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Abstract
Principalcomponentanalysis(PCA) is a commonly applied technique
for dimensionality reduction. PCA implicitly minimizesa squared loss
function, which may be inappropriatefor datathat is not real-valued,
suchasbinary-valueddata.ThispaperdrawsonideasfromtheExponen-
tial family, Generalizedlinearmodels,andBregmandistances,to give a
generalizationof PCAto lossfunctionsthatwearguearebettersuitedto
otherdatatypes. We describealgorithms for minimizing the lossfunc-
tions,andgiveexamplesonsimulateddata.

1 Intr oduction

Principalcomponentanalysis(PCA) is a hugelypopular dimensionality reduction tech-
nique that attemptsto �nd a low-dimensionalsubspacepassingcloseto a given set of
points �����	�
�
�	���
������� . Morespeci�cally, in PCA,we �nd a lowerdimensionalsubspace
thatminimizes thesumof thesquareddistancesfrom thedatapoints ��� to theirprojections

�

� in thesubspace,i.e.,
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��� �

� (1)

This turns out to be equivalent to choosinga subspace that maximizes the sum of the
squaredlengths of the projections

�

� , which is the sameas the (empirical) variance of
theseprojections if thedatahappensto becenteredat theorigin (sothat �

�

�
����� ).

PCA alsohasanother convenientinterpretationthat is perhapslesswell known. In this
probabilistic interpretation,eachpoint � � is thought of asa random draw from someun-
knowndistribution !

�#" , where!

� denotesaunitGaussianwith mean
�

�$�%� . Thepurpose
thenof PCAis to �nd thesetof parameters

�

�&�
�	�
�
�

�

� thatmaximizesthelikelihood of the
data,subjectto thecondition thattheseparametersall lie in alow-dimensionalsubspace. In
otherwords, �

�
�
�	�
�	���

� areconsideredto benoise-corruptedversionsof sometruepoints
�

�
�	�
�	�'�

�

� which lie in a subspace;thegoal is to �nd thesetruepoints,andthemainas-
sumptionis that thenoiseis Gaussian.Theequivalenceof this interpretationto the ones
givenabove follows simply from thefact thatnegative log likelihood underthis Guassian
model is equal(ignoring constants) to Eq.(1).

This Gaussianassumptionmay be inappropriate, for instanceif datais binary-valued, or
integer-valued,or is nonnegative. In fact,theGaussianis only oneof thecanonical distri-
butionsthatmake up theexponentialfamily, andit is a distribution tailoredto real-valued



data.ThePoissonis bettersuitedto integerdata,andtheBernoulli to binarydata.It seems
natural to considervariants of PCA which arefoundedupon theseotherdistributionsin
placeof theGaussian.

We extend PCA to therestof theexponentialfamily. Let
�

!

�

� beany parameterizedset
of distributions from theexponentialfamily, where

�

is thenatural parameterof adistribu-
tion. For instance,a one-dimensionalPoissondistribution canbeparameterizedby � � � ,
corresponding to mean� ����� anddistribution !
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� � Givendata� � �
�	�
�'� � � �$��� , thegoalis now to �nd parameters
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� �	�
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�	�

�
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which lie in a low-dimensionalsubspace andfor which thelog-likelihood �

�������
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is maximized.

Our uni�ed approach effortlessly permits hybrid dimensionality reduction schemesin
which different typesof distributionscanbe usedfor different attributesof the data. If
thedata � � have a few binaryattributesanda few integer-valuedattributes,thensomeco-
ordinatesof thecorresponding

�

� canbeparameters of binomialdistributionswhile others
areparametersof Poissondistributions. (However, for simplicity of presentation, in this
abstractwe assumeall distributionsareof thesametype.)

Thedimensionalityreductionschemesfor non-Gaussiandistributionsaresubstantiallydif-
ferentfrom PCA.For instance,in PCA theparameters

�

� , which aremeansof Gaussians,
lie in a spacewhich coincides with thatof thedata� � . This is not thecasein general,and
therefore,although theparameters

�

� lie in a linearsubspace,they typically correspondto
a nonlinear surfacein thespaceof thedata.

The discrepancy andinteraction betweenthe spaceof parameters
�

andthe spaceof the
data � is a centralpreoccupation in the studyof exponentialfamilies,generalizedlinear
models (GLM's),andBregmandistances.Ourexpositionis inevitably wovenaroundthese
threeintimatelyrelatedsubjects.In particular, weshow thatthewayin whichwegeneralize
PCA is exactly analogousto themannerin which regressionis generalizedby GLM's. In
this respect,andin otherswhich will be elucidatedlater, it differs from othervariants of
PCA recentlyproposedby LeeandSeung[7], andby Hofmann [4].

Weshow thattheoptimizationproblemwederivecanbesolvedquitenaturallyby analgo-
rithm thatalternatelyminimizesover thecomponentsof theanalysisandtheircoef�cients;
thus,thealgorithm is reminiscentof Csisźar andTusńady's alternatingminizationproce-
dures[2]. In our case,eachsideof theminimizationis a simpleconvex programthatcan
be interpretedasa projection with respectto a suitableBregmandistance;however, the
overall programis not generally convex. In the caseof Gaussiandistributions, our algo-
rithm coincides exactlywith thepowermethodfor computingeigenvectors;in this senseit
is a generalizationof oneof theoldestalgorithms for PCA. Although omittedfor lack of
space,we canshow thatour procedureconvergesin thatany limit point of thecomputed
coef�cients is astationarypointof thelossfunction. Moreover, aslightmodi�cation of the
optimization criterion guaranteestheexistenceof at leastonelimit point.

Somecommentson notation: All vectorsin this paperarerow vectors. If  is a matrix,
we denoteits ! ' th row by "

� andits !�# ' th elementby $
�&% .

2 The Exponential Family, GLM' s,and BregmanDistances

2.1 The Exponential Family and GeneralizedLinear Models

In the exponential family of distributions the conditional probability of a value ' given
parametervalue � takesthefollowing form:
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Here, � is the“naturalparameter”of thedistribution, andcanusuallytake any valuein the
reals. .
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is a function thatensuresthatthesum(integral) of !

�

'

�

�

	

over thedomain of
' is 1. Fromthis it follows that .
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�
� .

We use
�

to denote thedomainof ' . Thesumis replacedby anintegral in thecontinuous
case,where ! de�nes a densityover

�
. ! * is a term that depends only on ' , andcan

usuallybeignored asa constantduring estimation.Themaindifferencebetweendifferent
members of thefamily is theform of .

�

�

	

. We will seethatalmostall of theconcepts of
thePCA algorithms in thispaperstemdirectly from thede�nition of . .

A �rst exampleis anormal distribution, with mean� andunit variance, whichhasadensity
that is usuallywritten as

�(�)�
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� � 	

�

� � . It canbeveri�ed that
this is a member of theexponentialfamily with
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� � , � � � ,
and .
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� �

�

� � . Anothercommoncaseis a Bernoulli distribution for thecaseof binary
outcomes.In this case

�
�

� �

��� � . Theprobability of ' �

�
is usuallywritten !

�

'

� ��	
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� 	
�
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where

�
is aparameterin � �

����� . This is amemberof theexponentialfamily
with ! *
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�(�)���
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� � , and .
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.

A critical function is the derivative .�� �

�

	

, which we will denoteas � �

�

	

throughout this
paper. By differentiating.
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�
� , it is easilyveri�ed that � �
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�� � '

�

�
� , theexpectationof ' under!

�

'

�
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. In thenormal distribution,
� � '

�

�
� � � , andin
theBernoullicase

� � '

�

�
� �

�
. In thegeneral case,

� � '

�

�
� is referredto asthe“expectation
parameter”, and � de�nesa function from thenatural parametervalues to theexpectation
parametervalues.

Our generalizationof PCA is analogous to the manner in which generalizedlinear mod-
els (GLM's) [8] provide a uni�ed treatmentof regressionfor the exponential family by
generalizing least-squaresregressionto lossfunctions thataremore appropriatefor other
members of this family. Theregressionset-upassumesa trainingsampleof

�

� � ��� �

	

pairs,
where �

�
� �

� is a vectorof attributes,and � �
� � is someresponsevariable. The pa-

rametersof the modelarea vector � � � � . The dot product ��� � � is taken to be an
approximationof � � . In leastsquaresregressionthe optimal parameters ��� areset to be� ���! #"

�%$'&)( � � �+* �

�

� � �

� �,�'� �

	

�

.

In GLM's, - � �.� � �

	

is taken to approximatethe expectation parameterof the exponen-
tial model,where - is the inverseof the “link function” [8]. A natural choice is to use
the “canonical link”, where - � � , � beingthederivative ./� �

�

	

. In this casethenatural
parametersaredirectly approximatedby ��� � � , and the log-likelihood �

�������
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� � �
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is simply �

� �(�)�

!
*

� � �

	 + � �0�1� �
�

� .

� �2� �
�

	

. In the caseof a normal distribution
with �x edvariance, .

�

�

	

�
�

�

�
� andit follows easilythat themaximum-likelihood cri-

terion is equivalent to the leastsquarescriterion. Another interestingcaseis logistic re-
gressionwhere .

�

�

	

�

�(�)�

�

�

+

���

	

, andthenegative log-likelihood for parameters � is

�

� �����

3
�

+

�)�54�6 " �87 9 ";:
where� �

�

�
� if � � �

� , � �
�

�

�

� if � � �

�

.

2.2 BregmanDistancesand the Exponential Family

Let <>=@?BA � beadifferentiableandstrictly convex function de�nedonaclosed,convex
set ?DC � . TheBregmandistanceassociatedwith < is de�ned for

�
�FE%�G? to be

HJI �K�ML E 	

�

� < �K��	
� < � E 	

�ON � E 	 �P�
� E 	

whereN �

'

	

� < � �

'

	

. It canbeshown that,in general, every Bregmandistanceis nonneg-
ativeandis equal to zeroif andonly if its two argumentsareequal.

For theexponentialfamily the log-likelihood
�����
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is directly relatedto a Bregman
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Table1: Various functions of interestfor threemembersof theexponentialfamily

distance.Speci�cally, [1, 3] de�ne a “dual” function < through . and � :
< � � �
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� (3)

It canbeshown under fairly general conditions that N �

'

	

� � �

�

�

'

	

. Application of these
identitiesimplies that the negative log-likelihood of a point canbe expressedthrough a
Bregmandistance[1, 3]:
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� < �
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+ H I �
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L � �
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� (4)

In otherwords,negative log-likelihoodcanalwaysbewritten asa Bregmandistanceplus
a term that is constantwith respectto � and which therefore can be ignored. Table 1
summarizesvarious functions of interestfor examplesof theexponentialfamily.

We will �nd it usefulto extendtheideaof Bregmandistancesto divergencesbetweenvec-
torsandmatrices.If � , N arevectors,and O , P arematrices,thenweoverloadthenotation
as
H I �

�

L N 	

�
�

�

H I �

'
�

L � �

	

and
H I � O L P 	

�
�

�

�

%

H I �*Q
� %

LSR
� %

	

. (The
notionof Bregmandistanceaswell asour generalization of PCA canbeextendedto vec-
tors in a more general manner; here,for simplicity, we restrictour attentionto Bregman
distancesandPCA problemsof thisparticularform.)

3 PCA for the Exponential Family

We now generalizePCA to othermembers of theexponentialfamily. We wish to �nd
�

� 's
thatare“close” to the ��� 'sandwhichbelongto a lowerdimensionalsubspaceof parameter
space.Thus,our approachis to �nd a basisT �&�
�	�
�
��TVU in ��� andto represent each

�

� as
thelinearcombinationof theseelements

�

�
�

�XW Q �

W T W thatis “closest”to � � .

Let Y bethe
�[Z]\

matrixwhose! ' th row is � � . Let ^ bethe _ Z`\ matrixwhosea ' th row
is T W , andlet O bethe

�bZ _ matrixwith elements
Q

�

W . Then c � OG^ is an
�bZd\

matrix
whose! ' th row is

�

� asabove. This is a matrix of naturalparametervalueswhich de�ne
theprobability of eachpoint in Y .

Following thediscussionin Section2, weconsiderthelossfunction takingtheform
e � ^ ��O 	
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�����
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� Y � O ��^ 	
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�����
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�&%

	

�Xf +

�
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�

%

�

�

'
�&%

�
� %

+

.

�

�
� %

	 	

where f is a constanttermwhich will bedroppedfrom hereon. Thelossfunctionvaries
dependingonwhichmemberof theexponentialfamily is taken,whichsimplychanges the
form of . . For example, if Y is a matrix of real values,andthe normal distribution is
appropriatefor thedata,then .

�

�

	

�
�

�

�
� andthelosscriterionis theusualsquaredloss

for PCA.For theBernoulli distribution, .

�

�
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�(�)�
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+
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. If wede�ne ' �
�&%

�
� '

�&%

�

� ,
then

e � ^ ��O 	
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Fromtherelationshipbetweenlog-likelihoodandBregmandistances(seeEq.(4)), theloss
canalsobewrittenase � ^ ��O 	

�

�

�

�

%

H I �

' �&%

L � �

� � %

	 	

�

�

�

H I �

� �

L � �

�

�

	�	

(wherewe allow � to beappliedto vectors andmatricesin a pointwisemanner). Once ^
and O have beenfound for thedatapoints, the ! ' th datapoint � � � ��� canberepresented
as the vector � � in the lower dimensional space�

U . Then � � arethe coef�cients which
de�ne aBregmanprojection of thevector � � :

� � �  �"
� $'& (� �

�

� H I �

� �

L � � �3^ 	 	

� (5)

Thegeneralized form of PCA canalsobeconsidered to besearchfor a low dimensional
basis(matrix ^ ) whichde�nesasurfacethatis closeto all thedatapoints � � . Wede�ne the

setof points
� � ^ 	

to be
� � ^ 	

�

�
� � �3^ 	�� �$�$�

U��
. Theoptimal valuefor ^ thenmin-

imizes the sumof projection distances: ^ � �  �"
� $ &)(�� �

�
$'&)(�	 ��
 � � � H I �

� �

L�� 	

.
Notethatfor thenormal distribution � �

�

	

� � andtheBregmandistanceis Euclideandis-
tancesothattheprojectionoperation in Eq.(5) is a simplelinearprojection ( � �

�
�
� ^�
 ).� � ^ 	

is alsosimpli�ed in thenormal case,simplybeingthehyperplanewhosebasisis ^ .

To summarize, oncea member of theexponentialfamily — andby implicationa convex
function .

�

�

	

— is chosen,regularPCA is generalized in thefollowing way:� Thelossfunction is negative log-likelihood, �

�����

!

�

'

�

�

	

�

�

'-�

+

.

�

�

	 +

constant.� Thematrix c � OE^ is takento beamatrixof natural parameter values.� Thederivative � �

�

	

of .

�

�

	

de�nesa matrixof expectation parameters,� � OG^ 	

.� A function < is derived from . and � . A Bregmandistance
H I

is derivedfrom < .� Thelossis a sumof Bregman distancesfrom theelements' � % to values� �

� � %

	

.� PCA canalsobethought of assearchfor a matrix ^ thatde�nesa surface
� � ^ 	

which
is “close” to all thedatapoints.

Thenormal distributionis asimplecasebecause� �

�

	

�
� , andthedivergenceis Euclidean

distance.Theprojectionoperationis a linearoperation, and
� � ^ 	

is thehyperplanewhich
haŝ asits basis.

4 Generic Algorithms for Minimizing the LossFunction

We now describea generic algorithmfor minimization of thelossfunction. First, we con-
centrateonthesimplestcasewherethereis justasinglecomponentsothat _ �

� . (Wedrop
the a subscriptfrom

Q
�

W and� %

W .) Themethod is iterative,with aninitial random choicefor
thevalueof ^ . Let ^ ��� � , O ��� � , etc.denotethevaluesatthe � ' th iteration,andlet ^ � *

�
bethe

initial random choice. We proposethe iterative updates O ��� � �D #"
� $ &)(�� e � ^ ��� �

�

�
��O 	

and ^ ��� � �  #"
� $ &)(�� e � ^ ��O ��� � 	

. Thus
e

is alternatelyminimized with respective to
its two arguments,eachtime optimizing oneargumentwhile keepingtheotherone�x ed,
reminiscent of Csisźar andTusńady's alternatingminizationprocedures[2].

It is useful to write theseminimizationproblemsasfollows:

For !
�

� �
�
�

�

,
Q ��� �

�

�! �"
�%$'&)(�� �

�

�

%

H I 3
'

�&%

L � � Q � ��� �

�

�
%

	

:

For #
�

� �
�
�

\
, � ��� �

%

�! �"
�%$'&)(�� �

�

�

�

H I 3
'

� %

L � �*Q ��� �
�

� 	

:
.



We canthenseethat thereare
� + \

optimizationproblems,andthat eachoneis essen-
tially identicalto a GLM regressionproblem (a very simpleone,wherethereis a single
parameterbeingoptimizedover). Thesesub-problems areeasilysolved,asthe functions
areconvex in the argumentbeingoptimized over, andthe large literature on maximum-
likelihood estimationin GLM'scanbedirectlyappliedto theproblem.

These updates take a simple form for the nor-

mal distribution: O ��� � � Y � ^ ��� �

�

� 	 

�

��� ^ ��� �

�

� ���

�

, and ^ ��� � �

� O ��� � 	 
 Y �

� � O ��� � � �

�

. It
followsthat ^ ��� � � ^ ��� �

�

� Y 
 Y ��f , wheref is ascalarvalue.Themethod is thenequiv-
alentto the power method (seeJolliffe [5]) for �nding theeigenvectorof Y 
 Y with the
largest eigenvalue,which is the bestsinglecomponentsolutionfor ^ . Thus the generic
algorithm generalizesoneof theoldestalgorithmsfor solvingtheregularPCA problem.

The loss is convex in eitherof its argumentswith the other �x ed, but in general is not
convex in thetwo argumentstogether. This makesit verydif�cult to prove convergenceto
theglobalminimum. Thenormal distributionis aninterestingspecialcasein thisrespect—
thepowermethod is known to converge to theoptimalsolution,in spiteof thenon-convex
natureof the losssurface. A simpleproof of this comesfrom propertiesof eigenvectors
(Jolliffe [5]). It canalsobeexplainedbyanalysisof theHessian

�
: for any stationarypoint

which is not the global minimum,
�

is not positive semi-de�nite. Thusthesestationary
pointsaresaddlepointsratherthan local minima. The Hessianfor the generalized loss
function is more complex; it remainsanopenproblem whether it is alsonotpositivesemi-
de�nite at stationarypoints otherthanthe global minimum. It is alsoopento determine
under which conditions this generic algorithm will converge to a global minimum. In
preliminary numerical studies,the algorithm seemsto be well behaved in this respect.
Moreover, any limit pointof thesequence c ��� � � O ��� � ^ ��� � will beastationarypoint.

However, it is possiblefor this sequence to diverge sincetheoptimum maybeat in�nity .
To avoid suchdegeneratechoicesof c , wecanuseamodi�ed loss

�

�

�

%

� H I �

'
�&%

L � �

�
� %

	 	 +�� H I � � *

L � �

�
� %

	 	 �
where

�
is a small positive constant,and ��* is any valuein the range of � (andtherefore

for which � �

�

� �
*

	

is �nite). This is roughly equivalent to addinga conjugateprior and
�nding themaximum aposteriori solution.It canbeproved,for thismodi�ed loss,thatthe
sequence c ��� � remains in a boundedregion andhencealwayshasat leastonelimit point
whichmustbea stationarypoint. (All proofsomittedfor lackof space.)

Therearevariouswaysto optimize thelossfunctionwhenthereis morethanonecompo-
nent. We give onealgorithm which cyclesthroughthe _ components, optimizing eachin
turnwhile theothersareheld�x ed:

//Initiali zation
Set � 7��

, � 7��
//Cycle thr ough � components	 times

For 
 7 �0����������	 , � 7 �	���������
� :
//Now optimize the � 'th componentwith other components�xed

Initialize �
&�� +� randomly, andset ��� � 7

������ ��� � ����� �
For  7 �0��������� convergence

For ! 7 �0���������"
 , �
&$# +� � 7�%�& �('*)$+-,�.

�

� �
< = 3 - � � @ $ � � � &$# 9 ' +� �  /� � � �

:

For 0 7 � �����"1 , � &$# +� � 7�%�& �('*)$+32 .
�

� �
< = 3 - � � @ $ � � &�# +� � �  /� � � �

:

Themodi�ed Bregmanprojectionsnow includea term 4 �&% representing thecontributionof
the _ �

� �x edcomponents.Thesesub-problemsareagainastandardoptimizationproblem
regardingBregmandistances,wheretheterms4 � % form a “referenceprior”.
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Figure1: RegularPCA vs. PCA for theexponentialdistribution.

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
0

0.2

0.4

0.6

0.8

1

A 

C' 

B 

B' 

C 

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
0

0.2

0.4

0.6

0.8

1

C 

C' D 

B 

B' 

A 

D' 

Figure2: Projectingfrom 3- to 1-dimensionalspace,via Bernoulli PCA. Left: the three
points �%�

H
�
f areprojectedontoa one-dimensional curve. Right: point � is added.

5 Illustrati veexamples
Exponential distrib ution. Ourgeneralizationof PCAbehavesratherdifferently for differ-
entmembers of theexponential family. Oneinterestingexample is thatof theexponential
distributions on nonnegative reals. For one-dimensionaldata,thesedensitiesareusually
written as � � ��� � , where �

� is themean.In theuniform systemof notationwe have been
using,wewouldinsteadindex eachdistributionby asinglenatural parameter� �

�

���
�

��	

(basically, �
�

� � ), andwrite thedensityas !

�

�

'

	

� � �

�
���
�

�

�
, where.

�

�

	

�

�

�)( �

�

�

	

.
Thelink function in thiscaseis � �

�

	

�

�

�

�

, themeanof thedistribution.

Suppose we are given data Y � �

�
	
� and want to �nd the bestone-dimensional ap-

proximation: a vector T andcoef�cients � suchthat theapproximation �
��� � � Q

� T 	

� !
�

� �	�
�	�'�

�

� hasminimum loss. Thealternatingminimization procedureof theprevioussec-
tion hasa simpleclosedform in thiscase,consistingof theiterativeupdaterule

�

T



�

�

\ Y�� � �

Y]T �

Heretheshorthand �� denotesa componentwisereciprocal, i.e.,
�

���� �	�
�
�	�

�� *
	

. Notice the
similarity to theupdateruleof thepowermethodfor PCA: T 
 Y � Y]T . OnceT is found,
we canrecover thecoef�cients � �

�

\ � �� � � Thepoints
�

�
�

Q
� T lie on a line through

the origin. Normally, we would not expectthepoints � �

�

�

	

to alsolie on a straightline;
however, in this casethey do,becauseany point of theform � �*Q T 	

�

Q
� � , canbewritten

as �

�� � �� andsomustlie in thedirection �� .

Therefore,we canreasonably askhow the lines found under this exponential assumption
differ from thosefoundunderaGaussianassumption(thatis, thosefound by regular PCA),
providedall datais nonnegative. As a very simpleillustration,we conductedtwo toy ex-
perimentswith twentydatapoints in �

�

(Figure1). In the�rst, thepointsall lay veryclose



to a line, andthetwo versionsof PCA producedsimilar results.In thesecondexperiment,
a few of thepointsweremoved farthera�eld, andtheseoutliershada largereffect upon
regular PCA thanupon its exponentialvariant.

Bernoulli distrib ution. For the Bernoulli distribution, a linear subspaceof the spaceof
parametersis typically a nonlinear surfacein the spaceof the data. In Figure 2 (left),
threepointsin thethree-dimensional hypercube

� �

� � ��� aremappedvia ourPCA to aone-
dimensional curve. Thecurve passesthroughoneof thepoints( � ); theprojections of the
two other(

H A H � and f A f � ) areindicated.Noticethatthecurve is symmetric about
thecenterof thehypercube,

�

� � � ��� � � � � � �

	

. In Figure2 (right),anotherpoint(D) is added,
andcausestheapproximatingone-dimensionalcurveto swervecloserto it.

6 Relationship to Previous Work
Lee andSeung[6, 7] andHofmann [4] also describeprobabilistic alternatives to PCA,
tailoredto datatypesthat arenot gaussian.In contrastto our method, [4, 6, 7] approx-
imatemeanparametersunderlying the generation of the datapoints,with constraintson
the matricesO and ^ ensuring that the elementsof OG^ are in the correct domain. By
insteadchoosingto approximatethenatural parameters,in ourmethodthematricesO and
^ do not usuallyneedto beconstrained—instead,we rely on thelink function � to give a
transformedmatrix � � OG^ 	

which lies in thedomain of thedatapoints.

More speci�cally, Lee and Seung[6] usethe loss function �

�

�

%

�

�

'
�&%

�(�)�

�
� %

+

�
�&%

	

(ignoringconstantfactors,andagain de�ning �
�&% �

� W Q �

W � W % ). Thisis optimizedwith the
constraint that O and ^ shouldbepositive. Thismethodhasa probabilistic interpretation,
whereeachdatapoint '

�&% is generatedfromaPoissondistribution with meanparameter�
� % .

For thePoissondistribution, our methodusesthe lossfunction
�

�

�

%

�
�

'
� %

�
�&%

+

� �

"�g��
,

but without any constraintson thematricesO and ^ . Thealgorithmin Hofmann [4] uses
a lossfunction �

�

�

%

'
�&%

�(�)�

�
� % , wherethematricesO and ^ areconstrainedsuchthat

all the �
� % 's arepositive, sothat �

��� %

�
� % �

� .

BishopandTipping [9] describeprobabilistic variantsof thegaussiancase.Tipping [10]
discussesamodelthatis verysimilar to ourcasefor theBernoulli family.
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