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1 In tro duction

The following quotation, from the Prefaceof [Jor99], providesa very conciseintro duction to graphical models.

Graphical models are a marriage betweenprobabilit y theory and graph theory. They provide
a natural tool for dealing with two problems that occur throughout applied mathematics and
engineering{ uncertainty and complexity { and in particular they are playing an increasingly
important role in the design and analysis of machine learning algorithms. Fundamental to the
idea of a graphical model is the notion of modularit y { a complex system is built by combining
simpler parts. Probabilit y theory provides the glue whereby the parts are combined, ensuring
that the system as a whole is consistent, and providing ways to interface models to data. The
graph theoretic sideof graphical modelsprovidesboth an intuitiv ely appealing interfaceby which
humanscan model highly-in teracting setsof variablesaswell asa data structure that lends itself
naturally to the designof e�cien t general-purposealgorithms.

Many of the classicalmultiv ariate probabalistic systemsstudied in �elds such as statistics,
systemsengineering,information theory, pattern recognition and statistical mechanicsare special
casesof the generalgraphical model formalism { examplesinclude mixture models,factor analysis,
hidden Markov models,Kalman �lters and Ising models. The graphical model framework provides
a way to view all of thesesystemsas instancesof a commonunderlying formalism. This view has
many advantages{ in particular, specializedtechniquesthat have beendeveloped in one�eld can
be transferred betweenresearch communities and exploited more widely. Moreover, the graphical
model formalism provides a natural framework for the designof new systems.

In this paper, we will 
esh out this remark by discussingthe following topics:

� Representation: how can a graphical model compactly represent a joint probabilit y distribution?

� Inference: how can we e�cien tly infer the hidden states of a system, given partial and possibly noisy
observations?

� Learning: how do we estimate the parametersand structure of the model?

� Decision theory: what happenswhen it is time to convert beliefs into actions?

� Applications: what has this machinery beenusedfor?
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Figure 1: A simple Bayesiannetwork, adapted from [RN95].

2 Represen tation

Probabilistic graphical models are graphs in which nodes represent random variables, and the (lack of)
arcs represent conditional independenceassumptions. Hencethey provide a compact representation of joint
probabilit y distributions, as we will seebelow. For example, if we have N binary random variables, an
\atomic" representation of the joint, P(X 1; : : : ; X N ), needsO(2N ) parameters, whereasa graphical model
may need exponentially fewer, depending on which conditional assumptionswe make. This can help both
inferenceand learning, as we explain below.

There are two main kinds of graphical models: undirected and directed. Undirected graphical models, also
known as Markov networks or Markov random �elds (MRFs), are more popular with the physicsand vision
communities. (Log-linear models are a special caseof undirected graphical models, and are popular in
statistics.) Directed graphical models, also known as Bayesiannetworks (BNs), belief networks, generative
models, causalmodels, etc. are more popular with the AI and machine learning communities. (Note that,
despite the name, Bayesiannetworks do not necessarilyimply a commitment to Bayesianmethods; rather,
they are socalled becausethey useBayes' rule for inference,aswe will seebelow.) It is alsopossibleto have
a model with both directed and undirected arcs, which is called a chain graph.

2.1 Directed graphical models

In a directed graphical model (i.e., a Bayesiannetwork), an arc from A to B can be informally interpreted
as indicating that A \causes" B.1 Hencedirected cyclesare disallowed.

Consider the example in Figure 1. Here, nodes represent binary random variables. We seethat the event
\grass is wet" (W =true) has two possiblecauses:either the water sprinker is on (S=true) or it is raining
(R=true). The strength of this relationship is shown in the table below W ; this is called W 's conditional

1Seethe following books for a more detailed discussion of the use of Bayes nets for causal modelling: [Pea00, SGS00, GC99,
Shi00].
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Figure 2: Factor analysis represented as a Bayesiannetwork.

probabilit y table (CPT). For example, we seethat P(W = tr uejS = tr ue;R = f alse) = 0:9 (secondentry
of secondrow), and hence,P(W = f alsejS = tr ue;R = f alse) = 1 � 0:9 = 0:1, sinceeach row must sum to
one. Sincethe C node has no parents, its CPT speci�es the prior probabilit y that it is cloudy (in this case,
0.5).

The simplest statement of the conditional independencerelationships encoded in a Bayesian network can
be stated as follows: a node is independent of its ancestorsgiven its parents, where the ancestor/parent
relationship is with respect to some�xed topological ordering of the nodes. Let us seehow we can usethis
fact to specify the joint distribution more compactly.

By the chain rule of probabilit y, the joint probabilit y of all the nodesin Figure 1 is

P(C; S;R; W ) = P(C) � P(SjC) � P(RjC; S) � P(W jC; S;R)

By using conditional independencerelationships, we can rewrite this as

P(C; S;R; W ) = P(C) � P(SjC) � P(RjC) � P(W jS;R)

where we were allowed to simplify the third term becauseR is independent of S given its parent C (written
R ?? SjC), and the last term becauseW ?? CjS;R.

We can seethat the conditional independencerelationships allow us to represent the joint more compactly.
Here the savings are minimal, but in general, if we had n binary nodes, the full joint would require O(2n )
parameters, but the factored form would only require O(n2k ) parameters, where k is the maximum fan-in
of a node.

We will now show how many popular statistical models can be represented as directed graphical models.

2.1.1 PCA, ICA, and all that

In the aboveexample,the nodesrepresented discreterandom variables. It is alsopossiblethat they represent
continuous random variables. In this case,we must specify the conditional probabilit y distribution (CPD)
of a node given its parents in parametric form. A common example is a Gaussian. Consider the example in
Figure 2(a): this represents the model P(X ; Y ) = P(X )P(Y jX ). Y is observed (hence it is shown shaded),
but X is hidden. The goal will be to infer X given Y (i.e., to \in vert the causalarrow"); we will discusshow
to do this in Section 3. Another goal will be to estimate the parameters; we will discussthis in Section 4.
For now, we just concentrate on the semantics of the model.
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Figure 3: (a) Mixtures of factor analysis. (b) Independent factor analysis.

If we let the prior distribution on X be P(X = x) = N (x; 0; I ), and the conditional distribution on Y be
P(Y = yjX = x) = N (y; � + W x; 	), where 	 is a diagonal matrix, then this model is called factor analysis.
(The notation N (x; �; �) meansthe value of a Gaussianpdf with mean � and covariance � evaluated at the
point (vector) x.) We usually assumethat n � m, where X 2 IRn and Y 2 IRm , so the model is trying to
explain a high dimensional vector as a linear combination of low dimensional features.

A common simpli�cation is to assumeisotropic noise, i.e., 	 = � I , for some scalar � . In this case, the
components of the vectors X and Y are uncorrelated, which we can explicitely represent using the model in
Figure 2(b). It turns out that the maximum likelihood estimate of the factor loading matrix W in this case
is given by the �rst m principle eigenvectors of the sample covariance matrix, with scalingsdetermined by
the eigenvaluesand sigma. ClassicalPCA can be obtained by taking the � ! 0 limit [TB99, RG99].

We can lift the restrictiv e assumption of linearit y by modelling Y as a mixture of linear subspaces[TB99].
This model is is shown in Figure 3(a). Q is a discrete latent (hidden) variable, that indicates which of the
subspacesto useto generateY .2 Mathematically, this can be written as

P(Q = i ) = � i

P(X = x) = N (x; 0; I )

P(Y = yjX = x; Q = i ) = N (y; � i + Wi x; 	 i )

Similarly, we can lift the restrictiv eassumptionof Gaussiannoiseby modelling the prior on X asa mixture of
Gaussians.One way to do this, known as independent factor analysis(IFA) [Att98], is shown in Figure 3(b).
(Technically, this is a chain graph: the undirected arcs betweenthe components of Y indicate that they are
correlated, i.e., that 	 is not diagonal). This model is closely related to independent components analysis
(ICA).

2.1.2 HMMs, Kalman �lters, and all that

Consider the Bayesian network in Figure 4(a), which represents a hidden Markov model (HMM). This
encodesthe joint distribution

P(Q; Y) = P(Q1)P(Y1 jQ1)
4Y

t =2

P(Qt jQt � 1)P(Yt jQt )

2 In this paper, we adopt the (non-standard) convention that square nodes represent discrete random variables, and circles
represent contin uous random variables. We also use the (standard) convention that shaded nodes are observed, and clear nodes
are (usually) hidden.
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Figure 4: (a) A hidden Markov model (HMM) unrolled for 4 time slices. (b) An HMM wherethe parameters
are explicitely shown (dotted circles). P1 represents � , P2 represents the transition matrix, and P3 represents
the parameters for the observation model.

For a sequenceof length T , we simply \unroll" the model for T time steps. In general, such a dynamic
Bayesiannetwork (DBN) can be speci�ed by just drawing two time slices(this is sometimescalled a 2TBN)
| the structure (and parameters) are assumedto repeat.

The Markov property statesthat the future is independent of the past given the present, i.e., Qt +1 ?? Qt � 1jQt .
We can parameterize this Markov chain using a transition matrix, M ij = P(Qt +1 = j jQt = i ), and a prior
distribution, � i = P(Q1 = i ).

We have assumedthat this is a homogeneousMarkov chain, i.e., the parameters do not vary with time.
This assumption can be made explicit by representing the parameters as nodes (see Figure 4(b)). If we
think of theseparametersas random variables (as in the Bayesianapproach), parameter estimation becomes
equivalent to inference. If wethink of the parametersas�xed, but unknown, quantities, parameterestimation
requires a separatelearning procedure, to be discussedin Section 4. In the latter case,we typically do not
represent the parametersin the graph; sharedparameters(as in this example)are implemented by specifying
that the corresponding CPDs are \tied".

An HMM is a hidden Markov model becausewe don't seethe states of the Markov chain, Qt , but just a
function of them, namely Yt . For example,if Yt is a vector, we might de�ne P(Yt = yjQt = i ) = N (y; � i ; � i ).
A richer model, widely usedin speech recognition, is to model the output (conditioned on the hidden state)
as a mixture of Gaussians.This is shown in Figure 5(d).

Somepopular variations on the basic HMM theme are illustrated in Figure 5. (In the input-output model,
the CPD P(QjU) could be a softmax function, or a neural network.) If we have software to handle inference
and learning in generalBayesiannetworks, all of thesemodels becomestrivial to implement.

A linear dynamical system(LDS) has the sametopology as the Bayesiannetwork in Figure 5(a), except that
the hidden nodeshave linear-GaussianCPDs. Replacing Qt with X t , the model becomes

P(X 1 = x) = N (x; x0; V0)

P(X t +1 = x t +1 jUt = u; X t = x) = N (x t +1 ; Ax + B u; Q)

P(Yt = yjX t = x; Ut = u) = N (y; Cx + Du; R)
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Figure 5: (a) An input-output HMM. (b) A factorial HMM. (c) A coupledHMM. (d) An HMM with mixture
of Gaussiansoutput.

The Kalman �lter is an algorithm for computing P(X t jy1:t ; u1:t ) online. The Rauch-Tung-Striebel (RTS)
smoother is an algorithm for computing P(X t jy1:T ; u1:T ) o�ine. Both of these algorithms turn out to be
special casesof the general inferencealgorithms we will discussin Section 3.2.

2.1.3 Summary

Figure 6 is a good summary of the relationship betweenvarious popular statistical models.

2.2 Undirected graphical models

The joint distribution of a Markov Random Field (MRF) is de�ned by

p(x) =
1
Z

Y

C 2C

 C (xC )

where C is the set of maximal cliques in the graph,  C (xC ) is a potential function (a positive, but otherwise
arbitrary , real-valued function) on the clique xC , and Z is the normalization factor

Z =
X

x

Y

C 2C

 C (xC ):

Consider the example in Figure 7. In this case,the joint distribution is

P(x; y) / 	( x1; x2)	( x1; x3)	( x2; x4)	( x3; x4)
4Y

i =1

	( x i ; yi )

In the Ising model, the graph is a grid, so the cliquesare edges,and the X i nodesare binary. The potentials
	( x i ; x j ) for neighboring nodesi; j penalizedi�erences: 	( x i ; x j ) = e� J (x i ;x j ) , whereJ (x i ; x j ) = 1 if x i = x j

and J (x i ; x j ) = � 1 otherwise.
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Figure 6: A generative model for generative models. This �gure is from S. Roweis and Z. Ghahramani.

Figure 7: A Markov Random Field for low level vision. X i is the hidden state of the world at grid position
i , Yi is the corresponding observed state. This �gure is from [FP00].
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In low-level vision problems (e.g., [GG84, FPC00]), the X i 's are usually hidden, and each X i node has its
own \priv ate" observation node Yi , as in Figure 7. The potential 	( x i ; yi ) = P(yi jx i ) encodes the local
likelihood; this is often a conditional Gaussian, where Yi is the image intensity of pixel i , and X i is the
underlying (discrete) scene\lab el".

3 Inference

The main goal of inferenceis to estimate the valuesof hidden nodes,given the valuesof the observed nodes.
If we observe the \leaves" of a generative model, and try to infer the values of the hidden causes,this is
called diagnosis,or bottom-up reasoning;if we observe the \ro ots" of a generative model, and try to predict
the e�ects, this is called prediction, or top-down reasoning. Bayesnets can be used for both of these tasks
(and others).

For example, consider the water sprinkler network in Figure 1, and supposewe observe the fact that the
grassis wet, which we denoteby W = 1 (1 represents true, 0 represents false). There are two possiblecauses
for this: either it is raining, or the sprinkler is on. Which is more likely? We can useBayes' rule to compute
the posterior probabilit y of each explanation. Bayes' rule states that

P(X jy) =
P(yjX )P(X )

P(y)

where X are the hidden nodesand y is the observed evidence. (We follow standard practice and represent
random variables by upper caseletters, and sampled valuesby lower caseletters.) In words, this formula
becomes

posterior =
conditional likelihood � prior

likelihood

In the current example, we have

P(S = 1jW = 1) =
P(S = 1; W = 1)

P(W = 1)
=

P
c;r P(C = c;S = 1; R = r; W = 1)

P(W = 1)
=

0:2781
0:6471

= 0:430

and

P(R = 1jW = 1) =
P(R = 1; W = 1)

P(W = 1)
=

P
c;s P(C = c;S = s;R = 1; W = 1)

P(W = 1)
=

0:4581
0:6471

= 0:708

where

P(W = 1) =
X

c;s;r

P(C = c;S = s;R = r; W = 1) = 0:6471

is a normalizing constant, equal to the probabilit y (lik elihood) of the data. So we seethat it is more likely
that the grassis wet becauseit is raining than becauseof the sprinkler: the likelihood ratio is 0.708/0.430
= 1.647. (Note that this computation has consideredboth scenarios,in which it is cloudy and not cloudy.)
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In general, computing posterior esimatesusing Bayes' rule is computationally intractable. One way to see
this is just to consider the normalizing constant, Z : in general, this involves a sum over an exponential
number of terms. (For continuous random variables, the sum becomesan integral, which, except for certain
notable caseslike Gaussians,is not analytically tractable.) We will now seehow we can usethe conditional
independenceassumptionsencoded in the graph to speedup exact inference.

3.1 Variable elimination

Considerthe problem of computing the normalizing constant P(W = 1) for the water sprinkler model. Using
the factored representation of the joint implied by the graph, we may write this as

Pr(W = w) =
X

c

X

s

X

r

Pr(C = c;S = s;R = r; W = w)

=
X

c

X

s

X

r

Pr(C = c) � Pr(S = sjC = c) � Pr(R = r jC = c) � Pr(W = wjS = s;R = r )

The key idea of the variable elimination algorithm (and many others) is to \push" the sums in as far as
possible,thus:

P(W = w) =
X

c

Pr(C = c)
X

s

Pr(S = sjC = c)
X

r

Pr(R = r jC = c) � Pr(W = wjS = s;R = r )

When we perform the innermost sum

Pr(W = w) =
X

c

Pr(C = c)
X

s

Pr(S = sjC = c) � T1(c;w; s)

we create a new term which doesnot depend on the term summedout:

T1(c;w; s) =
X

r

Pr(R = r jC = c) � Pr(W = wjS = s;R = r )

Performing the secondsum we get

Pr(W = w) =
X

c

Pr(C = c) � T2(c;w)

where

T2(c;w) =
X

s

Pr(S = sjC = c) � T1(c;w; s)

The principle of distributing sums over products can be generalizedgreatly to apply to any commutativ e
semi-ring. This forms the basisof many common algorithms, such as Viterbi decoding and the Fast Fourier
Transform [AM00]. The amount of work we perform is boundedby the sizeof the largest term that we create.
Choosinga summation (elimination) ordering to minimize this is NP-hard, although greedyalgorithms work
well in practice.
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Figure 8: A clustered version of Figure 1. From [RN95].

3.2 Dynamic programming

If we wish to compute several marginals at the sametime, we can use dynamic programming to avoid the
redundant computation that would be involved if we usedvariable elimination repeatedly. If the underlying
undirected graph of the BN is acyclic (i.e., a tree), we can usea local messagepassingalgorithm due to Pearl
[Pea88, PS91]. This is a generalization of the well-known forwards-backwards algorithm for HMMs (chains)
[Rab89].

If the BN has (undirected) cycles or \lo ops", as in the water sprinkler example, local messagepassing
algorithms run the risk of double counting, and may not converge. For example, the information from S
and R 
o wing into W is not independent, becauseit came from a common cause,C. Analogous problems
plague undirected graphical models with loops.

Assuming for now that oneis interestedin exact inference,the most commonapproach is therefore to convert
the graphical model into a tree, by clustering nodestogether (seeFigure 8). The algorithms usedto convert
a (possibly directed) graph to a tree are somewhatcomplicated, involving various graph-theoretic operations
(see[CDLS99, HD96] for details). After creating this tree of clusters, onecan onceagain run a local message
passingalgorithm. The messagepassingschemecould be Pearl's algorithm, but it is more common to usea
variant designedfor undirected models, called the junction tree algorithm [CDLS99, HD96].

3.3 The need for appro ximate inference

The running time of these exact algorithms is exponential in the size of the largest cluster (assuming all
hidden nodesare discrete); this sizeis called the induced width of the graph, and minimizing it is NP-hard.
For many graphs, such as grids or directed graphs which contain nodeswith high fan-in, the induced width
is large, so it is necessaryto useapproximate inference.

Approximate inferenceis alsooften necessaryeven for graphswith low induced width (e.g., chains and trees)
if some of the nodes represent continuous random variables; in many cases,the corresponding integrals
neededfor implementing Bayes' rule cannot be performed in closedform. For instance, this is nearly always
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the casewith Bayesianapproaches,where one is trying to estimate a distribution over a continuous-valued
parameter node (seee.g., Figure 4(b)).

3.4 Summary of appro ximate inference metho ds

Here we provide a brief summary of somepopular approximate inferencemethods.

� Sampling (Monte Carlo) methods. The simplest kind is importance sampling, where we draw random
samplesx from P(X ), the (unconditional) distribution on the hidden variables, and then weight the
samplesby their likelihood, P(yjx), where y is the evidence.A more e�cien t approach in high dimen-
sionsis called Markov Chain Monte Carlo (MCMC), and includesas special casesGibbs sampling and
the Metropolis-Hastingsalgorithm. Seee.g., [GRS96] for an intro duction.

� Variational methods. The simplest example is the mean-�eld approximation, which exploits the law
of large numbers to approximate large sums of random variables by their means. In particular, we
essentially decoupleall the nodes,and intro duce a new parameter, called a variational parameter, for
each node. We then iterativ ely update thesevariational parameterssoasto minimize the cross-entropy
(KL distance) between the approximate and true probabilit y distributions. Updating the variational
parametersbecomesa proxy for inference. The mean-�eld approximation producesa lower bound on
the likelihood. More sophisticatedmethods are possible,which give tighter lower (and upper) bounds.
See[JGJS98] for a tutorial.

� Loopy belief propagation. This entails applying Pearl's algorithm (see Section 3.2) to the original
graph, even if it hasloops(undirected cycles). This algorithm wasinspired by the outstanding empirical
successof turb o codes, which have been shown [MMC98] to be an instance of this algorithm. Since
then, further empirical work (e.g., [MWJ99, FP00]) has shown that the algorithm works well in other
contexts, such as low-level vision. There has also beena lot of recent theoretical work analysing this
algorithm [WF99, Wei00, FW00], and �guring out the connectionsto other methods from statistical
mechanics [YFW00].

4 Learning

Learning might refer to the structure (topology) of the model, or the parameters, or both. (Parameter
estimation is sometimescalled \systems identi�cation".) Another important distinction is whether all the
variables are observed, or whether some of them are hidden. This gives rise to the following four-way
contigency table for classifying learning methods (EM stands for Expectation Maximization).

Observabilit y
Structure Full Partial
Known Closedform EM

Unknown Local search Structural EM

A third distinction is whether the goal is to �nd a single \b est" model/ set of parameters (point estima-
tion), or to return a posterior distribution over models/ parameters (Bayesian estimation). In the caseof
known structure, Bayesian parameter estimation is the same as inference, where hidden nodes represent
the parameters; this was brie
y discussedin Section 2.1.2. Bayesianstructure learning will be discussedin
Section 4.3.2.

11



Before going into details, we mention that learning BNs is a huge subject, and this paper only touches the
tip of the iceberg. For further details, seethe review papers [Bun94, Bun96, Hec98].

4.1 Kno wn structure, full observabilit y

4.1.1 Directed graphical mo dels

We assumethat the goal of learning in this caseis to �nd the maximum likelihood estimates (MLEs) of
the parametersof each CPD, i.e., the parameter valyeswhich maximize the likelihood of the training data,
which contains M cases(assumedto be independent). The normalized log-likelihood of the training set
D = f D1; : : : ; DM g is a sum of terms, one for each node:

L =
1

M
log

MY

m =1

Pr(Dm jG) =
1

M

nX

i =1

MX

m =1

logP(X i jPa(X i ); Dm )

where Pa(X i ) are the parents of X i . We seethat the log-likelihood scoring function decomposesaccording
to the structure of the graph, and hencewe can maximize the contribution to the log-likelihood of each node
independently . (It is simple to modify this to handle tied (shared) parameters.)

If there are a small number of training casescompared to the number of parameters, we can use a prior
to regularize the problem. In this case,we call the estimates maximum a posterori (MAP) estimates, as
opposedto maximum likelihood estimates. In practice, this is not much harder computationally, as we will
seebelow.

For example,considerestimating the CPT for the W node in the water sprinkler example. If we have a set
of training data, we can just count the number of times the grassis wet when it is raining and the sprinler
is on, #( W = 1; S = 1; R = 1), the number of times the grassis wet when it is raining and the sprinkler is
o�, #( W = 1; S = 0; R = 1), etc. Given these counts (which are the su�cien t statistics for a multinomial
distribution), we can �nd the MLE of the CPT as follows:

P̂M L (W = wjS = s;R = r ) =
#( W = w; S = s;R = r )

#( S = s;R = r )

where the denominator is #( S = s;R = r ) = #( W = 0; S = s;R = r ) + #( W = 1; S = s;R = r ). Thus
\learning" just amounts to counting (in the caseof multinomial distributions).

If a particular event is not seenin the training set, it will be assigneda probabilit y of 0. To avoid this, we
can usea Dirichlet prior; this just amounts to adding \pseudo counts" to the empirical counts. For example,
using a uniform Dirichlet prior, the MAP estimate for the W node becomes

P̂M AP (W = wjS = s;R = r ) =
#( W = w; S = s;R = r ) + 1

#( S = s;R = r ) + 2

For Gaussiannodes,the MLE of the meanand covarianceare the samplemeanand covariance,and the MLE
of the weight matrix is the least squaressolution to the normal equations. For other kinds of CPDs (e.g.,
neural networks), more complex proceduresare necessaryfor computing ML/MAP parameter estimates.
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4.1.2 Undirected graphical mo dels

The parameters of an undirected graphical model are the clique potentials. Maximum likelihood estimates
of thesecan be computed using iterativ e proportional �tting (IPF) [JP95].

4.2 Kno wn structure, partial observabilit y

When someof the nodes are hidden, we can use the EM (Expectation Maximization) algorithm to �nd a
(locally) optimal MLE. The basic idea behind EM is that, if we knew the values of all the nodes, learning
(the M step) would be easy: we just use the techniques from Section 4.1. So in the E step, we compute
the expected values of all the nodes using an inferencealgorithm, and then treat these expected values as
though they were observed.

For example, in the caseof the W node, we replace the observed counts of the events with the number of
times we expect to seeeach event:

P̂ (W = wjS = s;R = r ) = E#( W = w; S = s;R = r )=E#( S = s;R = r )

where E#( e) is the expected number of times event e occurs in the whole training set, given the current
guessof the parameters. Theseexpected counts can be computed as follows

E#( e) = E
X

m

I (ejDm ) =
X

m

P(ejDm )

where I (ejDm ) is an indicator function which is 1 if event e occurs in training casem, and 0 otherwise.
Given the expected counts, we maximize the parameters, and then recompute the expected counts, etc.
This iterativ e procedureis guaranteed to convergeto a local maximum of the likelihood surface. (Note: the
Baum-Welch algorithm usedfor training HMMs [Rab89] is identical to the EM algorithm.)

It is also possibleto do gradient ascent on the likelihood surface(the gradient expressionalso involves the
expectedsu�cien t statistics), but EM is usually faster (since it usesthe natural gradient) and simpler (since
it has no step sizeparameter and takescare of parameter constraints automatically 3).

Whether we use EM or gradient ascent, inference becomesa subroutine which is called by the learning
procedure;hencefast inferencealgorithms are crucial for learning.

4.3 Unkno wn structure, full observabilit y

The maximum likelihood structure would be the complete graph, since this has the greatest number of
parameters,and hencecan achieve the highest likelihood. A well-principled way to avoid this kind of over-
�tting is to put a prior on models. By Bayes' rule, the MAP model is the one that maximizes

Pr(GjD) =
Pr(D jG) Pr(G)

Pr(D)
3 In the caseof multinomials, the constrain t is that all the parameters must be in [0; 1], and each row of the CPT must sum

to one; in the caseof Gaussians, the constrain t is that the covariance matrix must be positiv e semi-de�nite; etc.
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Taking logs, we �nd

L = logPr(GjD) = logPr(D jG) + logPr(G) + c

where c = � logP(D) is a constant independent of G. If the prior probabilit y is higher for simpler models
(e.g., oneswhich are \sparser" in somesense),the P(G) term has the e�ect of penalizing complex models.

In fact, it is not necessaryto explicitly penalize complex structures through the structural prior. The
marginal likelihood,

P(D jG) =
Z

P(D jG; � )P(� jG)d� ;

automatically penalizesmore complex structures, becausethey have more parameters, and hence cannot
give asmuch probabilit y massto the region of spacewherethe data actually lies. (In other words, a complex
model is more likely to be \righ t" by chance, and is therefore lessbelievable.) This phenomenonis called
Ockham's razor (seee.g., [Mac95]).

If we assumeall the parametersare independent, the marginal likelihood decomposesinto a product of local
terms:

P(D jG) =
nY

i =1

Z
P(X i jPa(X i ); � i )P(� i )d� i

In somecases(e.g., if the priors on the parametersare conjugate), each of theseintegrals can be performed
in closed form, so the marginal likelihood can be computed very e�cien tly . (If not, one typically has to
resort to sampling methods.)

4.3.1 Search algorithms

Having de�ned a scoringfunction, we still needa way to search for the highest scoringgraph. Unfortunately ,
the number of DAG's on n variables is super-exponential in n. (There is no closedform formula for this, but
to give you an idea, there are 543DAGs on 4 nodes,and O(1018) DAGs on 10 nodes.) The usual approach is
therefore to uselocal search algorithms (e.g., greedyhill climbing, possibly with multiple restarts) or perhaps
branch and bound techniques, to search through the spaceof graphs. (For directed graphical models, we
must ensurethe graphs have no directed cycles;for undirected graphical models, we must ensurethe graphs
are decomposable.)

The fact that the scoring function is a product of local terms makes local search more e�cien t, since to
compute the relative scoreof two models that di�er by only a few arcs (i.e., neighbors in the space), it is
only necessaryto compute the terms which they do not have in common | the other terms cancel when
taking the ratio.

4.3.2 Bayesian metho ds

In the Bayesian approach, the goal is to compute the posterior P(GjD). Since this is super-exponentially
large, a more realistic goal is to return a set of graphssampledfrom this distribution. The standard approach
is to usean MCMC search procedure;see[Mur01] for a review.
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(a) (b)

Figure 9: (a) A BN with a hidden variable H. (b) The simplestnetwork that cancapture the samedistribution
without using a hidden variable (created using arc reversal and node elimination). If H is binary and the
other nodesare trinary , and we assumefull CPTs, the �rst network has45 independent parameters,and the
secondhas 708.

4.4 Unkno wn structure, partial observabilit y

Finally, we cometo the hardest caseof all, where the structure is unknown and there are hidden variables
and/or missing data. The problem is that the marginal likelihood is intractable, requiring that we sum out
all the latent variables Z as well as integrate out all the parameters � :

P(X jG) =
X

Z

Z
P(X ; Z jG; � )P(� jG)d�

This scoredoesnot decomposeinto a product of local terms. Oneapproach is to usea Laplaceapproximation
to the posterior of the parameters[CH97]. After somealgebra[Hec98],this leadsto the following expression:

logPr(D jG) � logPr(D jG; �̂ G ) �
d
2

logM

where M is the number of samples, �̂ G is the ML estimate of the parameters (computed using EM) and
d is the dimension of the model. (In the fully observable case,the dimension of a model is the number of
free parameters. In a model with hidden variables, it might be lessthan this.) This is called the Bayesian
Information Criterion (BIC), and is equivalent to the Minim um Description Length (MDL) approach. The
�rst term is just the likelihood and the secondterm is a penalty for model complexity. (Note that the BIC
scoreis independent of the parameter prior.)

Although the BIC scoredecomposes,local search algorithms (e.g., hill climbing) are still expensive, because
we needto run EM at each step to compute �̂ . An alternativ e approach is to do the local search stepsinside
of the M step of EM | this is called Structural EM, and provably convergesto a local maximum of the BIC
score[Fri97].

4.4.1 In venting new hidden no des

So far, structure learning has meant �nding the right connectivity between pre-existing nodes. A more
challenging problem is inventing hidden nodes on demand. Hidden nodes can make a model much more
compact, as we seein Figure 9.
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The standard approach is to keepadding hidden nodesone at a time, performing structure learning at each
step, until the scoredrops. There has been somerecent work on more intelligent heuristics. For example,
denseclique-like graphs(such as that in Figure 9(b)) suggestthat a hidden node should be added[ELFK00].

5 Decision making under uncertain ty

It is sometimessaid that \Decision Theory = Probabilit y Theory + Utilit y Theory" [DW91, RN95]. We
have outlined above how we can model joint probabilit y distributions in a compact way by using sparse
graphs to re
ect conditional independencerelationships. It is also possible to decompose multi-attribute
utilit y functions in a similar way. Let the global utilit y be a sum of local utilities, U =

P n
i =1 Ui . We create

a node for each Ui term, which has as parents all the attributes (random variables) on which it depends;
typically, the utilit y nodeswill also have action (control) nodesasparents, sincethe utilit y dependsboth on
the state of the world and the action we perform. The resulting graph is called an in
uence diagram. We
can then usealgorithms, similar to the inferencealgorithms discussedin Section 3, to compute the optimal
(sequenceof) action(s) to perform soas to maximimize expectedutilit y [CDLS99]. (See[KLS01] for a recent
application of this to multi-p ersongametheory.)

In sequential decisiontheory, the agent (decision maker) is assumedto be interacting with the environment
which is modelled asa dynamical system(seeFigure 5(a)). If this dynamical systemis linear with Gaussian
noise,and the utilit y function is negative quadratic loss4, then techniquesfrom control theory can be usedto
compute the optimal policy, i.e., mapping from perceptsto actions. If the systemis non-linear, the standard
approach is to locally linearize the system.

Linear dynamical systems(LDSs) enjoy the separationproperty, which states that the optimal behavior can
be obtained by �rst doing state estimation (i.e., infer the hidden states), and then using the expected value
of the hidden states as input to a regular LQG (linear quadratic Gaussian)controller. In general,however,
the separationproperty doesnot hold. For example,considercontrolling a mobile robot. The optimal action
should take into account the robot's uncertainty about the state of the world (e.g., its location), and not
just use the mode of the posterior as if it were the true state of the world. The latter strategy (which is
called a certainty-equivalent controller) would never perform information-gathering moves. In other words,
the robot might not chooseto look before it leapt, no matter how uncertain it was.

In general,�nding good controllers for non-linear, partially observedsystems,usually with unknown parame-
ters, is extremely challenging. One approach that shows somepromise is reinforcement learning. Most of the
work hasbeenon systemswhich are fully observed (e.g., [SB98]), but there has beensomework on partially
observed systems(e.g., [KLC98]). Recent policy search methods (e.g., [NJ00]) show particular promise.

6 Applications

Special casesof Bayes nets were independently invented by many di�eren t communities many years ago,
e.g., genetics(linkage analysis), speech recognition (HMMs), tracking (Kalman �tering), data compression
(density estimation), channel coding (turb ocodes), etc.

The generalframework wasdeveloped by Pearl [Pea88] and various Europeanresearchers[JLO90, CDLS99],
who used it to make probabilistic expert systems. Many of thesesystemswere usedfor medical diagnosis.

4For example, consider a missile tracking an airplane, where the goal is to minimize the squared distance between itself and
the target.
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The samekind of diagnosistechnology hassincebeenwidely adopted by Microsoft, e.g., the Answer Wizard
of O�ce 95, the O�ce Assistant (the bouncy paperclip guy) of O�ce 97, and over 30 technical support
troubleshooters. In fact, Microsoft now o�ers a Bayesiannetwork API for Windows developers.

Another interesting �elded application is the Vista system, developed by Eric Horvitz. The Vista system
is a decision-theoretic system that has been used at NASA Mission Control Center in Houston for several
years. The system usesBayesiannetworks to interpret live telemetry and provides advice on the likelihood
of alternativ e failures of the spaceshuttle's propulsion systems. It also considerstime criticalit y and recom-
mendsactions of the highest expected utilit y. The Vista systemalso employs decision-theoreticmethods for
controlling the display of information to dynamically identify the most important information to highlight.
Horvitz has gone on to attempt to apply similar technology to Microsoft products, e.g., the Lumiere user
interface project [HBH+ 98].
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