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Abstract

Continuous-timesemi-Markov processes(SMP)representa very useful
extensionof Markov processmodelsto dynamicsystemswhosebehaviors
aremore naturallydescribedin termsof time pro�les. The semi-Markov
model,however, comeswith a limitation: individualtransitionsin themodel
canoccur at different times which meansthat for a speci�c time interval

�

thesystemmodeledasanSMPcango throughexponentiallymany tran-
sitions. This affectsadverselythe worst-caseperformanceof Monte Carlo
methodsdesignedto supportvariousinferenceanddecisiontasks. In this
work, we proposeandanalyzemodi�cations of Monte Carlo methodsthat
rely on simulationtrajectoriesof a limited length � . We prove that for any
practicaltime modelstheprobabilityof not reachingthe target time

�

by a
trajectoryof length � decaysexponentiallyfast.Usingthisresultweanalyze
extensionsof someof the Monte Carlo inferencemethodsto semi-Markov
settingsandderive samplecomplexity boundsfor additive ��� estimatesof
desiredquantities.

1 Intr oduction

Markov processes(MPs) form the foundationsof work on modelingstochastic
dynamicsystemsin Arti�cial Intelligence. The AI researchhastraditionally fo-
cusedon discrete-timeMarkov processmodels,their ef�cient representationsand
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inferencesolutions.TheMarkov propertyenablesthe time decompositionof the
MP modelandthe sametime-invariantbehavior in every transition. This greatly
simpli�es theanalysisof themodelandassociatedinferences.However, Markov
modelsarenot �t well to representbehaviors thataremorenaturallydescribedin
termsof timepro�les. As hasbeenpointedoutby someresearcherssuchprocesses
arecommonin many applicationareasincludingmedicine[12], transportations[2],
robotics[13, 7], andothers[5, 3].

Semi-Markov processes(SMPs)[9, 10, 17] alleviatethe time-invarianceproblem
andextendMarkov processesto time-dependenttransitions. In continuous-time
SMPsstatetransitionscanoccurat any time. Similarly to discrete-timeMarkov
processes,continuous-timeSMPsallow us to decomposetheprocessto indepen-
denttime segmentsboundedby statetransitions.However, a complicationis that
durationsof time segmentscanvary. As a result,inferencesin semi-Markov pro-
cessesmustconsidercasesin which a large numberof transitionsoccurswithin
a time segment � . This problemcanaffect theworstcaseperformanceof Monte
Carlo(MC) methodsthatperformtheinferenceby simulatingmany differentstate
trajectoriesover a speci�c timesegment.

To addresstheproblemof 'long' trajectoriesweproposeandanalyzeasimplemod-
i�cation of MonteCarlosamplingmethodsfor SMPs.Theideaof themodi�cation
is to useonly trajectorieswith upto � transitions,all other(longer)trajectoriesare
replacedwith arandomguess.Weshow thatfor any practical time densitymodel
(a densitymodelwith a �nite mean)the probability of generatingtrajectoriesof
lengthmorethan � decaysexponentiallyfast.This is thekey resultthatallowsus
to modify many MonteCarloalgorithmsdevelopedfor discrete-timemodelsand
derivesamplecomplexity boundsfor additive �	� approximations.Weillustratethe
resultson the analysisof algorithmsfor stateprediction,but we expecta similar
transferto applyalsoto decision-makingproblems.

In the following we �rst introducecontinuous-timesemi-Markov processesand
discusstheir compactrepresentations.Next we considertheproblemof statepre-
diction and proposea simple Monte Carlo algorithmthat works with truncated
state-timetrajectories.Weprovethekey theoremof thepaper– theexponentialde-
caytheoremfor truncatedsimulationtrajectoriesandillustrateit on semi-Markov
modelswith Gammatime densities.Finally, we usethe theoremto analyzeand
derivesamplecomplexity boundsof someMC state-predictionalgorithms.
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2 Continuous-timeSemi-Markov Process

A semi-Markovprocess(SMP) [9, 10, 1] extendsdiscrete-timeMarkov process
modelsto time-dependentstochasticbehaviors. A semi-Markov processis like a
Markov processexceptthat transitionprobabilitiesdependon theamountof time
elapsedsincethe last changein the state. The Markov propertyholdsasa con-
sequenceof theresetproperty;oncea changeoccurs(andwe know thestate)the
futurebecomesindependentof thepast.

More formally, a (�nite-state) semi-Markov process(SMP) is de�ned by a tuple
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where:
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is a �nite setof statesand
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is a stochastictransitionmodel
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representsthe probability of a transition
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is theinitial state.In mostcases,thetransitionmodel �

of anSMPis notprovideddirectly. Instead,transitionprobabilitiesarede�ned as:

�


��

�


	��������')(+*

�-,


��

�

������./
0�

�

����
��

�

�21��

�

'

,


��

�

�3� �4(5*

�

./
0�

�

����
��

�

�21��

�

where,
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is theprobabilityof atransition
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, asusedin aMarkov process,
and
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modelsthedistributionof stochastictransitiontimes.A semi-Markov
modelapproximatesthe dynamicsof a continuous-timesystemby decomposing
theprocessalongtimesin whichthestatechangeoccursandits timemodelre�ects
the�uctuation of thesechangesin time.

CompactParameterizations.In general,a semi-Markov processpermitsmodels
of arbitrarycomplexity. However, for practicalpurposesweareinterestedin mod-
elswith ef�cient parameterizations.We focuson two aspectsof parameterization:
(1) parameterizationof transitiontimedensities

./
7������
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�

�

; (2) parameterizationsof
statetransitions

./
�� �7�����

.

2.1 CompactParameterizationsof Time Densities

Time dependenciesin SMPsaremodeledthroughtime densities
.8
0������
����!�

re�ect-
ing the �uctuation of transitiontimesduring the transitionbetweenstates

�

and
���

. Time modelsarede�ned over interval "9#


�:;%

. For thesakeof representational
ef�ciency weareinterestedprimarily in densitieswith compactparameterizations.
A goodtimedensitymodelcandidatesare:Gamma,lognormalor aGaussianden-
sity recti�ed to "9#


�:;%

range. Figure1 givesexamplesof time modelsbasedon
Gammadistributionandits mixtures.Gammadistributionbelongsto thefamily of
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Figure1: (a) Gammadensityfor 4 differentparametersettings.(b) Mixture of 4
Gammas.

exponentialdistributions. Thedensityfunctionfor Gammadistributionis:
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where
=

is a shapeand
>

is a scaleparameterand
AL
�=M�

is a Gammafunction. The
mixtureof Gammasmodelis a convex combinationof multiple Gammamodels:
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is a Gammamodelin themixture. Theadvantageof
themixturemodelis thatit givesusmore�e xibility in representingmorecomplex
timepro�les.

2.2 Factored-stateSemi-Markov Models

Muchof therecentresearchwork in modelingMarkov processesfocusesstructured
representationsbasedondynamicbeliefnetworks(DBNs)[6, 11]. Suchmodelsal-
lowsusto representprocessesoverlargestatespacesmoreef�ciently . In particular,
thestateof theprocessis factoredintoasetof statevariablesX

'ZY[�

E


��]\ 
�^ ^�^�
��`_6a

and transitionprobabilities
./
��

�

�����

, decomposeto 'local' transitionprobabilities
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Q
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denotestatevariablesthestatevariable
�

Q

depends
on. Our goalis to extendfactoredrepresentationsto semi-Markov processes.The
key is to model appropriatelytime dependentinteractionsbetweenan arbitrary
statevariableandall statevariablesit dependson. In particular, it is necessaryto
de�ne aclockfor eachstatevariable

�

Q

andrulesfor its resets.Nodelmanetal [16]
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proposedonesuchmodelfor a specialclassof homegeneousMarkov processes.
We extendthemodelto a moregeneralsemi-Markov settings.

Let c
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Q

�

be a setof statevariablesthe variable
�

Q

dependson. Our transition
modelfor factoredsemi-Markov processesis de�ned by:

d Assumption1: only onestatevariablecanchangeatany instanceof time;
d Assumption2: achangein valuesof

�

Q

or c
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resetsthetimefor
�

Q

to # ;
d Thetransition model for
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Q

and�x edvaluesof its conditioningset e
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is
asemi-Markov processmodelde�ned in termsof two probabilities:
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Basically, the time changesin
�

Q

areconditionallyindependentof the restof the
statevariablesin X given c


��

Q

�

. In addition,the only eventsaffecting the time
pro�le resetsof

�

Q

arechangesin conditioningvariablesandin
�

Q

itself.

3 MC Algorithms for StatePredictionsin SMPs

Probabilisticinferencein context of stochasticdynamicmodelscovers predic-
tions, diagnosis,andother probabilisticqueries. In this work, we focus on the
statepredictionproblemwherewe are interestedin computingthe probability

,


���fg'ih`���&���

of a future stateof the systemin time � given the initial state
�

�

or given the distribution of initial states. In general,no closedform solution
for computingtheprobabilityof ,


�� fj'khF���&���

or thedistribution ,


��&fl�������

for an
arbitrarytime-modelexists. Exceptionsarespecialcases,suchashomogeneous
Markov processes[1, 16] with exponentiallydistributedtransitiontimes.

3.1 BasicMonte Carlo InferenceAlgorithm

Monte-Carlo (MC) approximations area naturalchoicewhenclosedform in-
ferencesolutionsdo not exist. The basicMonte-Carloalgorithmfor statevalue
predictionsis simple:

1. generatem samplesof statesat time � by samplingsequentiallytransitions
(statesandtimes)of asemi-Markov model(startingfrom theinitial state

�[�

);
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2. estimatethe target probability ,


�� fn'oh`���&� �

of a state
�&f

usingthe fre-
quency of occurrencesof value

h

in m samples.

Complexity analysis.Thetotal numberof simulationstepsdependson thenum-
berof samplesm andlengthsof simulationtrajectoriesin everysample.Assuming
thesametimemodelfor every transition,thedependencebetweentheerror � , con-
�dence parameter� andthe numberof samplesm is capturedby the following
(rathertrivial) theorem.

Theorem 1 Let prq
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be the sampleaverageapproximationof ,
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.

Then: ,
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trajectoriesthat guaranteesthe �2� approximationis m
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€ .

Proof. Directapplicationof Hoeffding's inequality[8, 15].

To fully analyzethecomplexity of theMonteCarloalgorithmweneedto consider
thenumberof statetransitionsin every simulationtrajectoryreachingtime � . The
problemis that transitionsin a semi-Markov modelmay occurat differenttimes
andtrajectorieswith (exponentially)many transitions(in termsof states)maybe
occasionallygenerated.This affectsnegatively the worst casecomplexity of the
basicMC solution.However, wenotethatin theaverage-caseanalysistheexpected
numberof transitionsin a trajectorydependsonly on � andthemeanof the time
modelandequals

v+


�

�]'‚•

f

ƒ�„

*†…{‡

.

3.2 Modi�ed MC Algorithm

The problemwith the basicMonte Carloalgorithmis the worst casecomplexity
sincesometrajectoriesmaybecomeverylong. To remedytheproblemwepropose
amodi�cation of theMC algorithmthatsimulatestrajectoriesfor atmost � steps.
Thealgorithmworksasfollows:

d generate m samplesof statesat time � by samplingsequentiallytransi-
tions(statesandtimes)of a semi-Markov modelfor at most � steps,guess
randomly theresultfor samplesnot reachingtime � ;

d estimatethe target probability ,


�� fs'th`����� �

of a state
�&fs'th

using m

samples.

We will show that for an appropriatechoiceof � , that is logarithmicin ? ˆ

� , we
obtain an additive �2� approximationthat is very similar in termsof the sample
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complexity of m to the basicMC algorithm. Thecrucial thing is that the result
generalizesto any practicaltransitiontime modelwith a �nite meanor combina-
tionsof suchmodels.

Probability of IncompleteSimulation Trajectories

To analyzethe complexity of the modi�ed MC algorithmwe �rst prove the key
resultonprobabilitiesof incompletetrajectories,thatis, simulationtrajectoriesthat
werenot ableto reachtime � in � steps.We show that for a suf�ciently large �

thatdependsonly on thecharacteristicsof thetime modeldensity, theprobability
of obtainingincompletetrajectoriesdecreasesexponentiallyfast in � . Theresult
holdsfor anarbitrarytimedensitymodelwith a�nite mean.To simplify theinitial
analysiswe �rst considerthecasein which every transitionin themodelfollows
thesametimedensity.

Theorem 2 Let
�r‰O'Š�

EŒ‹
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is a sumof independentrandomvariables
representingtransitiontimesofanarbitrarytimedensitymodel
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Proof. To boundthe differencebetween
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‰

and � we build upon Chernoff 's
exponentialbound[4] (seealso [14]). Let
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be a real-valuedrandomvariable
with a �nite mean
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Theexpectationis over time
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Theexponentialdecayresultis critical for theanalysisof MonteCarloalgorithms
for continuous-timesemi-Markov models. Constantsdeterminingthe decayrate
are densityspeci�c and needto be derived. Take, for example,Gamma time
model. Themeanof Ð
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Figure2 shows exponentialboundsfor a Gammadistribution andthreedifferent
valuesof
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andcomparesthemto its empirical
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. Thebestvalueof
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Multiple different time models.Theassumptionusedin theproofof Theorem2
wasthatthetransitiontimemodelis �x edfor everytransitionin theSMP. To obtain
theboundon

.¥‰

for anSMPwith many differenttimemodelswecansubstituteall
modelspeci�c quantitiesin thetheoremwith their worstcasevaluesfrom among
all time models.Assumingthat thereare × differenttransitiontime models
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Complexity of the Modi�ed MC Algorithm

Using theorem2 we canto derive the complexity of the modi�ed MC algorithm
introducedin Section3.2. Onceagaintheresultappliesto any time densitywith a
�nite mean.
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Laststepfollowsfrom Hoeffding'sinequality. Usingtheboundon
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We note that the samplecomplexity result in theorem3 is not the tightestpos-
sible andcanbe improved, for example,by optimizing the variationalparameter
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™

. However, the theoremillustratesclearly two very importantpoints. First, the
'worst-case'samplecomplexity resultfor themodi�ed MC is comparable,in terms
of m , to the'expected'samplecomplexity of thebasicMC algorithm(seeTheo-
rem1). Second,theproof andtheresultshow that thesamplecomplexity bounds
for � and m are coupledonly througherror parameter� . Thus, usinga �x ed
proportionof � to cover

. ‰

, � is able to fully absorbthe effect of continuous
time ata verymodest(logarithmicin ?�ˆ

� ) expense.Thisseparationis veryconve-
nient for extendingMC algorithmsdevelopedfor discrete-timeMarkov processes
into continuous-timesemi-Markov settingsandtheir subsequentsamplecomplex-
ity analysis.

MC Algorithm for FactoredSMPs

Themodi�ed MC algorithmandits analysisfor �at-stateSMPs(Theorem3) can
beeasilyextendedto factoredsettings.In termsof complexity boundsonly � will
change.

Trajectoriesin factoredSMPsarede�nedby ÿ statevariablesubprocessesandeach
of thesetrajectoriesmustreachtime � to makeasimulationrunsuccessful.Things
arefurthercomplicatedby dependencesamongstatevariables.An occurrenceof a
transitionaffectsall thevariablesthatareconditionedon it andresetstheir clock.
The reseteffect may cascadethroughmultiple dependency relations.To analyze
MC algorithmsfor factoredSMPswe considertwo extremecases:

d Fully independentsemi-Markov subprocesses.In thiscaseeachstatevariable
is independentof otherstatevariablesandwe have ÿ independentsubprocesses.
Theprobabilityof not reachingthe target time � with at leastoneof the subpro-
cessescanbeboundthroughtheunion(Bonferoni)bound,thatis:
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Then,usingthesameassumptionsasin theorem3, thenumberof steps� for every
trajectorynecessaryto assure�2� approximationis: �
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‹

��� . Note
that m staysunchanged.

d Fully dependentsemi-Markov subprocesses.In this caseevery statevari-
able processis affectedby changesin all other statevariables. Assumingthat
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are randomvariablesrepresentingtransitionstimes for statevari-
ables
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P , the time of occurrenceof a transitionis
�	�

ØVÙ

•�


R

E2Û�Û�Û

P

�




.
If thetime modelusedfor eachstatevariable

�


 is thesameandfollows theden-
sity
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, the min statisticis:
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where

ß�•
0�{�

is
thedistribution functionof

.

�


0�{�

. Nevertheless,Theorem3 appliesdirectly to any
time model

�

. But then, m staysunchanged,andtheonly differenceis thedensity
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speci�c constantc affectingtheboundon � .

Extensionsof the Modi�ed MC Method

A similar disassociationpatternbetweenm and � alsotransfersto extensionsof
the modi�ed MC algorithmto morecomplex inferencetasks. An exampleis an
MC algorithmapproximatingthedistribution

./
���f �3�����

of a stateat time � with its
empiricaldistribution p

f

q

Ú

‰

basedon truncatedsimulationtrajectories.In sucha
case,thelowerboundon thelengthof simulationtrajectories� for anaccuracy �

underthe ×

? normbecomes:

�

w ?

c

ê

~!Î6Ï

ì

x

���§�
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î

‹

�

ï




while thesamplecomplexity boundfor thenumberof samplesm differsfrom the
discrete-timecaseby the'standard'�

u��

�

ˆ

x correction.

4 Conclusions

Continuous-timesemi-Markov processesallows us to model stochasticsystems
with continuoustime-dependenttransitionpro�les. This propertyis crucial for
modelingmany applicationsdomains[12, 2, 3]. This advantage,however, comes
with trade-offs: (1) time-dependenciesin thesemi-Markov processmodelmustbe
explicitly representedwhich itself may translateto the increasein the complex-
ity of the stochasticmodel (2) closed-forminferencesolutionsare typically not
available.To addresstheseproblemswehave presentedandanalyzed(1) compact
parameterizationsof semi-Markov processesbasedonparametrictimemodelsand
factorizationsand(2) MC inferencealgorithms.We showedthat time andsimu-
lationsover time for MC statepredictionsdo not prevent ef�cient worst-casein-
ferencesanda simplemodi�cation of theMC algorithmsuccessfullyresolvesthe
concernof exponentiallylongsimulationtrajectoriesfor any practicaltimemodel.
We gave the detailedanalysisof the modi�ed MC solutionanddiscussedits ex-
tensionsto morecomplex inferencesandmodels.We expectthatthemodi�cation
andits analysiswill transferin a ratherstraightforwardway alsoto MC methods
for semi-Markov decisionprocesses.
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