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Abstract

Continuous-tine semi-Marke processe$SMP) represent very useful
extensionof Markov procesamodelsto dynamicsystemsvhosebehaiors
are more naturally describedn termsof time pro les. The semi-Marke
model,however, comeswith alimitation: individualtransitionsn themodel
canoccur at differenttimes which meansthat for a speci c time interval

the systemmodeledasan SMP cango throughexponentiallymary tran-
sitions. This affects adwerselythe worst-casegerformanceof Monte Carlo
methodsdesignedo supportvariousinferenceand decisiontasks. In this
work, we proposeand analyzemodi cations of Monte Carlo methodsthat
rely on simulationtrajectoriesof alimited length . We prove thatfor ary
practicaltime modelsthe probability of notreachingthetamgettime bya
trajectoryof length  decaysxponentiallyfast. Usingthisresultwe analyze
extensionsof someof the Monte Carlo inferencemethodsto semi-Marke
settingsand derive samplecompleity boundsfor additive  estimateof
desiredquantities.

1 Intr oduction

Markov processegMPs) form the foundationsof work on modelingstochastic
dynamicsystemsdn Arti cial Intelligence. The Al researchastraditionally fo-
cusedon discrete-timeMarkov processnodels,their ef cient representationand



inferencesolutions. The Markov propertyenableghe time decompositiorof the
MP modelandthe sametime-invariantbehaior in every transition. This greatly
simpli es the analysisof the modelandassociatedihferences.However, Markov
modelsarenot t well to represenbehaiors thataremorenaturallydescribedn
termsof time pro les. As hasbeenpointedoutby someresearchersuchprocesses
arecommonin mary applicationareasncludingmedicing[12], transportationg?],
robotics[13, 7], andotherg[5, 3].

Semi-Marke processe$SMPs)[9, 10, 17] alleviate the time-invarianceproblem
and extend Markov processeso time-dependentransitions. In continuous-time
SMPsstatetransitionscanoccurat ary time. Similarly to discrete-timeMarkov
processes;ontinuous-timeSMPsallow us to decomposéhe procesgo indepen-
denttime sggmentsboundedby statetransitions.However, a complicationis that
durationsof time sggmentscanvary. As aresult,inferencesn semi-Marke pro-
cessesnustconsidercasesn which a large numberof transitionsoccurswithin
atime sgment . This problemcanaffectthe worstcaseperformancesf Monte
Carlo(MC) methodghatperformtheinferenceby simulatingmary differentstate
trajectoriever a speci ¢ time segment.

To addressheproblemof'long’ trajectoriesve proposexndanalyzeasimplemod-
i cation of MonteCarlosamplingmethodgor SMPs.Theideaof themodi cation
isto useonly trajectoriesvithupto  transitionsall other(longer)trajectoriesare
replacedvith arandomguessWe show thatfor any practical time densitymodel
(a densitymodelwith a nite mean)the probability of generatingrajectoriesof
lengthmorethan decaysxponentiallyfast. Thisis thekey resultthatallows us
to modify mary Monte Carlo algorithmsdevelopedfor discrete-timemodelsand
derive samplecompleity boundsfor additve  approximationsWe illustratethe
resultson the analysisof algorithmsfor stateprediction,but we expecta similar
transferto applyalsoto decision-makingproblems.

In the following we rst introducecontinuous-timesemi-Marke processesnd
discusgheir compactepresentationd\Next we considerthe problemof statepre-

diction and proposea simple Monte Carlo algorithm that works with truncated
state-timdrajectories We prove thekey theorenmof thepaper-theexponentialde-
caytheoremfor truncatedsimulationtrajectoriesandillustrateit on semi-Marke

modelswith Gammatime densities. Finally, we usethe theoremto analyzeand
derive samplecompleity boundsof someMC state-predictiomlgorithms.



2 Continuous-time Semi-Markov Process

A semi-Markowprocess(SMP) [9, 10, 1] extendsdiscrete-timeMarkov process
modelsto time-dependergtochastidehaiors. A semi-Marka processs like a
Markov processexceptthattransitionprobabilitiesdependon the amountof time
elapsedsincethe last changein the state. The Markov propertyholdsasa con-
sequencef theresetproperty;oncea changeoccurs(andwe know the state)the
futurebecomesndependenof the past.

More formally, a ( nite-state) semi-Marke proces§{SMP)is de ned by a tuple
where: is a nite setof statesand is a stochastidransitionmodel
suchthat representshe probability of a transition occurringin
time interval ;and istheinitial state.In mostcasesthetransitionmodel
of anSMPis notprovideddirectly. Insteadtransitionprobabilitiesarede ned as:

where is theprobabilityof atransition , asusedn aMarkov process,
and modelghedistributionof stochastid¢ransitiontimes.A semi-Marke
modelapproximateshe dynamicsof a continuous-timesystemby decomposing
theprocesslongtimesin whichthestatechangenccursandits time modelre ects
the uctuation of thesechangesn time.

Compact Parameterizations.In generala semi-Marke procesgpermitsmodels
of arbitrarycompleity. However, for practicalpurposesve areinterestedn mod-
elswith ef cient parameterizationde focuson two aspect®f parameterization:
(1) parameterizatioof transitiontime densities ; (2) parameterizationsf
statetransitions

2.1 CompactParameterizationsof Time Densities

Time dependencien SMPsaremodeledthroughtime densities re ect-
ing the uctuation of transitiontimes during the transitionbetweenstates and

. Time modelsarede ned over interval . For the sakeof representational
efciency we areinterestecrimarily in densitiesvith compaciparameterizations.
A goodtime densitymodelcandidatesire: Gammajognormalor a Gaussiarden-
sity recti ed to range. Figure 1 gives examplesof time modelsbasedon
Gammadistributionandits mixtures.Gammadistributionbelonggo thefamily of
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Figure1l: (a) Gammadensityfor 4 differentparametesettings.(b) Mixture of 4
Gammas.

exponentialdistributions Thedensityfunctionfor Gammadistributionis:

where isashapeand is ascaleparameteand is aGammafunction. The
mixture of Gammagamodelis a corvex combinationof multiple Gammamodels:
, Where areweightparametersuchthat

and is a Gammamodelin the mixture. The advantageof

the mixture modelis thatit givesusmore e xibility in representingnorecomple
timepro les.

2.2 Factored-stateSemi-Markov Models

Muchof therecentesearchvorkin modelingMarkov processefcusestructured
representationsasedn dynamicbeliefnetworkDBNs)[6, 11]. Suchmodelsal-
lowsusto represenprocessesverlargestatespacesnoreef ciently . In particular
thestateof theprocesss factorednto a setof statevariables
and transitionprobabilities , decomposeo 'local' transitionprobabilities
, suchthat denotestatevariablesthe statevariable  depends
on. Our goalis to extendfactoredrepresentation® semi-Marke processesThe
key is to model appropriatelytime dependentnteractionsbetweenan arbitrary
statevariableandall statevariablesit depend®n. In particular it is necessaryo
de ne aclockfor eachstatevariable andrulesfor itsresetsNodelmaretal [16]



proposedne suchmodelfor a specialclassof homaeyeneoudMarkov processes.
We extendthe modelto a moregenerakemi-Marke settings.

Let be a setof statevariablesthe variable dependsn. Our transition
modelfor factoredsemi-Marke processeis de ned by:

Assumption 1: only onestatevariablecanchangeat ary instanceof time;
Assumption2: achangen valuesof or resetghetimefor to ;

Thetransition modelfor and x edvaluesof its conditioningset is
asemi-Marke processnodelde nedin termsof two probabilities:

— - the probability of a transition underthe x ed
setof values of the conditioningset.

— - time densityfor under

Basically thetime changesn  areconditionallyindependenbf the restof the
statevariablesin  given . In addition, the only eventsaffecting the time
pro le resetof arechangesn conditioningvariablesandin itself.

3 MC Algorithms for StatePredictionsin SMPs

Probabilisticinferencein context of stochasticdynamic modelscovers predic-
tions, diagnosis,and other probabilisticqueries. In this work, we focus on the
state prediction problemwhere we are interestedin computingthe probability
of a future stateof the systemin time  given the initial state
or given the distribution of initial states.In general,no closedform solution
for computingthe probability of or thedistribution for an
arbitrarytime-modelexists. Exceptionsare specialcasessuchashomogeneous
Markov processefl, 16] with exponentiallydistributedtransitiontimes.

3.1 BasicMonte Carlo InferenceAlgorithm

Monte-Carlo (MC) approximations are a naturalchoicewhen closedform in-
ferencesolutionsdo not exist. The basicMonte-Carloalgorithmfor statevalue
predictionds simple:

1. generate sample®f statesattime by samplingsequentiallytransitions
(statesandtimes)of a semi-Marke model(startingfrom theinitial state );



2. estimatethe target probability of astate  usingthe fre-
queng of occurrencesf value in  samples.

Complexity analysis. Thetotal numberof simulationstepsdependsn the num-
berof samples andlengthsof simulationtrajectoriesn every sample Assuming
thesametime modelfor every transition thedependencbetweertheerror , con-
dence parameter andthe numberof samples is capturedby the following
(rathertrivial) theorem.

Theorem1 Let be the sampleaveiage approximationof

Then: . The numberof sample
trajectoriesthat guaranteegshe  approximationis — -

Proof. Directapplicationof Hoeffding'sinequality[8, 15]. H

To fully analyzethe compleity of the Monte Carloalgorithmwe needto consider
thenumberof statetransitionsn every simulationtrajectoryreachingime . The

problemis thattransitionsin a semi-Marke modelmay occur at differenttimes
andtrajectorieswith (exponentially)mary transitions(in termsof statesmay be

occasionallygenerated.This affects negatively the worst casecompleity of the

basicMC solution.However, we notethatin theaverage-casanalysigheexpected
numberof transitionsin a trajectorydepend®nly on  andthe meanof thetime

modelandequals —_—.

3.2 Modied MC Algorithm

The problemwith the basicMonte Carlo algorithmis the worst casecompleity
sincesometrajectoriesnaybecomeverylong. To remedythe problemwe propose
amodi cation of the MC algorithmthatsimulategrajectoriedor atmost  steps.
Thealgorithmworksasfollows:

generate  samplesof statesat time by samplingsequentiallytransi-
tions (statesandtimes)of a semi-Marke modelfor atmost  stepsguess
randomly theresultfor samplesiotreachingime ;

estimatethe target probability of a state using
samples.
We will shav thatfor an appropriatechoiceof | thatis logarithmicin |, we

obtainan additive  approximationthat is very similar in termsof the sample

6



complity of  to the basicMC algorithm. The crucial thing is that the result
generalizeso ary practicaltransitiontime modelwith a nite meanor combina-
tionsof suchmodels.

Probability of Incomplete Simulation Trajectories

To analyzethe compleity of the modi ed MC algorithmwe rst prove the key
resulton probabilitiesof incompletarajectoriesthatis, simulationtrajectorieghat
werenotableto reachtime in  steps.We show thatfor a sufciently large
thatdepend®only on the characteristicef the time modeldensity the probability
of obtainingincompletetrajectoriesdecreaseexponentiallyfastin . Theresult
holdsfor anarbitrarytime densitymodelwith a nite mean.To simplify theinitial
analysiswe rst considerthe casein which every transitionin the modelfollows
thesametime density

Theorem2 Let is a sumof independentandomvariables
representingransitiontimesof anarbitrary timedensitynodel witha nite mean.
Thenfor theprobabilityof  notreadingtime ,

, decaysexponentiallyfastin the numberof steps , in particular,

whee are constantghat dependonly on the time model
usedthetargettime , anda variational parameter

Proof. To boundthe differencebetween and we build upon Chernof's
exponentialbound[4] (seealso[14]). Let be areal-valuedrandomvariable
with a nite mean . Thenfor ary value , and , it holds:

If isasumof independentandomvariables
we canrewrite the boundingexpressioras:

We wantto boundthe probability of notreachingtime in
steps.First, canbeboundedas
Assuminghat holds, Chernof's

exponentialbound[4] appliesand  canbeboundeds:



Theexpectationis overtime . Since holdsfor ary and , the
expectation is boundedstrictly from above by thedistribution function:

Thus,thereexists a constant suchthat . Substi-
tuting theboundinto theboundfor  weget:

As , the probability can be boundedby
with . Thus,
given theprobabilityof ~ decaysxponentiallyin . B

The exponentialdecayresultis critical for the analysisof Monte Carloalgorithms
for continuous-timesemi-Marke models. Constantdeterminingthe decayrate
are densityspeci ¢ and needto be derived. Take, for example, Gamma time
model. The meanof is and

Thisleadsto abound:

Figure2 shavs exponentialboundsfor a Gammadistribution andthreedifferent
valuesof andcompareshemto its empirical . Thebestvalueof ,foundby
differentiatingthe boundandsettingtheresultto 0, is

Multiple different time models. Theassumptiorusedin the proof of Theorem?2
wasthatthetransitiontime modelis x edfor everytransitionin theSMP, To obtain
theboundon  for anSMPwith mary differenttime modelswe cansubstituteall
modelspeci ¢ quantitiesn thetheoremwith their worstcasevaluesfrom among
all time models.Assumingthatthereare differenttransitiontime models we
canderive, for :

where and

Complexity of the Modi ed MC Algorithm

Usingtheorem2 we canto derive the compleity of the modi ed MC algorithm
introducedn Section3.2. Onceagaintheresultappliesto ary time densitywith a
nite mean.
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Figure2: Gammatime modelexamplewith ( ) and . An
empiricalestimateof  basedn trajectorie@andboundson  for 3values
of areshown.

Theorem3 Let beamodi ed MCalgorithmthatestimatesheprobability
usingthe sampleaveiage basedon truncatedsimulationtrajec-

toriesof themaximumength . Then,for a xed timedensitymodel ,
givesan approximation when:

— — — and — -

whee is a constantspeci cto thetimemodel .
Proof.

Laststepfollowsfrom Hoeffding'sinequality Usingtheboundon  (from theo-
rem2) with to assurghat  accountdor at mosthalf of the errorwe get:
- Substituting andexpressingpoth and weobtain:

— - and — - [ |

We note that the samplecompleity resultin theorem3 is not the tightestpos-
sible andcanbe improved, for example,by optimizing the variationalparameter
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. However, the theoremillustratesclearly two very importantpoints. First, the
‘worst-case'samplecompleity resultfor themodi ed MC is comparablein terms
of ,tothe'expected'samplecompleity of thebasicMC algorithm(seeTheo-
rem1). Secondthe proofandtheresultshav thatthe samplecompleity bounds
for and arecoupledonly througherror parameter. Thus,usinga x ed
proportionof tocover , is ableto fully absorbthe effect of continuous
time atavery modesf(logarithmicin ) expense This separations very cornve-
nientfor extendingMC algorithmsdevelopedfor discrete-timeMarkov processes
into continuous-timesemi-Markw settingsandtheir subsequergamplecomple-
ity analysis.

MC Algorithm for Factored SMPs

The modi ed MC algorithmandits analysisfor at-state SMPs(Theorem3) can
be easilyextendedo factoredsettings.In termsof compleity boundsonly — will
change.

Trajectoriesn factoredSMPsarede nedby statevariablesubprocessesndeach
of thesdrajectoriesnustreachtime to makeasimulationrunsuccessfulThings
arefurthercomplicatedby dependencesmongstatevariables An occurrencef a

transitionaffectsall the variablesthatare conditionedon it andresetgheir clock.

The reseteffect may cascadehroughmultiple dependengrelations. To analyze
MC algorithmsfor factoredSMPswe consideitwo extremecases:

Fully independentsemi-Markov subprocessesln this caseeachstatevariable
is independenof otherstatevariablesandwe have independensubprocesses.
The probability of not reachingthetargettime  with at leastoneof the subpro-
cessesanbeboundthroughthe union(Bonferoni)bound thatis:
Then,usingthesameassumptionasin theoren, thenumberof steps forevery
trajectorynecessaryo assure approximations: — — . Note
that staysunchanged.

Fully dependentsemi-Markov subprocesses.In this caseevery statevari-
able processis affectedby changesn all other statevariables. Assumingthat
are randomvariablesrepresentingransitionstimes for statevari-

ables , the time of occurrenceof a transitionis
If thetime modelusedfor eachstatevariable is thesameandfollowstheden-
sity , the min statisticis: where is
thedistribution function of . NeverthelessTheorem3 appliesdirectly to arny
time model . Butthen, staysunchangedandtheonly differenceis thedensity
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speci c constant affectingtheboundon

Extensionsof the Modi ed MC Method

A similar disassociatiopatternbetween and alsotransferdo extensionsof
the modi ed MC algorithmto more comple inferencetasks. An exampleis an
MC algorithmapproximatinghedistribution of astateattime with its
empiricaldistribution basedon truncatedsimulationtrajectories.In sucha
casethelowerboundon thelengthof simulationtrajectories for anaccurag
underthe  normbecomes:

while thesamplecompl«ity boundfor thenumberof samples differsfrom the
discrete-timecaseby the'standard' correction.

4 Conclusions

Continuous-timesemi-Marke processesillows us to model stochasticsystems
with continuoustime-dependentransitionpro les. This propertyis crucial for
modelingmary applicationddomaing[12, 2, 3]. This adwvantagehowever, comes
with trade-ofs: (1) time-dependencign thesemi-Marke processnodelmustbe
explicitly representedvhich itself may translateto the increasein the comple-
ity of the stochastiomodel(2) closed-forminferencesolutionsare typically not
available. To addressheseproblemswe have presente@ndanalyzed1) compact
parameterizationsf semi-Marke processebasedn parametricime modelsand
factorizationsand (2) MC inferencealgorithms. We shaved that time and simu-
lationsover time for MC statepredictionsdo not prevent ef cient worst-casen-
ferencesanda simplemodi cation of the MC algorithmsuccessfullyesohesthe
concernof exponentiallylong simulationtrajectoriedor ary practicaltime model.
We gave the detailedanalysisof the modi ed MC solutionanddiscussedts ex-
tensiongo morecomple inferencesandmodels.We expectthatthe modi cation
andits analysiswill transferin a ratherstraightforwardvay alsoto MC methods
for semi-Markw decisionprocesses.
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