablefor mostof practicalmodels.In this research,
we will adoptnewly developedvariationalBayesianapproachto overcomesuch
drawbackandperformmodelselectionin a ef�cient way (seedetailsin section3
and8.3).
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2 Model

In theCVQ model,asetof hiddendiscretesources*
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$1010102$/-4365 controls
the generationof a vectorof � dimensionobserved variables	 . Eachdiscrete
sourceis an indicatorvectorof dimension7 . Eachvector -98 hasonenonzero
elementsuchthat -:8<;=
 > and -48@?A
B"%$DCFEHG 
JI . In this research,we usethe
sourcesto modelthestateof signaltransductioncomponents,thereforewerestrict
thesourcesto bebinaryvariables,re�ecting activationandinactivationstatesof a
componentrespectively. Wecaneasilyextendthecurrentmodelto accommodate
multiple statesof componentif biological justi�cation exists. Whenthe source
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3 Variational BayesianLearning

Oneof ourgoalis to determinewhatmodelstructurebestdescribethedata.In this
project,oneof themainconcernsis thenumberof sources.Let i
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rule to calculatetheposteriorprobabilityof eachmodels.
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Thenwe canselectthemodelthathasthehighestposteriorprobability. The
full Bayesiantreatmentof modelselectionrequirescalculatingtheevidence
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However, the integrationis intractable.We canusethe variationalapproxi-
mationto achieve the goal,which takesadvantageof the fact that log marginal
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for any distribution
ˆ

 '0•( (Attias, 1999b; Ghahramaniand Beal, 2000a). The
inequality is establishedby Jensen's Inequality. We can demonstratethat the
differencebetween}
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conditionedona givenmodel.
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4 Mean Field Approximation

As discussedin previous section,maximizationof ‹
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 x[Í2Î

ˆ

 zÊK;V([‚„ƒ

ˆ

 zÊK;#(|{9ÊK;Õ��x[ÏÔÐ@Ñ

Ò

Î

ˆ

 VÈ•?²Å N%;z([‚—ƒ

ˆ

 zÈ•?²Å N%;V(D{9È•?²Å N%;

˜�x[Í2Î[xTÏÔÐ@Ñ

Ò

Î

ˆ

 zÊK;#(

ˆ

 zÈ•?²Å N%;V([‚„ƒ

U

 zÈÉ(D{9ÊK;u{9È•?§Å NT; (20)
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To minimize �•›

 

ˆ

W—W

U

( w.r.t
ˆ

 zÊ ; ( , we needto further placeconstrainover
ˆ

 zÊ ; ( suchthat Ö

ˆ

 zÊ ; (D{9Ê ; 
g> , which canbe achieved by Lagrangianopti-
mization.De�ne Lagrangianfunction

}


 x Í×Î

ˆ

 zÊ ; (Ì‚„ƒ

ˆ

 VÊ ; (|{9Ê ; � x Ï2Ð'Ñ

Ò

Î

ˆ

 zÈ ?§Å N%; ([‚„ƒ

ˆ

 zÈ ?²Å N%; (|{9È ?§Å NT;

˜ x Í2Î x Ï2Ð'Ñ

Ò

Î

ˆ

 VÊ ; (

ˆ

 zÈ ?²Å N%; ([‚—ƒ

U

 zÈs(|{9Ê ; {9È ?²Å N%;

˜�ØÚÙ

x

ˆ

 zÊK;z(|{9ÊK;b˜S>§Û (21)

takederivativeandsetto zero
Ü

}

Ü

ˆ

 VÊK;Ý(




Ü

Ü

ˆ

 VÊK;z(

xTÍ2Î

ˆ

 zÊK;z(Ì‚„ƒ

ˆ

 zÊK;V(D{9ÊK;

˜

Ü

Ü

ˆ

 zÊK;z(

x

Í2Î

x

Ï2Ð'Ñ

Ò

Î

ˆ

 VÊK;z(

ˆ

 zÈ=?§Å N%;#(Ì‚„ƒ

U

 zÈs(|{9ÊK;#{9È=?§Å N%;

˜

Ü

Ü

ˆ

 zÊ
;

(ßÞ

ØÚÙÀx

ˆ

 VÊK;z(|{9ÊK;b˜S>§Û�à


 ‚—ƒ

ˆ

 VÊK;z(2�S>6˜

³

‚—ƒ

U

 zÈs('´

«Ô®

Ï
Ð@Ñ

Ò

Î

¯

˜hØ�
•" (22)

solve for
ˆ

 VÊá;V(

ˆ

 zÊ
;

(X


>

ºa»[¼b <>â˜hØF(

ºa»[¼äã

³

‚—ƒ

U

 VÈs(<´

«2®

ÏÔÐ@Ñ

Ò

Î

¯�å

(23)

To solve for ºa»[¼b <>�˜ŒØF( , we time bothsidesby itself andintegratingbothsides
overspaceof  zÊ

;
( , wehave

ºa»[¼b '>â˜hØF(m


x

Í×Î9º1»[¼äã

³

‚—ƒ

U

 VÈs(<´

«2®

ÏÔÐ@Ñ

Ò

Î

¯<å

{9ÊK; (24)

then

ˆ

 zÊK;V(m


ºa»½¼Âã

³

‚„ƒ

U

 zÈÉ(<´

«2®

Ï2Ð'Ñ

Ò

Î

¯²å

Ö

Í×Î

ºa»[¼

ã

³

‚—ƒ

U

 VÈs(<´

«2®

ÏÔÐ@Ñ

Ò

Î

¯�å

{9ÊK;

(25)

Thus,by iteratingthrough
ˆ

 VÊ•;#(/n�I•
 >.$�p%$10a010À$

� , we canachieve overall
minimizationof �•›

 

ˆ

W—W

U

( .
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5 Priors

To performvariationalBayesianlearning,we needthepriorsfor theparameters.
Our modelconsistsof parametersæ , ç and & . We chooseconjugatepriors for
theseparametersto facilitate calculationof posterior. We follow the strategies
usedin theresearchof variationalBayesianPCA andmixtureof factoranalyzers
(GhahramaniandBeal,2000b;Bishop,1999)andde�ne thepriorsasfollowing

1. For each_

8 , which is a Bernoulliparameter, its prior is a Betadistribution

_

8 �éèKº§ê'ëÕ uìm$'ím( (26)

Thus,if our modelhas � sources,we would need � correspondingprior
and

U

 

æ

( is of form

U

 

æ

(X


3

Ë

8/N

�

U

 

_

8:( (27)

2. Theloadingweight � canberepresentedasa �î�‡� matrix whereeach
columnL

8[n�ï•
é>.$�p%$a010102$

� is theweightoutputbysource-Q; . The
U

 

L

8ðW ñ[8.(

assumesGaussiandistribution

L

8��h�! #"T$<ñ

e

�

8!ò

( (28)

where ñ½8•


�

óaô

is inverseof variance(precision)for column ï of matrix,
which followsagammadistribution

ñ[8Ÿ�!õâ zñ[8TWöë9÷T$�ø<÷[( (29)

õâ u»ùW ëÕ$/ø4( is a gammadistribution in form ¼­ #»b(�
�ørúa»ðú
e

�

ºa»½¼F+T˜Ÿø§»b5[û9üý #ëð( .
Then

U

 Ýþ6(w


3

Ë

8�N

�

õâ Vñ
8

W ë
÷

$/ø
÷

( (30)

Thus,the prior for the weight matrix � is governedby a vectorof þÇ


+:ñ

�

$'ñ

�

$101010­$<ñ
3

5 andis of following form

U

 z� W þâ(w


3

Ë

8�N

�ùÿ

ñ
8

p

_������

�

ºa»[¼

ÿ

˜

ñ
8

p

W„W

L

8ðW„W

�

�

(31)
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3. As in variationalBayesianPCA model,we adoptisotropicvariance.(for
thesakeof simplicity or becausePPCAusethis to constrainW to beeigen-
vectors?).Thesystemnoise �

�

is governedby a gammaprior distribution.
Let d•


�

e

�

, then

U

 #dF(m

õâ #dÀW �	�.$�{
�9( (32)

Thegraphicrepresentationof themodelis shown in Figure1.

S1 S2 ...

...

g

y

Sk

W

n=1,2,...,N

p2

t

p1 pk

Figure1: Directedgraphicrepresentationof multiple causemodel. The square
correspondsto an individual datapoint which containsobserved variable 	 and
latentvariables* which have differentinstantiationfor eachdatapoint. � , þ , d

and ìw$<í aresystemvariables.
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6 VBE

As mentionedin section(3), we needto usean EM-like algorithmto iteratively
updatethedistributions

ˆ�ž

 #-9( and
ˆ

y

 

v

( to approximatethetrueposteriordistri-
bution.By doingthis,wewill minimizetheKL divergencebetweenthetrueposte-
rior andapproximatedistributionandmaximizethelowerboundfor themarginal
log likelihoodof observeddata.In thissection,wewill discusshow to updatethe
approximatedistribution for latentvariables.

As we canseefrom equation(15), to maximize ‹

 

ˆ�ž

 ��s(/$

ˆ

…

 

v

(�$'	m( with
respectto

ˆŸž

 ��É( is equivalentto maximizationof the�rst termof equation(15)
w.r.t

ˆŸž

 
�s(

‹��


�¨

M

ž

ˆ¤ž

 ��s(Ì‚„ƒ

U

 V	R$��šW

v

(

ˆ¤ž

 
�s(j©)«
¬

®

…§¯

Insidethe ��� , the term is similar to E stepof conventionalEM algorithm,
which containsthe expectedcompletedatalikelihood w.r.t

ˆ ž

 
�s( andentropy
of

ˆŸž

 
�s( . However, we needto further takeexpectationover the
ˆ

…

 

v

( . Ac-
cordingto thetheoremby GhahramaniandBeal (GhahramaniandBeal,2000a),
if thecompletelikelihoodof

U

 V	R$��šW

v

( belongsto anexponentialfamily, we can
rewrite theformulaas

‹��


 ¨

M

ž

ˆ¤ž

 
�s([‚—ƒ��

 z	]$��s(��­ 

v

(<ºa»[¼Õ+��À 

v

(����2 V	R$��É(<5

ˆ
ž

 
�s( ©

«
¬

®

…§¯ (33)




M

ž

ˆ
ž

 
�s([‚—ƒ

�

 z	]$��s(��­ 

v

(<ºa»[¼Õ+ �À 

v

(

�

�2 V	R$��É(<5

ˆŸž

 
�s(

(34)

where�À 

v

( in equation(33)is avectorof naturalparametersand�À 

v

( in equation
(34) is the samevector takenexpectationwith respectto

ˆ

…

 

v

( . Thus, taking
expectationof completelikelihoodw.r.t

ˆ�ž

 ��s( canbedoneby pluggingin �À 

v

(

andproceedingasconventionalE step.
In conventionalEM algorithm,if we set

ˆ�ž

 ��s(¤


U

 ��¥W 	]$

v

( , to maximize
(34) is to maximizelog likelihood }

 

v

( . In other latentvariablemodels,such
as the factor analysisor probabilisticPCA, the posteriordistribution of hidden
variablescanbe solved analytically. However, in our model, the estimationof
trueposterior

U

 ��šW 	R$

v

( is intractable.Onemoretime, we resortto variational
approachto approximatethe true posterior. More speci�cally, we decouplethe
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hiddenvariablesandfactorthe
ˆ ž

 
�s( asfollowing

ˆ¤ž

 ��s(w


3

Ë

8/N

�

ˆ¤ž

 
��89( (35)

Thehiddenvariablesin ourmodelarethesource*


,+.-

�

$�-

�

$1010102$�-1365 . Thus,
ˆ¤ž

 

*

(6
��

3

8�N

�

ˆ¤ž

 #-18:( . Theparametersof our modelare: _

8.$

L

8 and & , where
_

8 is probability -48h
 > , L

8 is th weight associatedwith -:8 , &g
 d e

� f

is a
diagonalvariancematrixof noise.Thus,wecanwrite thecompletelog likelihood
of anindividualdatapointof ourmodelasfollowing

‚—ƒ

U

 V	R$

*

W

v

(¹
 ‚„ƒ

U

 

*

W

v

(

U

 V	)W

*

$

v

( (36)




3

M

8/N

�

 #-182‚„ƒ

_

8â�
 <>â˜¾-18Q(Ì‚„ƒ2 '>â˜

_

8:(<(ý˜

>

p

‚—ƒKW &äW

˜

>

p

Y

	É˜

M

8

-18

L

8

\

�

&

e

�

Y

	•˜

M

8

-18

L

8

\

� �




3

M

8/N

�

Ù

‚„ƒ

_

8

 '>â˜

_

8:(

-18R�¥‚„ƒ2 '>â˜

_

8Q(

Û

˜

>

p

‚„ƒKW &ÂW

˜

>

p

Y

	

�

&

e

�

	•˜¾p:	

�

&

e

�

M

8

-18

L

8â�

M

8

M

?

-181-r?

L

�

8

&

e

�

L

?

\

��� (37)

where� isaconstant.Wecanseethat ‚—ƒ !�"

®

�

e

!
"

¯

, ‚„ƒKW &ÂW , &
e

�

, &
e

�

� and�

�

&
e

�

�

arethenaturalparameters
Takingexpectationw.r.t

ˆ�ž

 

*

( and
ˆ

…

 

v

( respectively asindicatedin equa-
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tion (15) `

¨

3

M

8/N

�

Ù

‚„ƒ

_

8

 '>â˜

_

8Q(

-48]�š‚„ƒ× <>â˜

_

8Q(

Û

˜

>

p

‚„ƒKW &äW

©

«F¿ý®$#

¯

« ¬ ®

…§¯

˜

¨

>

p

Yb	

�

&

e

�

	s˜¾p:	

�

&

e

�

M

8

-18

L

8â�

M

8

M

?

-48a-r?

L

�

8

&

e

�

L

?�\

©

«F¿ý®$#

¯

« ¬ ®

…1¯

(38)




3

M

8/N

�

Y

°

‚„ƒ

_

8

 '>â˜

_

8Q(

±

«­¬r®

…a¯

³

-18:´

« ¿ ®%#

¯

�

³

‚—ƒ2 <>â˜

_

8:(<´

«­¬²®

…1¯

\H˜

>

p

³

‚—ƒKW &äW�´

«­¬²®

…1¯

˜

>

p

Y

	

�'&

&

e

��(

«
¬

®

…§¯

	 ˜špQ	

�)&

&

e

�*(

«
¬

®

…§¯½M

8

³

-18Q´

«F¿2®$#

¯

³VL

89´

«
¬

®

…1¯

\

˜

>

p

Y

M

8

M

?

³

-18a-r?r´

«
¿

®$#

¯

&

L

�

8

&

e

�

L

?

(

«­¬²®

…1¯

\é� � (39)

Thus,in VBE step,we needto optimizethe ³

-.8:´

«F¿À®%#

¯

and ³

-18:-r?§´

«
¿

®%#

¯

. We
de�ne a mean�eld parameter³

-
8

´

«
¿

®%#

¯


!Ø
8 and ³

-
8

-
?

´R
,Ø
8

Ø
?

�,+
8@?

 @Ø
8

˜hØ

�

8

( .
We canrewrite the ‹

…

andmaximizew.r.t Ø
8

‹��




3

M

8/N

�

Y

°

‚„ƒ

_

8

 '>)˜

_

8Q(

±

«­¬�®

…a¯

ØT8â�

³

‚—ƒ2 <>â˜

_

8:(<´

«b¬r®

…1¯

\H˜

>

p

³

‚—ƒKW &äW�´

«­¬²®

…1¯

˜

>

p

Y

	

�'&

&

e

��(

«
¬

®

…§¯

	 ˜¾pQ	

�'&

&

e

��(

«
¬

®

…1¯[M

8

Ø%8

³VL

89´

«
¬

®

…1¯

\

˜

>

p

Y

M

8

M

?

ÿ

ØT89Ø[?

&

L

�

8

&

e

�

L

?

(

«­¬²®

…1¯

�

�

M

8

+r8@?a DØ%86˜¾Ø

�

8

(

&

L

�

8

&

e

�

L

8

(

«­¬r®

…§¯

\

˜

3

M

8/N

�.-

ØT82‚„ƒŸØT8â�S <>6˜‡ØT89(Ì‚„ƒ2 '>)˜¾Ø%8.(
/P�0� (40)
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Takederivativew.r.t Ø 8

Ü

‹ �

Ü

ØT8




°

‚—ƒ

_

8

 <>â˜

_

8:(

±

«­¬r®

…§¯

˜š‚„ƒ

Ø 8

 <>â˜hØT89(

�)	

�'&

&

e

��(

«­¬r®

…a¯

³zL

8 ´

«­¬r®

…§¯

˜

M

?²Å N%8

Ø ? &

L

�

8

&

e

�

L

?

(

«­¬r®

…§¯

˜

>

p

&

L

�

8

&

e

�

L

8

(

« ¬ ®

…§¯

(41)

Setto zero,wehave 4

‚—ƒ

ØT8

 <>â˜hØT89(


 °X‚—ƒ

_

8

 <>â˜

_

8Q(
±

«
¬

®

…a¯

�6	

�'&

&

e

��(

«­¬r®

…§¯

³#L

8Q´

«­¬�®

…a¯

˜

M

?²Å N%8

Ø[?�ê21

ÿ

&

L

?

L

�

8

(

«­¬r®

…§¯

&

&

e

��(

«­¬r®

…a¯

�

˜

>

p

ê21

ÿ

&

L

8

L

�

8

(

«
¬

®

…1¯

&

&

e

��(

«
¬

®

…a¯

�

(42)

where Ø
8 canbesolvedusinga logistic function. Thus,we canoptimize

ˆ
ž

 u-
8

(

analyticallyandwe canupdate
ˆ

ž

 

*

( by iteratively optimizing Ø
8 until ‹

� con-
verge.

To updateØ
8 using the equation,we needto calculatethe expectednatural

parameters. Sincethe naturalparametersarefrom decoupleddistributions 5 re-
spectively, wecantakeexpectationindependently.

Asmentionedbefore,_

8.$�ï�
é>9$�pT$1010102$

� isaBernoulliparameterand
ˆ

…

 

_

8Q(

is abetadistribution
ˆ

…

 

_

8:(w� èKº§ê'ëF 
3 ì281$

3

íF8:( . Therefore,

°X‚„ƒ

_

8

 '>)˜

_

8:([±


 x

�

4

üý 
3 ì28â�

3

íF8:(

üý 
3 ì289(<üý 

3

íÕ8:(

�

‚„ƒÉÙ

_

8

 '>â˜

_

8Q(

Û

_65

7

"

e

�

;

 '>â˜

_

8Q(

5

8

"

e

�

{

_

8


 9Â 
3 ì28Q(ý˜:9Â 

3

íF8:( (43)

4We rearranged;�<�= >@?�ACB�<

>ED
FHG	IKJML to N�OQP�;R<

>

<�= >

D2FHGSIKJML

;R?�ACB

D2FHGTIKJ�LVU so that we can take

expectationover W and ?XACB separately.
5SeeSection(7) for detaileddiscussion
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wher 9ä u»b(X
�Y�Z\[^]

®$_

¯

Y

_

is digammafunction.Similarly,

³

‚„ƒ­ <>6˜

_

8Q('´c
 x

�

4

üý 
3 ì28P�

3

íF81(

üý �3 ìÔ8:(<üý 

3

íÕ8.(

‚„ƒ­ <>6˜

_

8Q(

_65

7

"

e

�
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 '>â˜

_

8Q(

5

8

"

e

�
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_
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 9Â 

3

íÕ81(ý˜:9Â �3 ìÔ8â�
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íF8:( (44)

As for ³zL

89´

«b¬r®

…§¯

, wedirectlyplugin themean 3

7

®

8

¯

` of current
ˆ

…

 

L

8.( , which
is aGaussiandistribution. For &

L

8

L

�

8

(

«­¬r®

…a¯
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L
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«­¬²®

…1¯
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` (45)

where 3

7

®

8

¯

` is meanof column ï of current
ˆ

 z�g( and c

®

8

¯

` is the covariance
matrix for thecolumn.Similarly &

L

?

L

�

8

(

«­¬r®

…§¯

canbecalculatedas

&

L
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�

8

(

«
¬

®

…1¯
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e (46)

For ³

&
e

�

´

«b¬�®

…a¯

, wecanplug in themeanof
ˆ

…

 udÕ( (seeequation59)as

&

&

e

��(




³

dÕ´

f

(47)
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7 VBM

7.1 Variational Approximation of Parameter Distrib utions

As discussedin section(3), thegoalof variationalBayesianlearningis to lower
boundthemarginal log likelihood of data }

 z€•( . We recover }

 z€•( by minimiz-
ing theKL divergenceof trueposteriordistribution for parameters

U

 

v

W €•( and
approximationdistribution

ˆ

 

v

( . However, to calculatethe KL divergencere-
quiresevaluationof trueposteriordistribution of parameterswhich is infeasible.
Therefore,we needto rewrite theKL divergenceas

�•›

 

ˆ

 

v

(aW„W

U

 

v

W €•(<(g
 x

ˆ

 

v

([‚„ƒ

ˆ

 

v

(
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W €•(



x
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v

([‚„ƒ
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v

(

U

 z€•(
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$<€•(




x
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v

([‚„ƒ
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v

(

U

 

v

$<€•(

�š‚„ƒ

U

 V€•(

‰

" (48)

Since‚„ƒ

U

 z€•( is aconstant,thusminimizing �•›

 

ˆ

 

v

(aW„W

U

 

v

W €•('( divergence
is equivalentto minimizing the divergencebetweendistribution

ˆ

 

v

( andjoint
distribution

U

 

v

$'€•( until thedifferenceequals˜s‚—ƒ

U

 V€•( , atwhichpoint �•›

 

ˆ

W—W

U

(X


" . As demonstratedin section(4), we canminimizetheKL divergencebetween
thetwo distributionby adoptingmean�eld approximation.Morespeci�cally, we
restrict

ˆ

 

v

( to befollowing form
ˆ

 

v

(g


ˆ

 

æ

$

ç

$<ñý$MfK( (49)
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(
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ç

(
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 Vñ2(

ˆ

 �fá( (50)

Thenwe canachieve overall minimizationof KL by iteratively minimizing KL
divergencewith respectto factorialdistributions
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wherethe completelikelihood canbe analyticallysolved. In our case,we need
further includelatentvariablesinto consideration.After VBE step,we already
updated
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( andobtainedtheexpectationof instantiationof latentvariablesg




21



+

³u*

l ´Fn/o 
�>.$�p%$10a010À$§qs5 for thedatapointsw.r.t distribution
ˆ

 

*

( . This enables
us to plug in thesevaluesinto thecompletelikelihood in equation(51) to derive
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takeexpectationof log completelikelihoodw.r.t
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whereo is indicatorfor datapoint.
With thisform,it becomeobviousethat,whenminimizing �•›
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usingequation(51)with respectto individualparameterdistribution
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which is anapproximateposteriordistribution
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Thefactorialdistributionsis of following form
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Sinceall of thefactorizeddistributions
ˆ
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( andtheir prior distributionsbe-

long to exponentialfamily, we cantakeadvantagesof characteristicsof exponen-
tial family distributionsduringupdatingthe approximateposteriordistributions.
If theprior distributionsfor
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where w and x arehyper-parameters.Furthermore,thecompletedatalog likeli-
hoodis of theform
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where
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, � and � arefunctionsde�ned in exponentialfamily and � areavectorof
natural parameters. Accordingto GhahramaniandBeal (GhahramaniandBeal,
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7.2 Update •„Ž2•‘•

Oncetheweobtainexpectedinstantiationof latentvariables,it is straightforward
to update
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( in that * d-sparate_ from othervariables. To updatethe each
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7.3 Update •„Ž
’ • and •“Ž
”••

To updatethe
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 V�c( , we have
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where
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?²Å NC—š( is the joint distribution of all parametersexcept � ; the � is a
� � � weightmatrixwith eachcolumn L™˜ beinga � dimensionalweightoutput
by source-48 ; the * is � dimensionalcolumnvectorof sources;the &�
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is a diagonalcovariancematrix for 	 and d inverseof variance(precision)of
observation.
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De�ne L

u asa columnvectorcorrespondingto the { th row of weightmatrix
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7.3.2

As discussedin section(5), theprior
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 V� W ñ2( is of thefollowing form:
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Combiningequations(67) and(71),we canseethatbothparameterprior and
datalikelihood areGaussiandistributions. It naturally follows that we recover
the

ˆ

 z�g( asGaussianposteriordistribution. Sincelikelihood function(67) is a
linearregressionfunction,updating
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 z�g( turnsoutto bewell de�nedproblemof
Bayesianlearningfor parametersof linearregressionmodel(Box andTiao,1973;
Tanner, 1996).Rewrite equation(65)as
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Now it is obvious thatwe canupdate
ˆ

 V�c( row-wisely, becauseeachcom-
ponentof observeddata 	

u is linearregressionwith independentvariables* and
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parametersL u . We have
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Thus,we have
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Oncewe update
ˆ

 z�g( , it is straightforward to update
ˆ

 Vñ2( because� d-
separateñ from othervariables.Recallthat ñš
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7.4 Update •„Ž2³¥•

Oncewe have estimated
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 z�g( , we canupdate
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insidethecurly bracketandomit expectationtemporarily
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We can seethe kernelof a gammadistribution in equation(87). The �rst
bracketis shapeparameterandsecondbracketcontainsshapeparameter. After
takingexpectationw.r.t
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8 EnsembleLearning

In previoustwo sectionswe have describedmethodsto updatedifferentdistribu-
tions. In this section,we will addresssequenceof updatingdistributions,moni-
toringconvergenceanddimensionreductionduringvariationalBayesianlearning
process.

8.1 SequentialUpdatedistrib utions

Apparently, the distributionsof latentvariablesandparametersarecoupledand
weneedto updatethemin aright sequences.Weshouldusefollowing sequence:
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8.2 Monitoring Convergence

In variationalBayesianlearning,we maximize ‹
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until converge to a local maxima. Oneadvantageof VB learningis thatwe can
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All expectationsaretakenw.r.t. correpsondingvariationalposteriordistribu-
tions.Notethat ³

‚—ƒâ»b´w
k9Â #ëð(ý˜š‚„ƒ­ #ø1( , where»��,õâ u»ùW ëÕ$/ø4( .

8.3 Model Selectionand DimensionReduction

Wehavediscussedin thesection(3) thatweshouldchooseamodel t

; thathasthe
highestpoteriorprobabilityamongthecandidatemodels.Bayesianmodelselec-
tion automaticallyembodiesOccam's Razorin thatcomplex modelsis penalized
by assigninglowerposteriorprobability(MacKay, 1995).Whenselectingmodels
accordingto Bayesianapproach,in ourcaseis thenumberof latentvariables,we
will automaticallyrecover the modelwith minimum numberof latentvariables
that explainsdatawell. Oneway is to selectmodelsaccordingto equation(4)
by discretelytestingmodelswith differentnumberof latentvariables� up to a
maximumnumber, e.g. thenumberof dimension�

˜S> . However, suchdiscrete
searchis quitecomputationalexpensive. To avoid suchsearch,MacKayandNeal
introducedtheconceptof automaticrelevancedetermination(ARD) that canbe
usedfor Bayesianmodelselection.Thetechniquehasbeensuccessfullyapplied
to determinethenumberof latentvariablesfor differentmodelsin several recent
researches(LawrenceandBishop,2000; Bishop,1999; GhahramaniandBeal,
2000b).

We will explain thebasicideaof ARD appliedto our modelusinga hypoth-
esizedexample. Supposewe startwith a large numberof latentvariables,say

�

˜Œ> , andbegin to maximizethe ‹

 

ˆ

 #~•(�$

ˆ

 

v

(�$<€•( . If not all latentvariables
areneededto explaindata,wewill �nd thethecolumnof theposteriordistribution
of weightmatrixcorrespondingto theunusedsourcewill shrinktowardthemean
of prior of columnwhich is zero.Smallerweightin thecolumnof loadingmatrix
will leadsto peakingof correspondingposteriordistributionof hyper-parameterñÓ;

at largervalue,indicating L

; is almostinvariant.Thelatterwill causetheweight
to furthershrinktowardprior meanduringnext iterationof updatingloadingma-
trix. Thustheweightof thewholecolumnwill quickly deminishtoward0 which
effectively shutdown thesource.

Overall, ARD approachprovide anotheradvantagefor themodelselection-
avoid discretesearchfor the models. In somecase,the saving may be tremen-
dous.For example,for a mixturemodelwith � potentialcomponents,discretely
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selectingmodelfrom the spaceof all possiblecombinationof componentswill
beprohibitivelyexpensive. VariationalBayesianapproachenablesusto useARD
techniqueto achieve thegoalof dimensionreductionandmodelselection.
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9 Summary

In this research,we have developeda variationalBayesianlearningalgorithmfor
a latentvariablemodel- cooperative vectorquantizermodel.Althoughthemain
motivationin this researchis usingthemodelto simulatethebiologicalpathways,
themodelitself haswide applicationin machinelearningandsignalprocessing,
e.g. imageseparationandblind sourceseparation.As demonstratedby previous
researches(Ghahramani,1995;DunmurandTitterington,1997;Miskin, 2000),
themodelis capableof identify theweightmatrixuniquely. Thus,we canusethe
modelto estimatewhatgenesareregulatedby a givensignaltransductioncom-
ponentby studyingtheweightmatrixof themodel.Combiningsuchinformation
with biologicalknowledge,we canpotentiallymapthelatentvariablesto biolog-
ical entities. Especially, the taxonomicknowledgeregardingproteinsfrom the
GeneOntologydatabasewill be very useful in the taskof mappinglatentvari-
ablesto biologicalpathways.Furthermore,oncehaving learnedtheparametersof
themodel,we canestimatetheexpectedstatesof latentvariablesfor eachDNA
microarraydatapoint. Thus,we canpotentiallydescribea systemwith thestates
of pathwayswhichwill provide insightto many interestbiologicalquestions,e.g.
themechanismsof diseasesetc.Wecanalsousethis informationto performclas-
si�cation or diagnosis.With reduceddimension,a classi�er is lesslike to over-�t
thedataand,therefore,generalizeswell.

Wehavefurtherextendedthemodelto automaticallydeterminethenumberof
latentvariablesneededto ef�ciently explain thegenerationof data.This address
the issueof how informationis organizedin the cells - a questionthat hasnot
beenwell studiedbeforedueto thelimitation of dataandmethod.We believe the
ourmodelcanpotentiallyaddressthequestionef�ciently andprovideinsightinto
cellularsystemfrom systembiology point of view. In next partof thereport,we
will presenttheresultsof usingthemodelto studytheDNA microarraydataand
discussthestrengthsandlimitationsof themodel.
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