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Abstract

This is the rst partof a two-partedreporton developmentof a statis-
tical learningalgorithmfor a latentvariablemodelreferredto ascoopera-
tive vectorquantizemodel. This partpresentshetheoryandmathematical
derivationsof avariationalBayesiarlearningalgorithmfor themodel. The
modelhasgeneralapplicationsn the eld of machinelearningandsignal
processingFor exampleit canbe usedto solve the problemof blind source
separatiomr imageseparationOur speciainterests in its potentialbiolog-
ical applicationin thatwe canusethemodelto simulatesignaltransduction
componentsegulating geneexpressionas latentvariables. The algorithm
is capableof automaticallyandef ciently determiningthe numberof latent
variablesof the model,estimatinghe distribution of the parameterandla-
tentvariables.Thus,we canusethe modelto addresdollowing biological
guestiongegardinggeneexpressionregulation: (1) Whatarethe key sig-
nal transductiorcomponentsegulatinggeneexpressionin a givenkind of
cell; (2) How mary key componentsreneededo ef ciently encodeanfor-
mationfor geneexpressionregulation; (3) What are the statesof the key
componentdor a given geneexpressiondatapoint. Suchinformationwill
provide insightfor understandinghe mechanisnof informationorganiza-
tion of cells,mechanisnof diseaseanddrugeffect/toxicity.



1 Intr oduction

1.1 Biological Motivation

A biological systemhasa sophisticatedignal transductiorsystem. Activation
of a signaltransductiorpathwayusuallyinvolveschangeof stateof mary signal
transductiormoleculeswhich exert diversecellular functions. Quite often, the
signalis be eventuallypassedo transcriptionfactorsor repressowhich, in turn,
will activate or depresgshe transcriptionof genes. For example, actvation of
epithelialgrowth hormonerecepto EGFR)usuallyactivatesa cascadef protein
kinaseswhich eventuallyactivatetranscriptionof a setof earlyresponsejenes.
Thus,thecorrelatecexpressiorevel of theseearlyresponsgenessimplyre ects
the stateof this signaltransductiorpathway However, the biological systems
are complicatedby the fact that different pathwaysare interweaved. It is not
uncommorthat expressionlevel of anindividual geneis controlledby multiple
pathways.A ordinary cell hashundredgo thousand®f receptorson it plasma
membraneand is constantlypombardedoy differentsignalsfrom surrounding
ervironment.It would bevery inef cient if eachof thesereceptordasa distinct
pathwaycontrollingexpressiorof individualgenesOnecanimaginethatsignals
from differentreceptorsill eventuallybe orchestratedta certainlevel suchthat
informationis encodednostef ciently and,from thislevel, informationis further
disseminatedo control the expressionof thousandgyenes. This is analogous
to informationcompressionwherelarge amountof informationis compressed,
passedhrougha channeland regeneratedat the other end of channel. Let us
hypothesizehat thereexist somesignaltransductionrcomponentSTC) which
encodenecessarynformationto control the geneexpressiorfor a give cell type.
Then,abiologistwouldtendto askfollowing questions:

1. WhataretheseSTC?CanoneidentifytheSTCandmapthemto abiological
entitiessuchasproteinsor pathways?

2. How mary STCareneededo encodetheinformationin agivenkind cell?

3. Canoneinfer the stateof theseSTC whenprovidedwith geneexpression
data?

Capability of answeringthesequestionswill provide insightinto a biologi-
cal systemin termsof (1)how informationof signaltransductiorpathwaysare
organizedandwhatarethe key componentshatcanef ciently encodeinforma-
tion. (2) mechanisnof diseases(3) mechanisnof drug effect or toxicity, and
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soon. However, thesequestionsalso poseseriouschallengedo computational
biologistsbecauseuchinformationcannot be directly obseredfrom DNA mi-
croarrayexperiments,even thoughthe contemporaryDNA microarraytechnol-
ogy almostenablesneto studythe expressiorof genesalmostat wholegenome
level. Nonethelessypongiven geneexpressiondata,a computationabiologist
potentiallycaninfer theinformationbasedn certainassumptiomndmodel.One
plausibleapproachs to modelthe STCswith latentvariablesin orderto explain
how obsered dataare generatecind usestatisticallearningtechniquego infer
the parametersf the model. Onceequippedwith the parameteref model,one
canestimatehe statesof STCwhengivennewn microarraydata.In thisresearch,
wedevelopanovel learningalgorithmfor alatentvariablegeneratre modelbased
onrecentadvancesn machindearning eld to addresshesequestions.
Currently a variety of technique$ave beenappliedto explorethe correlated
geneexpressionpatterngto infer the regulation pathways. Among which, clus-
teringalgorithms jncludingthe nonparametritiierarchicatclusteringandmodel-
basednmixture of Gaussiai€models,aremostcommonlyused. Theseapproaches
provide usefulinformationabouttranscriptionpro les of genesandgroupgenes
with similar pro le assuminghey areregulatedby samepathway However, one
key dravbackof clusteringis thatgenesareassignedo clustersmutually exclu-
sively, which doesnot re ect the fact that expressionof an individual genecan
beregulateby multiple pathways Otherapproachesuchasprincipalcomponent
analysis(Raychaudhuret al., 2000), single value decomposition(SVD), inde-
pendentomponenanalysiqICA) (Liebermeister2002)arealsousedto analyze
geneexpressiorpatterns However, mostof theabose mentionedapproachesan
noteffectively addresshequestiorsuchaswhatis optimalnumberof clusterqor
componentsio beincludedin themodel.Recentlygraphicmodeldike Bayesian
networkandBooleannetworkhave beenusedto modelingthe geneticregulation
pathwayqFriedmanret al., 2000;Liang etal., 1998). Onelimitation of suchap-
proachis that statisticaldependencare frequentlyconfoundedby existenceof
latentvariable,suchasactivation stateof proteinsor pathwayswhich arenot ex-
plicitly modeledby the approach.Currentgraphiclearningalgorithmscan not
handlelatentvariablesef ciently dueto computationatompleity.

1.2 Latent Variable Models

Latentvariablemodelshare beenwidely usedn statisticspsychologyeconomics
andmachinelearningresearchesThey arealsofrequentlyreferredto asgenera-
tive modelsin thatgeneratiorof obsered dataarecontrolledby latentvariables.
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Popularlatentvariablemodelsinclude factor analysis,ICA, independenfactor
analysis,cooperatre vectorquantizer{CVQ) andprobabilisticprinciple compo-
nentanalysis(PPCA) (Attias, 1999a; Roweis and Ghahramani1999; Ghahra-
mani, 1995; Tipping andBishop,1997). As pointedout by RowiesandGhahra-
mani (Roweis and Ghahramani1999), mostof thesemodelbelongto a uni ed
linearGaussiaimodelandassumehe form of

(1)

where isa dimensionalectorof obsereddata, isa “loading

matrix”, isa dimensionalectorof latent“factors/sourceswith

and is dimensionahoisewhich assumeésaussiardistribution :

Thekey ideaof thesemodelis uselatentvariablesas*informativelower dimen-
sionalprojectionor explanationof the complicatecbbservations Whenanalyz-
ing high dimensionaldataasin our case,the adwvantageof usinglatentvariable
modelis several: (1) Dimensionreduction. Thedimension of microarraydata
rangefrom thousando ten's thousandit is very dif cult andinefcient to de-

scribethe characteristiof a given samplewith suchhigh dimension. With re-

duceddimension,onedescribethe datamore succinctly Furthermoreyeduced
dimensiotmeanseducedcomputatiorcompleity andlesslikely to over-t data
if we furtherusemicroarraydatato performclassi cation. (2) Explainthe corre-
lation of obsereddataat latentvariabledevel. As discussedn previoussection
that correlatedexpressiorpatternsof genesmay simply re ect the fact thatthey

co-rggulatedby sameSTC.By puttingconstrain®n the covariancematrix of ob-

serneddatanoise thelatentvariablemodelscancapturethecorrelatedexpression
patternsatlatentvariablelevel, thusprovide explanationfor obsenedcovariance.
(3) Inferring stateof latentvariables.Thedistribution (or state)of latentvariables
for adatapointcanbeinferredusestatisticaltechniquesThisinformationis very

usefulin thatwe canestimatedstatef a biologicalsystemandsuchinformation
canbeusedto performothertasks,.e. classi cation.

However, all abore mentionednodelsarenotsuitablefor answeringheques-
tionsraisedn sectionl.1. Oneof ourgoalis to determinevhatbiologicalentities
the STC may correspondindo. This requiresusto recover the sourcesuniquely
andto determinevhatgenesarecontrolledoy eachSTC.Thenwe canusebiologi-
calknowledgeto furtherinfer whattheseSTCmightcorrespondo. Thisis closely
relatedto amachindearningtopic— blind sourceseparationlt is well known that
factoranalysisandPPCAareinadequatén this respectlueto the factthatlatent
variablesn thesemodelsare Gaussiamistributedandrecoveredsourcesaresub-
jectedto rotationinvariance(Attias, 1999a). CorventionallCA modelassumes
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non-Gaussialistribution for sourcesand canperformblind sourceseparation,
but the assumptionsf the modelaretoo restrictve, i.e. assumingsamenumber
of sourceandobsenationsandnoisefree system.Recentlydevelopedindepen-
dentfactoranalysis(Attias, 1999a)try to avoid the rotationalinvarianceof con-
ventionalfactor analysisby adoptingmixture of Gaussiardistribution for latent
variables.Theideais adoptedby ICA communityto develop newer versionsof
EM learningalgorithmsto performblind sourceseparation.However, after re-
coveringthedistribution of thesourcesit will bedif cult to interprettheresult(a
mixtureof Gaussiardistributions)from biologicalpoint of view.

In this researchwe adoptthe cooperatre vector quantizermodel and also
referto it asa multiple causemodel. We extendthe model by performingfull
Bayesiarlearningin orderto addresshe questionsaisedin sectionl.1. TheEM
algorithmfor learningparameter®f the modelwas developedby Ghahramani
(Ghahramani1995) andwas demonstratedo be capableof separatingsources
uniquely Here,we will brie y introducethe key featuresof the modelandits
relevanceto biological problemand leave detaileddiscussionin section2. In
this model,we representhe signaltransductiorcomponent®r sourcesasa set
of latentbinary variableswhich canassumeon/off state. The stateof a source
re ects balanceceffect from upstreansignaltransductiorsystem.The obsered
DNA microarraydatais theresultof concertedegulationby thesesourcesWhen
asourcds turnedon, it in uencesgeneexpressiorpatternby outputtingaweight
ontoevery geneon the microarray althoughfor mostof genesheweightis zero
re ecting the fact thatthe given sourcehasno in uence on thesegenes.On the
otherhand,if asourceoutputsa nonzeroweightto a subsebf genesijt indicates
thatthesegenesareco-rgyulatedby the source Althoughthefactthatthis model
canbe usedto identify subsebf co-regulatedgenessoundssimilar to clustering,
thereis a fundamentatlifferencebetweernthe approachebecausein our model,
expressiorof anindividual genecanbe regulatedby multiple sources.The main
taskfor our modelis to learn/estimatéhe weightmatrix associateavith sources.
Thus,afterlearningtheweightmatrixof themodel,wewouldbeableto determine
whatgenesareregulatedby a given STC andusebiological knowvledgeto infer
whatthe STCcorrespondingo. Furthermorewith modelparametertearnedwe
wouldbeableto estimatdahe statesof STCfor new data.

1.3 BayesianModel Selection

The question(2) in the sectionl.1is of greatbiological interestbecauset ad-
dressesow informationis organizednsidea biological systemasregulationof
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geneexpressions concernedThis problemwasnot effectively addressetefore
eitherexperimentallyor computationallydueto lack of datato supportsuchstudy
With adwentof DNA microarraytechnologyonecanmonitorthe genetranscrip-
tion at whole genomdevel. With datacollectedundervariety of conditions,e.g.
datacollectedwhile cellsgoingthroughcell cycle,agoodexperimentsamplewill
containmostof the necessarynformationto addresgheissue.From biological
point view, the mege point of signaltransductiordoesexist and potentiallycan
be at transcriptiorfactors/repressotsvel, becausenostpathwaysxert their in-
uence on geneexpressiorthroughactiatingor inactvatingtheseproteins.The
guestions whetherit is mostef cient to encodeall informationcontrollinggene
expressiorat this level andhow canonedeterminghe numberof STC neededo
encoddheinformation.In anothemword,if we setoutto modeltheDNA microar
ray datawith latentvariablemodel,how mary latentvariablesshouldwe include
in the modelandwhetherthe numberre ects the mostef cient informationen-
coding?

This canbe addressn Bayesianmodelselectionframework (Bishop, 1999;
Ghahramanand Beal, 2000a; MacKay, 1995; Kassand Raftery 1994)which
embodiesOccam’s Razor, a principle that statesto selectthe simplestmodel
amongthosehave samedescriptionpower. Thatis, if we selectmodelaccord-
ing to Bayesiamrmodelselectionframe,we automaticallyrecover the modelthat
hasminimum numberof parametercomparedio other modelswith samede-
scriptionpower andrecover the numberof latentvariablesthatwill describethe
datamostef ciently . Similarly, in informationtheory minimal descriptionength
(MDL) principledictatesthatan encodingsystemprefersa modelthathasmini-
mum parametersomparingo modelswith samepower to describehe obsened
data(HanserandYu, 2001). TherelationbetweerBayesiarmodelselectionand
MDL principle hasbeenpoint out by severalauthors(HanserandYu, 2001;At-
tias, 1999b). Critics on Bayesianmodelselectionis thatit requiresintegration
of parametersvhich s intractablefor mostof practicalmodels.In this research,
we will adoptnewly developedvariationalBayesiamapproacho overcomesuch
dravbackandperformmodelselectionn aef cient way (seedetailsin section3
ands.3).



2 Model

In the CVQ model,a setof hiddendiscretesources controls
the generatiorof a vectorof  dimensionobsered variables . Eachdiscrete
sourceis an indicatorvectorof dimension . Eachvector hasonenonzero
elementsuchthat and . In this researchwe usethe
sourceso modelthestateof signaltransductiocomponentghereforewverestrict
thesourcego bebinaryvariablesye ecting actvationandinactivationstatesof a
componentespectrely. We caneasilyextendthe currentmodelto accommodate
multiple statesof componenif biologicaljusti cation exists. Whenthe source

, it will outputa dimensionalveight to . We canthink thesource
variable asaswitchwhich,whenturnedon, allowsout ow of weights  to
More formally

(2)

where isanindex function, istheweightoutputby source |,
is noiseof thesystem.

If theweight is Gaussiardistribution, the linearcombinationof weightis
still a Gaussiamlistribution (RoweisandGhahramanil999).Thus

3)

Parameterg ) of the model: arethe probabilitiesthat

; arethe weightsoutputby ; IS

a diagonalvariancematrix, where is precision(inversedvariance)of

obsenation



3 Variational BayesianlLearning

Oneof ourgoalis to determinavhatmodelstructurebestdescribehedata.ln this
project,oneof the main concerngs the numberof sources.Let

be obsereddata; be a setof possible
modelstructureswhere isamodelwith hiddensourcesWe canuseBayes'
rule to calculatethe posteriomprobabilityof eachmodels.

(4)

Thenwe canselectthe modelthat hasthe highestposteriorprobability The
full Bayesiartreatmenof modelselectiorrequiresalculatingheevidence
by integratingout all possiblesettingof parameters for agivenmodel

(5)

However, the integrationis intractable. We canusethe variationalapproxi-
mationto achieve the goal, which takesadvantageof the fact thatlog mamginal
probabilityof obsereddata ! resultsfrom integratingout hiddenvariables

andparameters andcanbeboundedelov asfollowing

(6)
(7)

(8)

9)

for ary distribution (Attias, 1999b; Ghahramanand Beal, 2000a). The
inequality is establishedy Jensers Inequality We can demonstratehat the

differencebetween and is the Kullback-Leiblerdivergencebetween
andtrueposterior
LFor the purposeof notationsimplicity, we omit conditioningon model . Most of proba-
bilities mentionechenceforthin the reportare conditionalprobabilities implicitly

conditionedon agivenmodel.



(10)

(11)
Thus, maximizing Is equivalentto minimizing . When
, atwhich point andone
canusecorventlonaIEM algorithm(Dempsteetal., 1977)t0 estimatgarameters
of themodel. In mary casesgstimationof the posteriordistribution is
infeasible,thenone canusean arbitrarydistribution asapproximation
of posteriordistribution. More speci c, if we adoptvariationalapproximation
approact? andrestrictthe to befactorizedas :
we have
(12)
(13)
(14)
— (15)
(16)
where is to takeexpectationwith respecto distribution
To maximizethe with respectto and :
2Seesectiond.
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we have®

17)
(18)
Aswe canseefrom (17)and(18) that and arecoupled.We can
useEM like iterationgo updatewo distributionsandmaximizethe
function.
VBE step
Maximize with respecto usingtheexpected
natural parametersundercurrent
VBM step
Maximize with respecto parametedistribution

As indicatedby equation(18), this amountgo updatingthe posteriorwith
expectedsufcient statisticaunder

Iteratethroughthe VBE stepandVBM stepuntil con-
verge. Notice that maximizing is only maximizing the
lower boundfor maiginal log likelihood . How tight is the lower bound
depend®n how well thedistribution approximatgposteriordistribution.

3Describedn detailedin section6 and7.
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4 Mean Field Approximation

As discussedn previous section, maximizationof Ccor-
respondgo minimization of KL divergencebetweenthe posteriordistribution
and approximationdistribution . For mary practicalmod-
els,including the modelin this researchexact calculationof the posterioris in-
tractable.Onecanuserestrictdistribution to approximateposterior A
commonlyusedapproachs the mean eld approximation(Jordanet al., 1998).
Theintuition underlyingthe mean eld approximations that, whenthe distribu-
tion of a variable is dependenbn mary othervariables :
changeof oneindividual variableof may have limited effecton  dueto
in uence of othervariables. Thatis, is surroundeddy a “mean eld”. This
apparentlydecouples and andthe joint distribution of the variablescan
be factoredand updatedteratively. Haft et al (Haft et al., 1997)demonstrated
thatthe for ary two arbitrarydistributions and , Where
, can be minimized model-independentlpy adopting
amean eld approximation.More speci cally, for ary and , If the
distribution is restrictedasfollowing factorizedfrom

(19)
onecanminimize iteratively with respecto while xing others,

. De ne bethesetofall except ,then
. Rewrite as

(20)
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To minimize w.r.t , We needto further place constrainover
suchthat , which canbe achieved by Lagrangianopti-
mization.De ne Lagrangiarfunction

(21)
takederiative andsetto zero

(22)
solve for

(23)
To solwe for , we time both sidesby itself andintegratingboth sides
over spaceof , we have

(24)
then

(25)

Thus, by iterating through , we canachieve overall

minimizationof
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5 Priors

To performvariationalBayesiarnearning,we needthe priorsfor the parameters.
Our modelconsistsof parameters , and . We chooseconjugatepriorsfor
theseparametergo facilitate calculationof posterior We follow the stratgies
usedin theresearclof variationalBayesiarPCA andmixture of factoranalyzers
(GhahramanandBeal,2000b;Bishop,1999)andde ne thepriorsasfollowing

1. Foreach ,whichisaBernoulliparameterits prior is a Betadistribution

(26)
Thus,if ourmodelhas sourceswe wouldneed correspondingprior
and is of form
(27)
2. Theloadingweight  canberepresentedsa matrix whereeach
column istheweightoutputby source . The
assumesaussiaristribution
(28)
where — is inverseof variance(precision)for column of matrix,
which follows agammadistribution
(29)
is agammadistribution in form
Then
(30)
Thus, the prior for the weightmatrix  is governedby a vector of
andis of following form
— — (31)
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3. As in variationalBayesianPCA model,we adoptisotropicvariance. (for
the sakeof simplicity or becaus€@®PCAusethis to constrainw to beeigen-
vectors?).Thesystemnoise is governedby a gammaprior distribution.
Let , then

(32)

Thegraphicrepresentatioof the modelis shavn in Figurel.

AN

Figure 1: Directedgraphicrepresentatioof multiple causemodel. The square
correspondso anindividual datapoint which containsobsered variable and
latentvariables which have differentinstantiationfor eachdatapoint. , ,
and aresystemvariables.
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6 VBE

As mentionedn section(3), we needto usean EM-like algorithmto iteratvely
updatethedistributions and to approximatehetrueposteriordistri-
bution. By doingthis,wewill minimizetheKL divergencebetweerthetrueposte-
rior andapproximatedistribution andmaximizethelower boundfor the maginal
log likelihood of obseneddata.In this sectionwe will discushow to updatethe
approximatealistribution for latentvariables.

As we canseefrom equation(15), to maximize with
respecto is equvalentto maximizationof the rst termof equation(15)
w.r.t

Insidethe , thetermis similar to E stepof corventionalEM algorithm,
which containsthe expectedcompletedatalikelihood w.r.t andentropy
of . However, we needto further take expectationover the . Ac-
cordingto the theoremby GhahramanandBeal (GhahramanandBeal,2000a),
if thecompletdikelihood of belonggo anexponentiafamily, we can
rewrite theformulaas

(33)
(34)
where in equation(33)is avectorof naturalparameterand  in equation
(34) is the samevector takenexpectationwith respecto . Thus, taking
expectationof completdikelihood w.r.t canbedoneby pluggingin
andproceedingasconventionalE step.
In corventionalEM algorithm,if we set , to maximize
(34) is to maximizelog likelihood . In otherlatentvariablemodels,such

asthe factor analysisor probabilisticPCA, the posteriordistribution of hidden
variablescan be solved analytically However, in our model, the estimationof
true posterior is intractable.One moretime, we resortto variational
approacho approximatethe true posterior More speci cally, we decouplethe
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hiddenvariablesandfactorthe asfollowing

(35)

Thehiddenvariablesn ourmodelarethesource . Thus,
. The parametersf our modelare: and , where

is probability : is th weight associatedvith is a

diagonalvariancematrix of noise.Thus,we canwrite thecompletdog likelihood
of anindividual datapoint of our modelasfollowing

(36)
(37)
where isaconstantWecanseehat ——, : : and
arethenaturalparameters
Taking expectationw.r.t and respectrely asindicatedin equa-
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tion (15)°

- (38)

- (39)

Thus,in VBE step,we needto optimizethe and . We

de neameaneld parameter and
We canrewritethe  andmaximizew.r.t

(40)
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Takederivative w.r.t

- (41)
Setto zero,we have 4
- (42)
where canbesolvwedusingalogistic function. Thus,we canoptimize
analyticallyandwe canupdate by iteratively optimizing  until con-

veme.

To update usingthe equation,we needto calculatethe expectednatural
parameters Sincethe naturalparametersire from decoupledistributions® re-
spectvely, we cantakeexpectationndependently

As mentionedefore, isaBernoulliparameteand
is abetadistribution . Therefore,
(43)
4We rearranged to so that we cantake

expectationover  and separately
5SeeSection(7) for detaileddiscussion
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wher

is digammafunction. Similarly,

(44)
As for , wedirectly plugin themean of current , which
is a Gaussiamistribution. For
(45)
where is meanof column of current and is the covariance
matrix for thecolumn. Similarly canbecalculatechs
(46)
For , we canplugin themeanof (seeequationb9) as
(47)
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/7 VBM

7.1 Variational Approximation of Parameter Distrib utions

As discussedn section(3), the goal of variationalBayesiarnearningis to lower
boundthe mamginallog likelihood of data . We recover by minimiz-
ing theKL divergenceof true posteriordistribution for parameters and
approximationdistribution . However, to calculatethe KL divergencere-
guiresevaluationof true posteriordistribution of parametersvhich is infeasible.
Thereforewe needto rewrite theKL divergenceas

(48)
Since is aconstantthusminimizing divergence
is equialentto minimizing the divergencebetweendistribution andjoint

distribution until thedifferenceequals , atwhichpoint

. As demonstrateth section(4), we canminimizethe KL divergencebetween
thetwo distribution by adoptingmean eld approximationMore speci cally, we
restrict to befollowing form

(49)

(50)
Thenwe canachieve overall minimizationof KL by iteratively minimizing KL
divergencewith respecto factorial distributions . Theoptimal is of
form

(51)

wherethe completelikelihood canbe analyticallysolved. In our case,we need
further include latentvariablesinto consideration.After VBE step,we already
updated andobtainedheexpectatiorof instantiatiorof latentvariables
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for the datapointsw.r.t distribution . Thisenables
usto plug in thesevaluesinto the completelikelihoodin equation(51) to derive
following results:

(52)
takeexpectatiorof log completdikelihoodw.r.t
(53)
(54)
where isindicatorfor datapoint.

With thisform, it becomeobviousethat,whenminimizing
usingequation(51) with respecto individual parametedistribution , mary
termsunrelatedo becomadrrelevantduringnormalizatiornprocessaandcan
bedropped.Eventually the optimaldistributionwill look like

(55)

whichis anapproximateosteriordistribution
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Thefactorialdistributionsis of following form

(56)

(57)

(58)

(59)

Sinceall of thefactorizeddistributions andtheir prior distributionsbe-
longto exponentialfamily, we cantakeadwantage®f characteristicef exponen-
tial family distributionsduring updatingthe approximateposteriordistributions.
If theprior distributionsfor for ourmodelbelongto exponentialfamily and
canbewrittenas

(60)

where and arehyperparametersFurthermorethe completedatalog likeli-
hoodis of theform

(61)

where , and arefunctionsde nedin exponentialfamily and areavectorof
natural parameters Accordingto GhahramanandBeal (GhahramanandBeal,

2000a) at the maximaof : assumdollowing form
(62)

where . - and— . In

anothemword, we useexpectedsufcient statisticsunderthe to updatethe

approximategbosteriordistribution
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7.2 Update

Oncethewe obtainexpectednstantiatiorof latentvariablesit is straightforward
to update in that d-sparate from othervariables. To updatethe each
of which is a betadistribution, we canuseexpectedsufcient statistics

ascalculatedn section6 combiningwith prior to update
posterior

(63)

(64)

where is expectationof source for datapoint .
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7.3 Update and
To updatethe , we have
(65)

where is the joint distribution of all parametergxcept ;the isa
weightmatrixwith eachcolumn  beinga dimensionaleightoutput

by source ;the is dimensionakolumnvectorof sourcesthe

is a diagonalcovariancematrix for and inverseof variance(precision)of

obsenation.

7.3.1

Sincethe is diagonal,eachcomponenbf isindependenof others.Thus,we
canwrite as

(66)

- (67)

De ne asa columnvectorcorrespondingo the th row of weightmatrix
and bethevectorof sourcedor the datapoint . Then,we canrewrite
. Thenequation(67)is as

- - (68)

7.3.2

As discussedh section(5), the prior is of thefollowing form:
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(69)

where is columnof theweightmatrix.
Our modelfurtherde nesthatcovariancematrix for eachcolumnof  is of
, asindicatedby equation(28). Then,eachcomponenbf isinde-
pendentf othersandtheprior canbefully factorized.If wede ne  asa
dimensionatolumnvectorcorrespondingo throw of the ,it'scovariance
matrix will be of the form , of which the diagonalcomponentsre
. Herethe s theinverseof varianceof th columnof
Then,thelog of prior canberewrittenas

(70)

- - (71)

Combiningequationg67) and(71), we canseethatboth parameteprior and
datalikelihood are Gaussiardistributions. It naturallyfollows that we recover
the asGaussiarposteriordistribution. Sincelikelihood function (67)is a
linearregressiorfunction,updating turnsoutto bewell de ned problemof
Bayesiarlearningfor parametersf linearregressiormodel(Box andTiao,1973;
Tanner 1996).Rewrite equation(65) as

_ - (72)

Now it is obviousthatwe canupdate row-wisely, becauseachcom-
ponentof obsereddata s linearregressionwith independenvariables and
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parameters . We have

- (73)
_ —~ (74)
where is the least-squaresstimationof
Note that . To
derivetheposteriordistribution,we only needto includethetermscontaining
then
- (75)
where
(76)
(77)
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Thus,we have

Oncewe update , it is straightforwardto update
separate from othervariables.Recallthat
teriorfor individualelement is asfollowing

then

28

(78)

(79)

because d-
, thenthe pos-

(80)

(81)

(82)

(83)

(84)



7.4 Update

Oncewe have estimated , We canupdate
(85)

insidethe curly bracketandomit expectationtemporarily

- (86)

- (87)

We can seethe kernelof a gammadistribution in equation(87). The rst
bracketis shapeparameteand secondbracketcontainsshapeparameter After

takingexpectationw.r.t , we have
(88)
where
— (89)
- (90)
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8 EnsemblelLearning

In previoustwo sectionsve have describednethodso updatedifferentdistribu-
tions. In this section,we will addressequenc®f updatingdistributions,moni-
toring convergenceanddimensiornreductionduringvariationalBayesianearning
process.

8.1 SequentialUpdate distrib utions

Apparently the distributionsof latentvariablesand parametersire coupledand
we needto updatethemin aright sequencesiNe shouldusefollowing sequence:

1
2
3.
4
5

8.2 Monitoring Convergence

In variationalBayesiarnearning,we maximize , Which s the

lower boundof log maiginallikelihood, at eachiterationwith respecto different
distributions. Therefore the shouldmonotonicallyincrease
until corverge to a local maxima. Oneadwantageof VB learningis thatwe can

monitorthe procesf converging. Herewe canrewrite the equation(15) as

— (9D

(92)
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where
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(95)

(96)

(97)

(98)

(93)
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(99)

(100)

(101)

(102)



(103)

All expectationsaretakenw.r.t. correpsondingariationalposteriordistribu-
tions. Notethat , Where

8.3 Model Selectionand DimensionReduction

We have discusseth thesection(3) thatwe shouldchooseamodel  thathasthe
highestpoteriorprobabilityamongthe candidatenodels.Bayesiarmodelselec-
tion automaticallyembodiegOccams Razorin thatcomplex modelsis penalized
by assignindower posteriomprobability(MacKay, 1995). Whenselectingnodels
accordingo Bayesiampproachin our cases the numberof latentvariableswe
will automaticallyrecover the modelwith minimum numberof latentvariables
that explainsdatawell. Oneway is to selectmodelsaccordingto equation(4)
by discretelytestingmodelswith differentnumberof latentvariables upto a
maximumnumber e.g. the numberof dimension . However, suchdiscrete
searchs quitecomputationaéxpensve. To avoid suchsearchMacKayandNeal
introducedthe conceptof automaticrelevancedeterminationARD) that canbe
usedfor Bayesiarmodelselection.The techniquenasbeensuccessfullyapplied
to determinethe numberof latentvariablesfor differentmodelsin severalrecent
researchegl.awrenceand Bishop, 2000; Bishop, 1999; Ghahramanand Beal,
2000Db).

We will explainthe basicideaof ARD appliedto our modelusinga hypoth-
esizedexample. Supposewve startwith a large numberof latentvariables,say

, andbegin to maximizethe . If notall latentvariables

areneededo explaindatawewill nd thethecolumnof theposteriodistribution
of weightmatrix correspondingo theunusedsourcewill shrinktowardthemean
of prior of columnwhichis zero.Smallerweightin thecolumnof loadingmatrix
will leadsto peakingof correspondingosteriodistributionof hyperparameter
atlargervalue,indicating is almostinvariant. Thelatterwill causetheweight
to furthershrinktoward prior meanduringnext iterationof updatingloadingma-
trix. Thustheweightof thewhole columnwill quickly deminishtowardO which
effectively shutdown the source.

Overall, ARD approactprovide anotheradvantagefor the modelselection-
avoid discretesearchfor the models. In somecase the sasing may be tremen-
dous.For example,for a mixturemodelwith  potentialcomponentsiiscretely
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selectingmodelfrom the spaceof all possiblecombinationof componentswill
beprohibitively expensve. VariationalBayesiarapproaclenablesisto useARD
techniqudo achiere thegoalof dimensiorreductionandmodelselection.
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9 Summary

In this researchye have developeda variationalBayesiariearningalgorithmfor
alatentvariablemodel- cooperatre vectorquantizermodel. Althoughthe main
motivationin this researcls usingthemodelto simulatethebiologicalpathways,
the modelitself haswide applicationin machinelearningandsignalprocessing,
e.g. imageseparatiorandblind sourceseparation As demonstratetly previous
researche§Ghahramanil995; Dunmurand Titterington, 1997; Miskin, 2000),
themodelis capableof identify theweightmatrix uniquely Thus,we canusethe
modelto estimatewhatgenesareregulatedby a given signaltransductiorcom-
ponentby studyingthe weightmatrix of the model. Combiningsuchinformation
with biologicalknowledge we canpotentiallymapthe latentvariableso biolog-
ical entities. Especially the taxonomicknowledgeregardingproteinsfrom the
GeneOntologydatabasavill be very usefulin the task of mappinglatentvari-
ablesto biologicalpathwaysFurthermorepncehaving learnedhe parametersf
the model,we canestimatethe expectedstatesof latentvariablesfor eachDNA
microarraydatapoint. Thus,we canpotentiallydescribea systemwith the states
of pathwayswhichwill provide insightto mary interestbiologicalquestionse.g.
themechanismsf diseasestc. We canalsousethisinformationto performclas-
si cation or diagnosisWith reduceddimensionaclassi eris lesslike to over- t
thedataand,thereforegeneralizesvell.

We have furtherextendedhe modelto automaticallydeterminghenumberof
latentvariablesneededo ef ciently explainthe generatiorof data. This address
the issueof how informationis organizedin the cells - a questionthat hasnot
beenwell studiedbeforedueto thelimitation of dataandmethod.We believe the
ourmodelcanpotentiallyaddresshequestioref ciently andprovideinsightinto
cellularsystemfrom systembiology point of view. In next partof thereport,we
will presentheresultsof usingthe modelto studythe DNA microarraydataand
discusghe strengthsandlimitationsof themodel.
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