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Gaussian Processes (GP)
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GP is a collection of f(x) such that:

any set of (f(X4), ..., f(X;)) has a joint Gaussian distribution.
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Weight-Space View

y=fx)+e=xTw+eg, e~ N(0,02%)

=y~ N(XTw,o2I)
Assume w ~ N(0,%,), then:

p(y X Wrw)

p(wlXy) = p(y|X)

N(ZA7Xy,A7)

where A = = XXT + 357
o

Posterior on weights is Gaussian.

Weight-Space View

PWIXy)~N(HA Xy A7), A=ZXxT+3;0

o2
Thus (Similar result when use basis function: f(x) = tD(x)Tw):
p(f1x.Xy) = [p(fi | X, W) p(W | X, y)dw
=N (%XZA‘1Xy,XZA’1XX) =N(u2)
e /. has a Gaussian distribution and its >~ doesn’t depend on y

 x always appears as x'x (“scalar product” = kernel trick)

Kernel 2 Distribution of ., Prediction
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Function-space View

Given:
mean function m(x)
covariance function k(x, x")
Define GP as:
f(x) ~ GP(m(x), k(x,x"))
Such that for each x;:
f(x;) ~ N(m(xi)a k(XirXi))
cov(f(x;), F(x))) = k(x;,%;)

Function-space View

Given joint Gaussian distribution:

(i ]

The conditional densities are also Gaussian:

xa | X ~ N(pa + ZasZ55(Xa — XB), Zaa — ZABZE5ZBA)

xg | xa ~ N(...,...)
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Function-space View

Consider training and test points.

[f] NN([’"(X)] [K(X.X) K(X,X*)])
f m(X)I'|K(X,,X) KX,X.)

K is the covariance matrix.

y=fX +¢& &~N(0,0%). Thus:

y mX)1 [K(X, X) + 0?1 K(X,X.)
[y*]lx,x*~ N( mx. )] [ K(X.,X) K(X*,X*)+GZII)

Y*IY;X;X* ~ N --.,...

GP for Regression (GPR)

Observations Y1 @ Ye

Gaussian field e . e . fe .
N R AR A

Inputs X1 X2 X Xe

Squares are observed, circles are latent
The thick bar is like a “bus” connected all nodes

Each y is conditionally independent of all other nodes given f
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GPR

GPR

y = f + &, where f ~ GP(m = 0,k) and £ ~ N(0, 6%):

[;r] - N(O, [K(X,X) + 0?1 KX, X.,) )

K(X.X) KX, X)) + %l
Prediction: y, |y, X, X, ~N(...,...)=Nu", 2")
Where:
W= KX, X)(K(X,X) +02) 'y

I = K(X,,X,) + 02 - KX, X)(K(X, X) + 6%I) ' K(X,X,)
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GP Classification (GPC)

Map output into [0, 1] by using response function:
* Sigmoid function (logistic):
o(x)=(1+e*)?!

* Cumulative normal (probit):

d(x) = [*_N(t|0o,1)dt

GPC examples

Squared exponential kernel with hyperparameter length-scale = 0.1

Logistic response function.

o . s . 0.75
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GPC

Targety = o(f(x)) is a non-Gaussian.
E.g., it’s a Bernoulli for class 0, 1:

p(y | £) = [T, o (F(x)Yi(1 — o (f(x;))*i

How to predict p(y. | v, X, X,) ?




GPC

Assume single test case X,, predict its class 0 or 1.
Assume sigmoid function and a GP prior over f.

Thus, try to involve f:

r(y.=1ly.X,x.)= [p(y. =1L |y X,x,)df,
=[p(y. = 1| f,%%%) p(f. |y, X, x.)df.
=[o(f) p(f. | y, X, x.)df,

Approximation

p(y. =11y, X,x,)=[o(f) p(f, |y, X, x.)df,
Note that o (f,) is a sigmoid function.
If p(f, | v, X, x.) is a Gaussian, convolution of a

sigmoid and a Gaussian can be computed as:

[o(O)N(u, s?)dt = 0( ,1 +%Szﬂ>

Otherwise, analytically intractable!
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If p(f, | y, X, x,) is a Gaussian...

p(f. |y, X, x.)=[p(f.,f|y X x,)df

p(y: Xl X*)

= [ df
p(y; Xr X*)

(v £, X) p(f,X)
= [L y'p(y,;’) p(£. | X, x., £)df

=[p(fly,X) p(f.| X, x,, f)df

If p(f, | y, X, x,) is a Gaussian...

p(f. 1y, X,x.)=[p( |y X)p(fl X x., £)df

Recall from GP regression: y, |y, X, X, ~ N(u*, Z%)

w= KX, X) (KX X) +021) 'y

=KX, X.)+ - KX, X) (KX, X) + 021)_1K(X, X))

Replace X, with x,:

p(f.| X, x,,f) ~ N(kZ:C;ly, c— ka;lk*)

Where: k.=K(X,x,) C,=KX,X)+ %I

c=k(x,,x,) + a?
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If p(f, | y, X, x,) is a Gaussian...

p(f. ly, X, x.)=[p(f |y X)p(.| X,x.,£)df
Now p(f,| X, x,, f) is a Gaussian!
IF:
p(f|y,X)1s a Gaussian
THEN:
p(f, |y, X,x,) is a Gaussian!

Is p(f |y, X ) a Gaussian?

_r 1 X)p¢ 1%
Py ) =00

p|X)~NOK), pylfX)=I[zp0ilf)

N(OK) in
p(y|Xx) =1

=>p(fly,X)= p(yi | )

Note: p(y; | f;) is Non-Gaussian (e.g., Bernoulli)

= p(f |y, X ) is Non-Gaussian.
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Approximation

p(y. =11y, X,x,)=Jo(f)p(. |y X x.)df,
Hpf |y X% Hs-a-Gaussiany-Try to approximate

p(f, | v, X, x,) as Gaussian, ... be computed as ...

* Laplace Approximation
» Expectation Propagation (EP)

* Variational Approximation, Monte Carlo Sampling, etc.

If p(f, | y, X, x,) is a Gaussian...

p(f. 1y, X,x.)=[p( |y X)p(fl X x., £)df

Now p(f.| X, x,,f) is a Gaussian!

IF:
p(f| v, X )l|is a approximated as Gaussian

THEN:

p(f, |y, X, x,) is a approximated as Gaussian!

10/22/2018
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Laplace Approximation

Goal: use a Gaussian to approximate p(x)

. 1 _ (x—p)?

Gaussian: 757 &XP ( o2 )

Idea:

» u should match the mode: argmax, (p(x))

« Relation between exp(k(x — 1)?) and p(x)

Laplace Approximation

» u should match the mode: argmax, (p(x))
p'(u) =0, u is placed at the mode
« Relation between exp(k(x — 1)?) and p(x)

Taylor expansion of Inp(x) at u

Let t(x) = Inp(x), Taylor expansion of t(x) at u :

t' ()

t) =t +—~ (& - +%(x—u)2 F e

10/22/2018
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Laplace Approximation

Taylor quadratic approximation:

(u)( _0+ (u)

t(x) =t(u) +
~ t(0) + S - )+ (‘”(x 1)?

"(w=0
hat ¢'(u) = 2= == = 0, thus:
Note that t'(u) D 0, thus

(u) = )2

t(x) =~ t(w) +

(= )% + -+

Laplace Approximation

() ~ t@ + L @ -2 e = mpo
= exp(t() ~ exp (£(0) + 52 (x = ?)
= p(x) ~ exp(t(n)) exp (M)

= p(x) ~ p(u) exp (—2E10)

Where: A=—t""(u) = ——ln p(X) |x=y

10/22/2018
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Laplace Approximation

p(x) = p(w) exp (— A(xT_“)Z)

—wTAax-
p() ~ p() exp (- )

Corresponding Gaussian approximation:

p(x) ~ N(u, A™1)
Where:

d
Elnp(x) |x=u =0

dZ
_Elnp(x) |x=u =A

Laplace Approximation

Backto p(f |y, X ):

_ Py DX
Inp(fly,X)=In %

=Inp(y | ) + Inp(f|X) —Inp(y | X)

Inp(y | X) is independent of f, and we only need to

do 15t & 2nd derivatives on f

Thus, define W(f) for derivative calculation:

Y@ =Inp(y|f) +Inp(f|X)

10/22/2018
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Laplace Approximation

Y@ =Inp(y | f) +Inp(f|X)
Note that:

o p(y | £) = [T, a(f(x;))Yi(1 — o (f(x;)) 7Y

=[1iz1(1 — o (f(x)) ( o (f(x4)) ‘)J/i

1-o(f(x1)

f(X) Vi
l_[l 11+ef(x1)( ! )

o f|X ~ N(O,C,)

Laplace Approximation

YE =Inp(y|f) +Inp(f[X)

Yi
op(ylH) =1L, 1+ef(x1) ( f(xl))

of|X ~ N(0,C,)

Thus:

Lp(f) = ny - 1]n(l + ef(Xl)) fTcy lf niln2r

In|Cp|

2

2

10/22/2018
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Laplace Approximation

Y@ =Inp(y|f) + Inp(f | X)

fTc;1f nln2m  In|Cyl

—yTf — Y™, In(1 + W) —

2 2 2
V¥(f) = Vinp(y | f) —C i f =y —o(f) — C;'f
where o(f) = [a(f(x1)), ..., 6(f(x,)]T
V¥ (f) = VWinp(y | f) — C,' = W, — C,;!
o(fCx))(1 - a(f(x))

W, .
a(f(x))(1 - a(f(x))

Laplace Approximation

Corresponding Gaussian approximation:
p(fly,X)~ N A7)
Where:

TP =y —o(u) —Clu=0
=y —o(w) =Clp
=>pu

—Vr¥(n) =W, + C;t
= A=W, +C;1

10/22/2018
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Laplace Approximation
o(f) = [o(f(x1), .., a(f(xn))]"
Cannot directly solve f from: y — o(f) = C;f.

Recall its motivation:
place f at the mode: maximum p(f |y, X )
Thus, instead of maximum, try to find f* for the
minimum of —Inp(f | y, X ), with iteration:
frew = fold _ (ypy)~lpy
Finally, get the Gaussian approximation:

p(fly,X)~N(", W,+CH™)

Laplace Approximation

p(y* =1 | y’X’ X*) - f O-(f*) p(f* | y'X'X*)df*
p(f. |y, X, x.)=[p(f|y X)p(f| X x,, f)df

Now we have:
p(f |y, X ) is approximated as Gaussian.
p(f.| X,x,,f) is a Gaussian.

Thus, p(f, | v, X,x.) is a Gaussian ~ N (u, s2)

Thus, p(y. = 1]y, X,x,) = 0( /1+%2ﬂ)

10/22/2018
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Expectation Propagation

p(f. |y, X,x,)=[p(f|y,X)p(f| X x,,)df

p(y | H)o(f]X)
p(y|X)

1
=2NO,K) [[i=1p(i | /i)
Normalization term:

Z=pyI|X)=[pE X p;|f)df

p(fly,X) =

Expectation Propagation

1
p(fly,X) =-NOK[[Zp0i | /)
p(v; | f;) is Non-Gaussian due to response function.

Try to find a Gaussian ¢t; to approximate it:

i | ) = ti(fi | Zi, {y 6;%) = Z; N(fi | 1, 6;°)

= [T pi | ) = e (i 1 Zo 1, 65%)
=N(f )1, Z;, where £ is diag(6;°)

10/22/2018
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Expectation Propagation

p(f1y,X) =-NOK T (i | £)

~
~

NOK) I t(fi | Z;, i, 677)

NI

p(f|y,X) ~ 2N, KN(E ) [T, Z,
Thus:
p(fly,X)=q(f|y,X)=Nu1X)

Where: p =357 = (K1+ 2_1)_1

Expectation Propagation

How to choose Z;, fi;, 6;> that defines t;?

Z;, [i;, 6;% that minimize the difference between

p(fly,X)and q(f |y, X):

i - 1
ATT p i | f) = ATT, 6(fi | Zi, iy, 6;%) where A:EN(O. K)

Using Kullback-Leibler (KL) divergence: KL (p(x) || q(x))

. 131? KLATTZ  p(vi | f) 1N ATTS, t) intractable X

. n}m KL(Ap(y; | f) [Tt 1] At l_[jiitj) iterative on t;

10/22/2018
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Expectation Propagation

Default

@

intractable X

Expectation Propagation

I8t Iteration, based on marginal for ¢,

fq(f |y, X )dfj+i

\_Y_)

[ljz1

10/22/2018

20



Expectation Propagation

28t [teration, based on marginal for ¢,

(w

Expectation Propagation

n™ Iteration, based on marginal for ¢,,

[jznt

@

10/22/2018
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Expectation Propagation

Repeat until convergence

Expectation Propagation

Repeat until convergence

10/22/2018
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Expectation Propagation

qfly.x) =ATT  t; =N

. . ~. il N.Z — ~. . il ~.2
Iterathely update tl tL(fL |Zu Hi, O ) ZL N(fl |.uu0—1 )

1. Start from current approximate posterior, leave out

the current t; to get the cavity distribution q_;(f;):

ti ATl jeitjdfjei [ ATl = tjdfjei
q_l(ﬁ) = fAl_[]#:Lt] dfj]#—'l = ]:il JEIgEL J ;i J%J#

[a(flyX)dfjzi _|a(fi|yX) N(fi | uiof) 2
= = = - L= N(f; | u_y, 02
t; i ZiN(fi | iy, %) (il e 2
_o\—1
where: o =3 o = (Ui_z —0; 2) é .
po; = a%(o7 2 — 6,72 1) S

[Tj1 ¢

Expectation Propagation

pi | f) =t
p(y; | f;) is from response function

Iteratively update t;
2. Find the new Gaussian marginal §(f;): q(f; | v, X )
which best approximates the product of q_;(f;) and

p(yi | fl) : /Non-Gaussian Marginal p(f; |y,X)/
() pi | ) = a(f) = Z; N(@, &)

By:

min KL(q—i(fi) p(v: | /1) 114(f)) /I tractable

10/22/2018
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Expectation Propagation

Iteratively update ¢;
3. Update parameters Z;, [i;, &;° of t; based on Z;,

fi;, 6;° from found §(f;). E.g.:
old
(fi)
Recall: 4;(f) =" = N(f; | iy, 02)
old
2 2 ~-2\71
where 62; = (0,2 = 5,7°)
Now we have new G(f;),
/new
i

o2 =(G =67 25 =G -0B)

Expectation Propagation

p(y. =11y, X,x,)=[a(f) p(f. |y, X, x.)df,
p(f. 1y, X,x.)=[p(f |y X)p(f.] X, x.,£)df
p(fly,X) = -NO KT pGi | f)
Now we have:
p(y; | f;) is approximated as Gaussian.
Subsequently p(f | y, X ) is a Gaussian.
p(f.| X,x,,f) is a Gaussian.
Thus, p(f, | v, X,x.) is a Gaussian ~ N (u, s2)

10/22/2018
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Approximation

* Laplace Approximation

* p(fly.X)

» 2" order Taylor approximation

* Mean u is placed at the mode

+ Covariance A~1 is also related to the mode
* EP

© Pl f)

* [Iteratively update t; by minimizing KL divergence

Approximation

—Likelihood p(ylf)
0.6/ | — Prior p(f)
Posterior p(fly)
Laplace q(fly)
EP q(fly)

-0.8

|
p(ylf)

Laplace peaks at posterior mode
EP has a more accurate placement of probability mass

10/22/2018
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GPC

Nonparametric classification based on Bayesian
methodology

Classification decision is directly made from
observed data

The computational cost is O(N?) in general, due to
the covariance matrix inversion. (DeepMind’s newly

proposed “Neural Processes” achieved O(N) by GP+NN)
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