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Abstract

Principal commnentanalysis(PCA) is a commally apgied technige
for dimersionality reduction. PCA implicitly minimizesa square loss
fundion, which may be inappopriatefor datathat is not real-\alued,
suchasbinaryvalueddata. This papemravsonideasfrom theExporen-
tial family, Generalizedinearmodels,andBregmandistancesto give a
genealizationof PCAto lossfunctionsthatwe armgue arebettersuitedto
otherdatatypes. We describealgorithms for minimizing the lossfunc-
tions,andgive exanpleson simulateddata.

1 Intr oduction

Principal compnentanalysis(PCA) is a hugely popular dimensiomlity reduction tech-

nigue that attemptsto nd a low-dimensionalsubspacepassingcloseto a given set of

points . More speci cally, in PCA,we nd alowerdimersionalsubspace

thatminimizes the sumof thesquaredlistance$rom thedatapoints  to theirprojectians
in thesubspace,e.,

@)

This turns out to be equivalent to choosinga subspae that maxmizes the sum of the
squaredengtls of the projectiors , which is the sameas the (empirical) variarce of
theseprojectiors if thedatahappensto be centeredattheorigin (sothat ).

PCA also hasanotter corvenientinterpretationthat is pertapslesswell known. In this
prokabilistic interpretation,eachpoint  is thoudht of asa randan drav from someun-
knowndistribution  ,where dendesaunit Gaussiamith mean . Thepurpose
thenof PCAisto nd thesetof paraméers thatmaximizeghelikelihoad of the
data,subjecto thecondition thattheseparanetersall lie in alow-dimensionakubspaceln
otherwords, areconsideedto benoise-coruptedversias of sometrue points

which lie in a subspacethe goalis to nd thesetrue points,andthe main as-
sumptionis thatthe noiseis Gaussian.The equivalenceof this interpretationto the ones
givenabove follows simply from the factthat negative log lik elihoad underthis Guassian
modé is equal(ignaring constats) to Eq. (1).

This Gaussiarassumptiormay be inappopriate for instanceif datais binary-valued, or
integervalued,or is nomegaive. In fact,the Gaussians only oneof the canmical distri-
butionsthatmake up the exponentialfamily, andit is a distribution tailoredto real-valued



data.ThePoissoris bettersuitedto integerdata,andthe Bernouli to binarydata.lt seems
naturd to considervariarns of PCA which arefounded upm theseotherdistributionsin
placeof the Gaussian.

We exterd PCA to the restof the exponentialfamily. Let be any parametazed set
of distributions from theexporentialfamily, where is the natual parameteof a distribu-
tion. For instancea one-dmensionalPoissordistribution canbe paraneterizechy ,
correspndirg to mean anddistribution

Givendata ,thegoalis nowv to nd parametes
whichlie in alow-dimensionakubspae andfor which thelog-lik elihood
is maximized

Our uni ed appoach effortlessly permits hybrid dimersionality rediction schemesn

which differert typesof distributions canbe usedfor different attributesof the data. If

thedata have afew binaryattributesanda few integervaluedattributes,thensomeco-
ordinatesof thecorrespading canbeparametes of binomialdistributionswhile others
are paranetersof Poissondistributions. (However, for simplicity of presentatin, in this
abstracive assumall distributionsareof the sametype.)

Thedimersionalityreductionschemegor non-Gaussiardistributions aresubstantiallydif-
ferentfrom PCA. For instancejn PCAtheparametes , which aremeansof Gaussians,
lie in a spacewhich coincides with thatof thedata . Thisis notthecasein generaland
therefae, althowghthe paraneters lie in alinearsubspacethey typically correspondo
anorlinear surfacein the spaceof the data.

The discrepany andinteradion betweenthe spaceof paraneters andthe spaceof the
data is acentralpreacupatia in the study of exponentialfamilies, gereralizedlinear
modds (GLM's), andBregmandistancesOur expositionis inevitably wovenarowund these
threeintimatelyrelatedsubjectsin particular we shav thatthewayin whichwe genealize
PCA s exactly analogusto the mannerin which regressioris genealizedby GLM's. In

this respectandin otherswhich will be elucidatedlater, it differs from othervariarts of

PCA recentlypropsedby LeeandSeund7], andby Hofmam [4].

We shaw thatthe optimizationprodem we derive canbe solvedquite naturallyby analgo-
rithm thatalternatelyminimizesover the compmentsof theanalysisandtheir coefcients;
thus, the algoiithm is reminiscentof Csisar and Tusrady s alternatingminizationproce-
dures[2]. In our case eachsideof the minimizationis a simplecornvex programthatcan
be interpietedas a projedion with respecto a suitableBregmandistance;however, the
overall programis not geneally corvex. In the caseof Gaussiardistributions, our algo-
rithm coincides exactly with the power methodfor computing eigervectors;in this senset
is a genealizationof oneof the oldestalgoithms for PCA. Although omittedfor lack of
spacewe canshav that our procedurecorvergesin thatary limit point of the computed
coefcientsis astationarypoint of thelossfundion. Moreover, aslightmod cation of the
optimizatian criterion guaanteegshe existenceof atleastonelimit poirt.

Somecomrrentson notation All vectorsin this paperarerow vectas. If  is a matrix,
wederoteits ‘throwby  andits 'thelementy

2 The Exponential Family, GLM" s,and Bregman Distances

2.1 The Exponential Family and GeneralizedLinear Models

In the exponential family of distributions the conditianal prokability of a value given
paranetervalue takesthefollowing form:

)



Here, isthe“naturalparaneter” of thedistribution, andcanusuallytake ary valuein the
reals. is afunction thatensuesthatthe sum(integrd) of over thedomain of
is 1. Fromthis it follows that .

Weuse todendethedomainof . Thesumisreplacedoy anintegral in the contiruous

case,where de nes adensityover . is atermthatdepend only on , andcan
usuallybeignored asa constanduring estimation.The maindifferencebetweerdifferent
membes of the family is the form of . We will seethatalmostall of the conceps of

the PCA algorithns in this paperstemdirectly from thede nition of

A rst exanpleis anormal distribution, with mean andunitvariancewhichhasadensity

thatis usuallywritten as . It canbeveri ed that
this is a membe of the exponentialfamily with o , ,
and . Anothercommoncaseis a Bernouli distribution for the caseof binary
outcames.In this case . Theprokability of is usuallywritten
where is aparaneterin . Thisis amemberof theexponentialfamily

with , —,and
A critical function is the derivative , which we will denoteas throudhout this
paper By differentiating , it is easilyveri ed that

, theexpedationof under . In thenormal distribution, , andin
theBernoullicase . Inthegeneal case, is referedto asthe“expectation

paraneter”,and de nesa function from the natual parametewralues to the expectation
paranetervalues.

Our genealizationof PCA is analogais to the manrer in which generalizedinear mod

els (GLM's) [8] provide a uni ed treatmentof regressionfor the exponential family by

genealizing least-squaresegressiorto lossfunctiors thatare more apprariatefor other
membes of this family. Theregressionset-upassumes trainingsampleof pairs,
where is a vectorof attributes,and is someresponsevariable. The pa-
rametersof the modelare a vecta . The dot prodtct is takento be an
apprximationof . In leastsquaregegressiorthe optimd parametes  aresetto be

In GLM's, is taken to appioximatethe expectatimn parameteiof the exponen-
tial model,where is the inverse of the “link function” [8]. A natur#d chdce is to use
the “canonical link”, where , beingthe derivative . In this casethe natural
paranetersare directly appoximatedby , andthe log-likelihood

is simply . In the caseof a nomal distribution
with x edvariarce, andit follows easilythatthe maximum-likelihood cri-
terionis equialentto the leastsquaes criterion. Another interestingcaseis logistic re-
gressiorwhere , andthe negaive log-likelihood for parametes  is

where if , if

2.2 BregmanDistancesand the Exponential Family

Let beadifferentiableandstrictly corvex function de ned onaclosed convex
set . TheBregmandistanceassociateavith  is de ned for to be
where . It canbeshawn that,in gener§ every Bregmandistances nonreg-

ative andis equal to zeroif andonly if its two agumentsareequal.

For the exponentialfamily the log-likelihood is directly relatedto a Bregman



[| normal | Bernoulli | Poisson

where

Tablel: Variows functiors of interestfor threemembersf the exponentialfamily

distance Speci cally, [1, 3] de ne a“dual” function through and :

3
It canbe shavn unde fairly geneal condtions that . Application of these

identitiesimplies that the negative log-likelihood of a point canbe expressedthrowgh a
Bregmandistancd1, 3]:

4
In otherwords,negative log-likelihood canalwaysbe written asa Bregmandistanceplus

a term thatis corstantwith respectto and which therefae canbe ignored. Table 1
summaizesvarious functiors of interestfor exanmplesof the exponentialfamily.

Wewill nd it usefulto extendtheideaof Bregmandistancedo divegen@sbetweenvec-
torsandmatriceslIf , arevectos,and , arematricesthenwe overloadthenotatian

as and . (The
notionof Bregmandistanceaswell asour generalizéion of PCA canbe extencedto vec-
torsin a more generamanner here,for simplicity, we restrictour attentionto Bregman

distancegandPCA prodemsof this particularform.)

3 PCA for the Exponential Family

We now generalizé®?CA to othermembes of the exponentialfamily. We wishto nd  's
thatare“close”tothe ‘'sandwhichbelongto alowerdimensimal subspacef paraméeer

space.Thus,our appr@chis to nd abasis in  andtorepresenheach as
thelinearcombnationof theseelements thatis “closest”to

Let bethe matrixwhose 'throwis .Let bethe matrixwhose 'th row
is ,andlet bethe matrix with elemess . Then isan matrix

whose 'throw is  asabove. This is a matrix of naturalparameteralueswhich de ne
the prohability of eachpointin

Following thediscussiorin Section2, we considetthelossfunctiontakingtheform

where is a constantermwhich will be droppedfrom hereon. Thelossfunctionvaries
depeuding on which membetrof the exponentialfamily is taken,which simply change the
form of . For examge, if  is a matrix of real values,andthe normal distribution is
appr@riatefor the data,then andthelosscriterionis the usualsquaredoss
for PCA. FortheBernodli distribution, . If wede ne ,

then



Fromtherelatiorshipbetweerog-likelihoodandBregmandistancegseeEq. (4)), theloss
canalsobewrittenas

(wherewe allow to be appliedto vecta's andmatricesin a pointwisemanrer). Once
and have beenfound for thedatapoirts, the 'th datapoint canberepresente
asthevector in thelower dimensioml space . Then arethe coefcients which
de ne aBregmanprojectian of thevecta

(®)

The generéized form of PCA canalsobe considerd to be searchfor a low dimensiosl
basis(matix ) whichde nesasurfacthatis closeto all thedatapoints . Wede ne the

setof points to be . Theoptimd valuefor  thenmin-
imizesthe sum of prgection distances: .
Notethatfor the normal distribution andthe Bregmandistances Euclideandis-
tancesothatthe projectionoperatia in Eq. (5) is a simplelinearprojedion ( ).

is alsosimpli ed in thenormal case simply beingthe hyperplare whosebasisis

To summaize, oncea memler of the exponentialfamily — andby implication a corvex
function — is chosenregularPCAis generalizd in thefollowing way:

Thelossfunction is negative log-ikelihood corstant.
Thematrix is takento bea matrix of natual paraméer values.
Thederivative of de nesamatrix of expectatim paraneters,

A fundion isderivedfrom and . A Bregmandistance s derivedfrom

Thelossis a sumof Bregman distancesrom theelements  to values

PCA canalsobethowht of assearchfor amatrix  thatde nesasurface which
is “close” to all thedatapoints.
Thenormal distributionis asimplecasebecause , andthedivergenceis Euclidean
distance Theprgectionopeationis alinearoperaion, and is thehyperplanewhich

has asits basis.

4 Generic Algorithms for Minimizing the LossFunction

We now describea geneit algorithmfor minimizatian of thelossfunction First, we con-
centrateonthesimplestcasewvhekethereis justasinglecompmentsothat . (Wedrop
the subscripfrom and .) Themethalisiterative,with aninitial randon choice for
thevalueof . Let , , etc.dendethevaluesatthe 'thiteration,andlet bethe
initial rancbm choice. We proposetheiterative upddes

and . Thus is alternatelyminimized with respectie to
its two arguments eachtime optimizing oneargumentwhile keepingthe otherone x ed,
reminiscehof CsisarandTusradys alternatingminizationprocedureq?2].

It is usefu to write theseminimizationprodemsasfollows:

For ,

For ,



We canthenseethatthereare optimizationprodems, andthat eachoneis essen-
tially identicalto a GLM regressionprodem (a very simple one,wherethereis a single
paraneterbeingoptimized over). Thesesub-poblens areeasilysolved, asthe functions
are corvex in the agumentbeing optimized over, andthe large literatule on maxinum-
likelihoad estimationin GLM's canbedirectly appliedto the prablem.

These updates take a simple form for the nor
mal distribution: , and Lt
followsthat , Where isascalarvalue. Themethal is thenequi-
alentto the power methal (seeJolliffe [5]) for nding the eigervector of with the

largest eigervalue, which is the bestsingle compamentsolutionfor . Thus the geneic
algorithm genealizesoneof the oldestalgoithmsfor solvingtheregular PCA problem

The lossis corvex in eitherof its agumentswith the other x ed, but in gereral is not
convex in thetwo argumentstogethe. This malkesit very dif cult to prove corvergenceto
theglobalminimum Thenormad distributionis aninterestingspecialcasean thisrespect—
thepower methal is known to cornverge to the optimalsolution,in spiteof the norncornvex
natureof the losssurface. A simple proof of this comesfrom propertiesof eigervectors
(Jolliffe [5]). It canalsobeexplainedby analysisof theHessian : for ary stationarypoint
which is not the global minimum,  is not positive semi-denite. Thusthesestationay
points are saddlepointsratherthanlocal minima. The Hessianfor the genealizedloss
function is more comgex; it remainsanopenprodem whethe it is alsonot positive semi-
de nite at stationarypoints otherthanthe global minimum It is alsoopento determire
unde which condtions this generc algorithmwill corverge to a global minimum. In
preliminary numerical studies,the algorithm seemsto be well behaed in this respect.

Moreover, ary limit pointof thesequene will beastationarypoint.

However, it is possiblefor this sequene to diverge sincethe optimum maybe at in nity .
To avoid suchdegereratechoicesof , we canuseamodi ed loss

where is asmall positive corstant,and  is ary valuein therange of (andtherefae

for which is nite). Thisis rougHy equialen to addinga conjwateprior and
nding themaximum a posterior solution.It canbeproved,for thismodi ed loss,thatthe
sequene remans in a bourdedregion andhencealwayshasat leastonelimit point

which mustbea stationarypoirnt. (All proofs omittedfor lack of space.)

Therearevarious waysto optimize thelossfunctionwhenthereis morethanonecompe
nent. We give onealgoiithm which cyclesthroughthe compnens, optimizing eachin
turnwhile the othersareheld x ed:

lnitiali zation
Set ,
/[Cyclethrough components times
For , :
//Now optimize the 'th componentwith other components xed
Initialize randomly andset
For corvergerce

For ,
For ,
Themod ed Bregmanprojectimsnow includeaterm  represeting thecontrikution of

the x edcompnents.Thesesub-ppblemsareagaina standarptimizationprodem
regading Bregmandistanceswheretheterms  form a“referenceprior”.
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Figurel: RegularPCA vs. PCAfor theexponentialdistribution.
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Figure2: Projectingfrom 3- to 1-dimersionalspaceyia Bernodli PCA. Left: thethree
points areprojectedontoa onedimensioml curve. Right: point  is added.

5 lllustrati ve examples

Exponential distrib ution. Ourgenealizationof PCA behaesratherdifferentlyfor differ-
entmembes of the exporentialfamily. Oneinterestingexampge is thatof the exponettial
distributions on nomegaive reals. For one-dimensionaldata,thesedensitiesare usually
written as , Where — is the mean.In the uniform systemof notationwe have been
using,we wouldinsteadndex eachdistribution by asinglenatura paraneter

(basically ), andwrite thedensityas , Where

Thelink functionin this caseis -, themeanof thedistribution.

Suppae we are given data andwantto nd the bestone-dmensioral ap-
proximation: avecta andcoefcients suchthatthe appioximation

hasminimum loss. The alternatingminimizatian procedire of the previous sec-
tion hasa simpleclosedform in this case consistingof theiterative updaterule

Herethe shorttand — derotesa commnentwiserecipgrocal,i.e., — — . Noticethe
similarity to theupdaterule of the power methodfor PCA: . Once isfound,
we canrecover the coefcients — The points lie onaline through
the origin. Normally, we would not expectthe points to alsolie on a straightline;
however, in this casethey do, becausary point of theform , canbewritten
as - - andsomustlie in thediredion -.

Therebre, we canreasonbly askhow thelinesfound unde this exporentialassumptia
differ from thosefoundundera Gaussiammssumptiorfthatis, thosefound by reguar PCA),
provided all datais nonregative. As a very simpleillustration, we condictedtwo toy ex-
perimens with twentydatapointsin -~ (Figure 1). In the rst, thepointsall lay veryclose



to aline, andthetwo versionsof PCA prodiwcedsimilar results.In the secondexpaiment,
a few of the pointsweremoved farthera eld, andtheseoutliershada larger effect upm
reguar PCAthanupam its exponentialvariant.

Bernoulli distribution. For the Bernoulli distribution, a linear subspacef the spaceof

paranetersis typically a norlinear surfacein the spaceof the data. In Figure 2 (left),

threepointsin thethreedimensioml hypercube aremappedvia our PCAto aone-
dimensimal curve. The curve passeshroughoneof the points( ); the projectiors of the
two other( and ) areindicated.Notice thatthe curve is symmeéric abait
thecenterof thehypercule, . In Figure2 (right), anotterpoint (D) is added

andcausesheappraximatingone-dmensionakurve to swene closerto it.

6 Relationshipto Previous Work

Lee and Seung[6, 7] and Hofmann [4] also describeprababilistic alternatves to PCA,
tailoredto datatypesthat are not gaussian.In contrastto our methal, [4, 6, 7] appoXx-
imate meanparaméersundetying the generatio of the datapoints, with constraintson
thematrices and ensuing thatthe elementsof arein the correctdomain By
insteadchoingto appoximatethe natual paraneters,in our methodthe matrices and
do notusuallyneedto be constraied—insteadwe rely onthelink function to givea
transfomedmatrix whichliesin thedomain of thedatapoirts.

More speci cally, Lee and Seung[6] usethe loss fundion

(ignaring constantactors andagan de ning ). Thisis optimizedwith the
constraibthat and shouldbepositive. This methodhasa probabilistic interpretation,
whereeachdatapoint  is geneatedfrom aPoissordistribution with meanparaneter

For the Poissondistribution, our methodusesthe lossfunction ,
but without ary corstraintsonthematrices and . Thealgorithmin Hofmam [4] uses
alossfunction , Wwherethematrices and areconstrainedsuchthat

allthe 'sarepositive, sothat

BishopandTipping [9] describeprobabilistic variantsof the gawssiancase. Tipping [10]
discusses modelthatis very similar to our casefor the Bernodli family.
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