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Abstract

We give a randomized algorithm for the well known caking igitproblem that achieves approx-
imate fairness, and has complex®({n). The heart of this this result involves extending the stashda
of ine multiple-choice balls and bins analysis to the cadeeve the underlying resources/bins/machines
have different utilities to different players/balls/jobs
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1 Introduction

The protocol's goal in the well known cake cutting problentddairly apportion some resources among
n players. Here we consider a continuous resource, modeidthut great loss of generality, by the unit
interval. We assume that each plapéras an initially unknown value functiov}, that speci es how player

p values each subinterval of the unit interval. A portion israon of disjoint subintervals, and the value
function is additive, so that the value of a portion is the safrthe values of the underlying subintervals. A
player believes that a portiondsfair if that portion has value at Ieaég of the total value of cake according

to his value function. In the standard model, the protocalliswed to make two types of queries to the
players. In an evaluation query, the protocol asks a plagermuch he values a particular subinterval of
the cake. In a cut query, the protocol asks the player to ifyaie shortest subinterval with a xed value

and a xed left endpoint. We are interested in the query caxipy of a protocol, which is the worst-case
number of queries required to achieve a fair allocation &mheplayer that follows the protocol.

The cake cutting problem originated in 1940's Polish mathtics community. Since then the problem
has blossomed and been widely popularized. The motivationding cake as a resource is the well known
phenomenon that some people prefer frosting, while otherst Cake cutting, and related fair allocation
problems, are of wide interest in both social sciences arttien@atical sciences. Sgall and Woeginger [11]
provide a nice brief overview. There are several books &mitin fair allocation problems, such as cake
cutting, that give more extensive overviews, see for exarf$l10]. Some quick Googling reveals that cake
cutting algorithms, and their analysis, are commonly cestdyy computer scientists in their algorithms and
discrete mathematics courses.

A deterministic 1-fair protocol with complexity n?) was described in 1948 by Steinhaus in [12].
In 1984, Evan and Paz [5] gave a deterministic divide and aend-fair protocol that has complexity
( nlogn). Recently, there has been several lower bound results kera@atting. In particular, we showed
that the Even-Paz algorithm is optimal for deterministifait-protocols [4]. That is, every deterministic
1-fair protocol for cake cutting has complexify nlogn). This lower bound also applies to deterministic
protocols that need only only guaranteél)-fairness.

A natural open questionis then whether there exisemdomizegbrotocol with linear query complexity.
Some lower bound results for randomized algorithms are kno8gall and Woeginger [11] showed that
every randomized 1-fair protocol has complexityn logn) if every portion is restricted to be a contiguous
subinterval of the cake. We showed that every randomi@d-fair protocol has complexity nlogn) if
there is a small relative error in the response to the quitles

In this paper we give a randomized protocol w@lin) query complexity. Our protocol requires exact
answers to the queries, guarantees @\{$)-fairness, and does not in general assign a contiguous-subin
terval to each player. That is, we show that linear compjeisitobtainable in the variant that is most in
the protocol's favor. Note that by the results in [4], theseno deterministic protocol that guarant€x4)-
fairness. So this result separates deterministic and raizéol query complexity for approximate fairness.

Our protocol also requires that all of the players are hortdghesty is not a real issue in deterministic
protocols, but is a signi cant issue in most conceivabled@mnized protocols. For example, a randomized
protocol might ask a player to generate a subinterval/@ecerding to a particular probability distribution.
To handle a dishonest player, a protocol would seem to nebd #@ble to determine if the player actually
generated a piece according to this distribution. This sdém a daunting task for the protocol.

Additionally, we show tha©(n)-complexity is still achievable even if there is a small telaerror in
the response to the queries, as long as the error that résutts cut query is independent of value in the
guery. We call this a weak adversary.

The heart of our cake cutting algorithm is the following Badad Allocation Lemma in the cake model
that generalizes the standard multiple-choice balls ansl imiodel [8].



Deterministic Exact Standard Exact Contiguous

VS. VS. VS. VS. VS. Complexity | Reference
Randomized| Approximate| Weak | Approximate| Non-contiguousg

Protocol Queries | Adversary| Fairness Portions

* Exact * * * O(nlogn) [5]

* * Standard Exact Contiguous ( nlogn) [11]
Deterministic * Standard * * ( nlogn) [4]

* Approximate| Standard * * ( nlogn) [4]
Randomized Exact * Approximate| Non-contiguous O(n) This paper
Randomized * Weak | Approximate| Non-contiguous O(n) This paper

Table 1: Summary of known results. An asterisk means thaehat holds for both choices.

Lemma 1 (Balanced Allocation). Let be some suf ciently large constant. Each rofplayers has a
partition of the unit interval0; 1], or cake, inton disjoint candidate subintervals/pieces. Each player
independent pickd® = 2d = 4 of his pieces uniformly at random, with replacement. Themethis an

ef cient method that, with probabilitf1) , picks one of the®pieces for each player, so that every point on
the unitinterval is covered b®(1) pieces.

In the analogous multiple-choice balls and bins model, gdaper independently seleat8of n dis-
crete bins uniformly at random. This balls and bins modelgagiealent to the special case of the cake
model in which each player has the same collectiomotandidate pieces. It is a folklore result that in the
balls and bins model, the maximum load Gslo'&%) if A= 1: And if d®> 1, then with one can with
probability (1) pick one of thed®pieces for each player in such a way that each bin only hasl lanal
one can with high probability pick one of i pieces for each player in such a way that each bin only at
most 2 balls. One can even get maximum |l@xtbg logn) if the assignment has to be made online player
by player [2].

We now brie y discuss how our Balanced Allocation Lemma canused to solve the cake cutting
problem (See Appendix Section A for more details). THecandidate piece is thé subinterval of value
ni, which can be found by two cut queries. After the applicatibthe Balanced Allocation Lemma, any
standard fair allocation algorithm can be used to divide pmrgion of the cake desired by more than one

player.

1.1 Related Results

The rst step towards obtaining aif nlogn) lower bound on the complexity of cake cutting was taken
by Magdon-Ismail, Busch, and Krishnamoothy [7], who wer&db show that any protocol must make
( nlogn) comparisons to compute the assignment. So this result dateaddress query complexity.
Approximately fair protocols were introduced by Robertsord Webb [9]. Traditionally, much of the
research has focused on minimizing the number of cuts, prasly out of concern that too many cuts
would lead to crumbling of a literal cake. There is a deteistiaprotocol that achieved(1)-fairness with
( n) cuts and( n?) evaluations [9, 6, 13]. There are several other objectitediesd in the cake cutting
setting, most notably, max-min fairness, and envy-freméss.

The literature on balanced allocations is also rather lakggice survey is given in [8].



2 Intuition

In this section we try to give some intuition and a road mayitierproof of our Balanced Allocation Lemma.
We start with an example instance, see Figure 1 that denadestseveral interesting features of the cake
model and our analysis. Each of the rows consists oﬁheubiBtervaIs of the players. '[Jhen:ZA players
have n candidate pieces of identical length. Thenifd [1; 7], there is a group of T B; players.
Half of aB;'s candidate pieces overlap with tBE" piece of theA players, and half with thai +1 5t piece

of theA players.
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Figure 1: An example in which player's intervals overlap inn@complex ways.

One immediate observation is that maximum load equal to dltré®m the standard multiple-choice
balls and bins model will not carry over to the cake mogel. de this, note that with high probability, one
of theA players chooses all of hi pieces from his rst2” T candidate pieces. Call this play&f. Also
with high probability, for eachi®pieces ofAC there is éB; player that has all af®pieces overlapping with
it. This explains the need to relax the maximum load bounchfioto O(1).

The Implication Graph: To gain intuition, let us assume for the moment that 2. Let Crp;ii denote
thei 2 [1; n ] candidate piece for playgx Let amp:0i andayy1; be the two semi nal pieces selected for
playerp. We now de ne what we call the implication graph. The versiad# the implication graph are the
2n piecesay, i, 1 p nand0 r 1 If pieceay,; intersects piecay,, then there is an directed
edge from piec@yy,; to pieceay;; s and similarly fromay,. toay,1 (i. The intuition is that if playep
getsay,; as his nal piece, then playermust get piecey,, s if pandg's pieces are not going to overlap.
Similarly if q getsay,si, thenp must getay,1 . As an example, Figure 2 gives a subset of the semi nal
pieces selected from the candidate pieces in Figure 1. Teetdd edges arising from this example are
given.

_ - —

a) b)

Figure 2: Two excerpts from an implication graph.

Pair Path: We de ne apair path in the implication graph to be a directed path between thegiwoes for
one player, i.e. from som@y,; toan,1 ri. In Figure 2.3, there are two such paths of length four froen th
A player's left semi nal piece to his right and in Figure 2.bdwaths of length two. We will show that if
the implication graplG does not contain any such pair paths, then the followingrilya selects a nal
piece for each player in such a way that these nal piecesiajeidt. (See Section 3.1.)

Final Piece Selection Algorithm Description:We repeatedly pick an arbitrary playgthat has not selected
a nal piece. We pick the piecay,.o; as the nal piece fop. Further, we pick as nal pieces all those pieces
in G that are reachable fromy,.q; in G.

Independent Edges:To gain intuition, we now sketch a proof that the implicatgraph does not contain a
pair path for the balls and bins model (each player's cdbecdf n candidate pieces are identical). Note
that in the balls and bins model, every pair path has to beraftteat least 3. Consider a possible pair
Pathan, rois Bpyorgis i@y 1ire 4is @ipo:1 roi With k edges in the implication graph. The probability that
a particular pair of nodesayy,.r,i; @p,;r,i  has an edge between them, i.e. the probability that the datedi



piece chosen to bay, i intersects with that chosen to bg, .1 1,i, Is ni The presence or absence of
thesek edges in the implication graph are statistically indepahdEhus the probability that this particular
pair path appears in the implication graph is at moﬁ{ k SincePthere are at mosﬂ‘ k! possible pair
paths withk edges, the probability that there is pair path is at mo§13 2n k . If  is sufciently

large, then this probability is say at mds{2.

We now return to the general cake model. One dif culty is tthegt edges in the implication graph are
no longer independent. To see this, recall Figure 1. Theglnitiby that any two semi nal pieces over lap is
still O(ni). However, if one of am\ player's semi nal pieces overlaps with o player's semi nal piece,
then we know that thi&\ player must have selected either Bi&' or 2i +15t candidate piece and hence it
very likely to also overlap with anoth®&; player's semi nal piece.

Pair Paths of Length  Three and Vees:Such dependencies can occur when there is what we call a vee
among the candidate pieces. We de neeto consist of a triple of pieces, omenterpiece and twdase
pieces, with the property that the center piece interseautts &f the base two pieces. For example, see the
three left most pieces in Figure 2.a.

Note that in the balls and bins model, the expected numbeeetwamong the semi nal pieces is
O( 3 @ )2) O(n). And in the cake model, we will show that if the expected numiferee's among

the semi nal pieces i€(n), then with probability (1) there will be no pair path with three of more
edges in the implication graph of the semi nal pieces. (Seetin 3.3). Unfortunately, in the example
|n |gur 1, it is the case that, with high probability, themther of vees among the semi nal pieces is

n ( n)?) = ( n%?). The consequence of this is that, with high probabilityr¢heill be pair paths
I|ke those in Figure 2.a. One can also construct instancesathe number of vees is n?) with probability
Q) .

Getting the expected number of vee's in the semi nal piecewrito O(n) necessitates thal® 4.
Let us now explain how we accomplish this. The selection ddl pieces will occur in three instead of
two phases. First, each player independently at randonopse#sd® = 2d quarter nal pieces. These
are partitioned into twiracketsAp,.qi andApy,.1; containingd pieces each. From each such bracket, we
choose one interval, denoteg,; to be asemi nal piece. The semi nal piece is chosen to be the one
that intersects the smallest number of other candidatesgieg;;; . Note that this processes is independent
for the different playerg and for each bracket. We will show then that the expected rurmbvees in
the resulting2n semi nal pieces i90(n) (see Section 3.2). We show that as a consequence of this, with
probability (1) , the implication graph of the semi nal pieces does not congapair path of length 3 or
longer.
Pair Paths of Length Two and Same-Player-VeesAnother dif culty is that the implication graph of the
semi nal pieces may, with high probability, have pair patidength two. See Figure 2.b. A pair path of
length two occurs if and only if the implication graph comsiwhat we call a same-player-vee.sAme-
player-veds a vee where both of the base pieces belong to the same.pldyadris, there is a center piece
app;ri and two basesygi andayg;. In the instance in Figure 1, it is the case that with high ptolity
there will be many same-player-vees.

To get around the problem of same-player-vees, we introthesame-player-vee graphith directed
edgehp; g when these players are involved in a same-player-vee. We gtat with probability (1) there
are no paths in this graph containiwg= 2 edges. Hence the same-player-vee graph can be colore@ with
colors. (See Section 3.4). Therefore, with probability , we can partition the players infopartitions in
such a way there is no same-player-vee involving two plaiyettse same patrtition.
Summary of Balanced Allocation Algorithm: We summarize our Balanced Allocation Algorithm.

Independently, for each player2 [1;n] and eachr 2 [0; 1], randomly choosel of the candidate
piecescy,;; to be in the quarter nal bracke ;.



In each quarter nal brackef\,;, pick as the semi nal piecey,;, the piece that intersects the
fewest other candidate piecgg;; . If we are unlucky and the Implication Graph contains a pathp
of length greater than 3, then start over. See Sections 8.3.8n

Construct and vertex color the same-player-vee graph ubmgreedy coloring algorithm using at
mostw = 2 colors. See Section 3.4. L8t be the subgraph of the implication graph containing only
those players colored This ensures that Implication Graph restricte@tccontains no pair paths of
length 2.

For eachSy, pick the nal piece for each player involved By by applying the Final Piece Selection
Algorithm to Si. See Section 3.1. Because the Implication GrapBoontains no pair paths of any
length, this algorithm ensures that these nal pieces fahgaayer are disjoint, i.e. for any pointin
the cake, the nal piece of at most one player fr@ncovers this point.

Conclude that for any pointin the cake, the nal piece of atstve = 2 players cover this point. The
total probability of success is computed in Section 3.5.

In section 3.6 we extend this Balanced Allocation Algoritttthe case of approximate queries against
a weak adversary.

3 The Proofs

In this section we prove the various claims that we made inptieeious section. Each subsection can
essentially be read independently of the others. Due toeslimitations, some proofs are moved to the
appendix, and some of the easier proofs are omitted.

3.1 Final Piece Selection Algorithm

We show some structural properties of the implication gliamdly the correctness of the Final Piece Selec-
tion Algorithm.

Lemma 2. If there is a path inG from ay,.; t0 a5 then there must be a path frof,1 s to a1 (i in
G.

Lemma 3. If both the piecesy, g anday,1; are reachable from a piecay,,; in the implication graplG,
thenG has a pair path.

Lemma 4. If an implication graphG of the semi nal pieces does not contain a pair path, then tmalF
Piece Selection Algorithm selects a nal piece for each ptagnd these nal pieces are disjoint.

Proof. Consider an iteration that starts by assigraggy to playerp. This iteration will force the assign-
ment of at most one piece to any one player because by LemnaeSdhn not be a playgrsuch that both
ang0i @andayyq; are reachable fromy,.o; . Similarly, if this same iteration forces playgto be assigned say
to a0, then we need to prove that he has not already been assagpgdduring an earlier iteration. If
assigninggay,.oi forcesay, o, then there is a path from the one to the other. Hence, by Lettzere is
a path fromay,q; to any1;. Hence, ifay1; had been previously assigned, then plgyrould have been
forced toay,:q; and in this casp would not be involved in this current iteration. The disjiess of the nal
pieces follows from the de nition of the implication graph. O

3.2 The Number of Vees

In this subsection we show that the number of ve&3(is) with probability (1) . Recall that aveeconsists
of a triple of semi nal pieces, oneenterpieceay,,; and twobasepiecesay,.s andaneso , With the property
that the center piece intersects both of the base two pieces.



Lemma 5. Assume thah players have partitioned their cake into pieces each. Lélg,;i be the number of
pieces of the other players that overlap with piecd playerp. Then for any playep, ir;l ‘pi 2nm .

Lemma 6. The probability that semi nal piecayy,; overlaps with semi nal piecey, . is at mostzniz.

Lemma 7. The expected number of vee'sGris at most@n.

Proof. Consider a particular playgr: Again let ,.;; denote the total number of candidate pieces overlap-
ping thei™" candidate piecey,;; of the playemp. Without loss of generality, let us renumles candidate
pieces in non-increasing order by,;j;, thatis, rpii  rpiis1i-

Forp2 [n],i 2 [n ], andr 2 [0; 1], letRyy, ; be the event that the candidatg;; is selected to be the
semi nal pieceay, ;. To understand this, let us review how this is chosen. Fatayerp randomly chooses
d candidate pieces to be in his quarter nal brack®s, ;. Then the semi nal piecay,,; is chosen to be the
one with the smallesty,;; value or, by our ordering, the one with the largest index. ¢¢ethe probability
of Rip;iri IS the probability thatl indexes are randomly selected fran indexes and the largest selected
index isi. This givesProb[Ry,.ii] = d (ni) (in—l)d 1

Let Xpy,.r; be the number of vee's withy,; as the center. There aré“g” pairs of candidate pieces
that might be the two base pieasg.s andang.sg With the center piecay,,i = Cry;ii- The probability that

both of this pair are semi nal pieces is at mos® ? HenceE [Xrp:ri J Rrpir i] is at most \hg” 2d 2
N d 2
2 i
X . Xod i1 9 d 2
E Xipyril = Prob[Rypiri]l EXrpiri | Repiiril ol 2 i o
i=1 i=1
2d°® X0
(n)#z 7 hpiii
P 2 Pm 412 d 2\ 2
Lemma 5 boundsthat ;; 15 2n <= M. Thenextlemmathenbounds;_, i pii M° M2
2d3 2 8d3
E Xrpiril (n)&2 (n )d > 2n? —-
. . . . P n P 1 8d3
By linearity of expectation, the expected number of vees ailds p=1 10 EXppyril 2n =% O
P P
Lemma8.Ifd 2,8 2[Lm 1]y ‘i« Oand T, i=M,then [T, id 12 md2m2
Proof. Let "+1 =0, ands; = P il fo[:,l i m. Note that ourconstraintgi\@s thmt O. Further
more,’i = [1;syandM = [, %y = [I isi. Thenlett; = is; sothatM = 1, tj. Now using
basic algebra we conclude that
0 1, o
X X xXn X XX XX migg ik )
id l\i2 = id @ SjA = id 1 SjSk = Sj Sk id L
i=1 i=1 j=i i=1 j=i k=i j=1 k=1 i=1
0 1,
XX gt XX xo
!Tmin(j;k)d md 2 itk = m? 2@ A = m? 2m?
j=1 k=1 j=1 k=1 j=1

O



3.3 The Existence of Pair Paths

In this subsection, we show that with probability) , the implication graph doesn't contain a pair path of
length three of more. Recall that if the semi nal pie@gg,; anday, intersect, then there is an directed
edge in the implication grap@ from ay,; t0 ag1 i and fromay,. to ap,:1  and that gair path is a
directed path between the two semi nal pieces for the saragep) i.e. from someyy, i 10 &y, . The
next lemma is best understood by studying Figure 3.

Figure 3: The dotted edges are between semi- nal piecesabetap. The solid directed edges are the
resulting edges in the implication graph.

Lemma 9. Consider a simple pair patR = apy,:rois @tpyirqis - 8mp, iy 100 Qpoil roi Of lengthk 3.
LetV be the vee with centey, ., and basesyy, .1 r,i anday, ., ,i- FOri 2 [Lk 2] letl; 2 G be
the event that semi nal piecesgy, .;,; anday, ,, .1 r,,, i intersect. Then

Prob[P 2 G] Prob[V 2 G]  K.2Prob[l; 2 G]

Proof. The edges fromy, . i toay, ,i and fromay, .., i t0a&yp,.1 r,i Mean thaty, .. ; intersectwith
bothay,,.1 r,i anday, .., ,i- Hence, the ve¥ occurs. The edge fromy, i 10 ay,,, ir;,, i Means that
Qpp,;rii anday,,, 1 r,,, i intersect, i.elj. It follows thatProb[P 2 G]  Prob[V & eachl; 2 G]. What
remains is to prove that the evesand each; are independent. Whether a semi nal piece of playsxad

g intersect is independent of whether a semi nal piece ofedéht playerp®andglintersect because these
event have nothing to do with each other. This remains truervithe playerp andp®are the same, but the
we are talking about different semi nal pieces of this playemely event; andli+; are independent. This
is because the selection of the quarter nal pieces for tleekstAn, i and the selection gi's semi nal
pieceay,i Within this bracket is independent of this process for hieeosemi nal pieceayy,; . O

Lemma 105. The probability that the implication grapB contains a pair path of length at least three is at
most%.

Proof. Let V be the set of all 3-tuples representing all possible veeG and forV 2 V let P (V) be the
set of all possible pair paths of lendttthat include the ve¥ . The probability thatG contains a pair path
of length at least three is at most

X X X
Prob[P 2 G] (1)
k=3 V2V P2P (V)
X X X
Prob[V 2 G]  K,2Prob[l; 2 G] 2)
k=3 V2V P2P (V)
X X X o2 X 2
Prob[V 2 G] = (3)
k=3 V2v P2P (V)
4)



X X 2n 202 K 2

| -
o Problv 2G] | ", (k 3 = (5)
2d2 k 2 X
(2n)k 3 = Prob[V 2 G] (6)
n
k=3 V2v
202 ¥ % 1608
(2n)k 3 e — N (7)
k=3
83X a2 K% 8B 4d? 1 3B @)
2 2 1 4d2=  —  2( 4d)

The inequality in line 2 follows from Lemma 9 and line 3 fromrhma 6. The inequality in line 5 holds
since there ark 3 pieces irP that are not part of the véé. The inequality in line 7 follows from Lemma
7. O

3.4 Coloring Same-Player-Vee Graphs

In this subsection we show that with probabilif¥) , we can color the same-player-vee graph \ittolors
since this graph will have no paths of length= 2.

Lemma 11. The probability that the same-player-vee graph iswot 2 colorable is at mostlﬁ—‘h;f3 + %.

Recall that we put the directed edge g in the same-player-vee graph if one of plagsritwo semi nal
pieces, namelgy, o Or an,;1;, overlap with both of playeq's two semi nal pieces, namelgy, o; andayy,1; -
Hence, a path of length 3 consists of semi- nal pieags i, Anp,ir,is Arpyi1 rois Arps;0i s ANdayy,;1; for
three playersg;, p2, andps, where bothayy,,; anday,.1 r,i overlap withay, .r,;, and bothay,,.o; and
;11 Overlap withayy, ;. We will consider the probability of such paths startinghwaards.

Lemma 12. Suppose we are considering a settbtandidate pieces for the semi- nal pieces,, o
and ay,,.1;- The probability that some player gets both of his semi ncps from this set is at most

min(( £%)2;1).

Consider some candidate piegg, ;;; that potentially might b&yy, ;. Let "1, i denote the number

be the candidate pieces of playerthat overlap with piecey, ;. Let "1,,;; denote the number of other
candidate pieces of overlappiog, ;; . Consider some play@g. De ne "y, .. to be the number of player
ps's candidate pieces that overlag,,;;. Note that if" ., = 1, then it is impossible to have both of
playerps's semi- nal pieces over lap with focy,,,;;. Hence, we can ignore playpg when considering

Crpyij asFl;eingamz;rzi. Hence, de nebmz;j;pai to be 1y,ipsi If pjpsi 2 @nd zero otherwise. De ne
2ii = q paipsi- NOte this is the number of pieces that overtgp ;; excluding those pieces whose
player only has one piece overlappiag, ;-

Pi 1 .
Lemma 13. Then i=j +1 i 2 hpq:ii -
Lemma 14. Consider a candidate pie@,, ;;; such that there argy, .;; other candidate pieces overlapping
it and some other playgs,. The probability that there are semi- nal piecag,, . ,i, anps:0i» aNday,;1; for
some playeps, whereay, i overlaps withCy, i, and bothay,.oi andayy,, . overlap withay, .,; is at

d
most4d =il 47



Proof. Consider a candidate piecg,,j; that overlaps wittcy,, ;. The probability that candidate piece
Crp,;ji IS @ semi- nal piece for playep; is at most%—d. By Lemma 12, the probability that there are semi- nal

piecesayy, .oi, andayy,.1; for some playeps which both overlap witfeyy, . is at mostmin(( %—2“)2; 1).
It follows that the required probability is at most

_ 0 1, 1 2 2 . 0 1, 13 3
X da.. .. X da.. ...
2 ne Bt a2, 0 % e Mt Cas s,
_.n n n . n
1=] i=ji+1
Pi 1 \ . o
By Lemma 13, iZj+1 oo 2 1pyiii - Hence, because of the quadratics in the sum, our sum is maxi-

mized by having a feWy,, ;i as big as possible. But because ofthie, there is no reason to makdla, ;;

. . . . .2d\ qi
bigger than®-. Hence, the sum is maximized by settifig®L"" of the valuedly,,; to - and the rest to
zero. This gives the result

Zd\
=1+ % min(1;1) +1
0

We will now add the requirement that playgr's other candidate piec&y,.; ,i also overlaps witlty,, ;;
and sum the resulting probability over all possible playets

Lemma 15. Consider a candidate pie@,, ;;; such that there argy, .;; other candidate pieces overlapping
it. The probability that there are semi- nal piec@g, r,i, Qp,:1 r,i+ Arp:0i» ANdapy,:1; for two playersp,

and ps, where bo”?l;pz;rzi r;%md Arpy:1 ol overlaps withcy,, i, and bothay,, .o and ay,.1; overlap with

d y
i hpqp;ii n
Bppyir,i IS At MOst CBE 1+ Topri?

Proof. The probability that a particular candidate piegg;; is playerpz's semi- nal pieceay,,.1 ,i is at

piececy, i tobeg,, = jr ji + 1. Because these all overlap with, i, we have that p, %o = “hpusii -
Using Lemma 15, we get that the required probability is attmos

. . 222

X d 4d dhol;ii 1 d . 4d df'pl;ii 1 _ 4d hpy;ii 1 n
an ® o Tt =g Twai o 1= e

n n an n n (n) d oy

O

We will now add the requirement tha, .;; is one of playep;'s semi- nal pieces and sum up over g
candidate pieces and over all playpgs

Lemma 16. The probability that there are semi- nal piecag,, i, @mp,:ryis Anpyil rois Anpg:0i» ANy, -1
for three playersps, p2, and ps, where bothay,,.,,; anday,.1 r,i overlap withay,, i, and bothay,, .o
andayy,.1; overlap witha, i is at mosttéd + 8d°

Proof. As in the proof of Lemma 7, leRyy,.;;; be the event that the candidayg;;; is selected to be the
semi nal pieceay,, ;. Recall thaProb[Rp,,;] = d (=) ()¢ 1. There aren choices for playep;.



Thus by Lemma 15, our desired probability is at most
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The second inequality follows by Lemma 8. The third ineayéllows from noting that, given that the
“mpuii 'S @re nonincreasing, the sum is obviously maximized if eagh;; is equal. That is, eachy,ij =

2
2n . O

n

3.5 Computing the Probability of Failure

The probability that the total same-player-vee graph i2nmdlorable is at mosﬁcﬁ—{;f3 + %. The probability

that the implication graph contains a pair path of lengtlkétwr more is at mos%. Thus we get that
the probability that the maximum overlap of the nal piecesriore thar® is at mostt6g” + 8¢ + 2(327"3(12)
By settingd = 2, and then setting to be suf ciently large, one can make this probability arditly small.

Hence, the probability that our caking cutting algorithmds at leas® -fair is at most64 + 8% + 2(32d3d2) .

3.6 Approximate Cuts with a Weak Adversary.

In this section, we show that even if the cut operations atg approximate, then approximate fairness is
still achievable inO(n) complexity against a weak adversary, which must specifydtative error without
knowing the value of the cake speci ed in the cut. For the fireee appendix section B.

Theorem 17. If a protocol can only maké& + approximate queries against a weak adversary, then there
is a randomized protocol for cake cutting that achie@4)-fairness inO(n) time.

4 Conclusion

The results in this paper suggest several interesting opestipns. As in the balls and bins case, can we get
a high probability result, perhaps at the cost of increabiyn@ constant factor the maximum load bound?
Is linear query complexity achievable by randomized alfpons for exact fairness? But perhaps most in-
teresting is to see how other balanced allocation resultisdriterature extend to the unrelated machines
case. Analysis of balls and bins models have found wide egipdin in areas such as load balancing [8]. In
these situations, a ball represents a job that can be asgsignarious bins/machines. Roughly speaking,
load balancing of identical machines is to balls and bindpad balancing on unrelated machines is to
cake cutting. Unrelated machines is one of the standard imauéhe load balancing literature [1]. In the
unrelated machines model there is a spggdhat a machiné can work on a joly . Assume that jobs can
usg more than one machine, and that machines can be shamdthEtotal value of the machines to job

is ;s , and ac-fair allocation for jobj would be a collection of machines, or portions of machineat t
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can together procegsat a speed of | SC'—Jn So it seems to us reasonable to presume the the cake model,
and balanced allocation lemmas, should have interestiplicagtions in settings involving load balancing

on unrelated machines.
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A Our Cake Cutting Algorithm

Before turning to our Balanced Allocation Lemma, let us akphow our cake cutting protocol uses our
Balanced Allocation Algorithm. Each playghas an initially unknown value functior), that speci es how
much that player values each subinterval of the unit inteti&e imagine the player partitioning the cake
into n pieces each of valu<—#. Theit" such candidate piece of cakg.; can be obtained using the two
queriesCuty(0; ‘n—l); Cutp(0; r‘]—)). Our cake cutting protocol uses our Balanced Allocationohildym to
obtain a nal piece for each player such that every point & tlke is covered by at mo&(1) of these
nal pieces. Because each player chooses only a constartienuoficandidate pieces, the query complexity
is ( n). Because the probability of success(l§ , they expect to repeat ifl) times until they succeed.
Once each player has one nal piece, we need to divide thesegpifurther so that the players have disjoint
collections of cake intervals. This is done as follows. Ehesnal pieces have2n endpoints and these
endpoints partition the cake inin pieces. Denote these lby. For each piecé; and each playep, the
player either wants all of; or none of it. For each, letS; be the set of players wanting cake pidge
Some playerp may appear in more than og, but we have thagtS;j k = O(1), because every point of
the cake is covered by at ma3{1) of player's nal pieces. For each pieég, the players ir§; use any fair
algorithm to partitiorf; between them. Each such application has compleiify since it only involves
(1) players. This protocol guaranteles-fairn%,c,s. Consider playgr. For eachy for whichp 2 §j, let
Vip;ji denote the amount he values piégeNote | Vhpiji = Vp([jfj) = Vp(his nal piece) = ni When
fairly ﬁd_jviding f;, he receives a piece bf with value at Ieasw. The total cake that he receives has total
value | Vh?j - = . Note that unlike all previous cake cutting algorithmsstbne does not guarantee
contiguous portions since a player's nal interval may bealved many different such subintervéjs

B Proof of Weak Adversary Result

We start by de ning an approximate cut.

ACut p(;x 1; ): Thisl+ approximate cut query returns aa X1 such that the interval of cake
[X1; X2] has value approximately according to playep's value functionV,. More preciselyx, satis es
7 Vo(X1; X2) (1+ )Vp(X1;X2).

Non-Adaptive Error: We say thaACut( ;x 1; ) has anonadaptive erroif each operation the algorithm
rst providesx; but not . The weak adversary, knowing the complete history but nahooses a random
variableE for the error with some distribution in the ranglé; 1+ ]. When the algorithm provides, the
operatioPACutp( ;X 1; ) returns the random variabke = Cutp(x1; E ) such thaVp(xy;x2) = E

Theorem 18. If a protocol can only maké& + approximate queries against a weak adversary, then there
is a randomized protocol for cake cutting that achie@44)-fairness inO(n) time.

Proof. The algorithm as de ned above chooses a random integd0; n  1]and cuts out a piece starting
atx; = Cutp(0; 1) and ending ax, = Cutp(0; 1) or equivalently ak, = Cutp(xy; -1). If the second
cut is replaced with the cutx = ACutp( ;X 1; W) even with adaptive error, then the algorithm does
not change signi cantly. The piece returned is no wider sertaps with other player's intervals are no more
likely and the associated value, though perhaps a factr 6f )2 more unfair, is still constant fair.
For the rstcutx; = Cutp(0; r']— , if the algorithminstead chooses arandom réal[0; n  1]instead

of a random integer, the algorithm does not change signtlgarThis then become a cut at a uniformly
chosen random value = r']— 2 [0; 1]. If we replace this cut with an approximate cut with an noagaoe
adversary, it becomes a cut at vallt= E . But because errdg is a random variable is independent of

. Cis basically also a uniformly chosen random vallfe& [0; 1]. To see, this consider some xed value
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b2 [;1 ]nottoo close tothe endpoints. We have
Z

b b+ b
Pr %2 [b;b+ b] = Pr 2[-;——] Pr[E=¢€]e
€211+ | e e
n #
z z
b Pr[E =

= _— Pr[E = e] e=b M e

e2[f—1+] © e2[L1+] ©

This is a strange integration, but it is with{th + ) of one and it is constant with respectho Hence,
Pr[ 92 [b;b+ b]] b, meaning that °is uniformly chosen withiri; 1 1. O
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