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1. POSITION STATEMENT o What are the trade-offs between latency, throughput and

The design and analysis of algorithms requires a model of power consumption?
computation. Such a model should faithfully reflect the phys
ical processes of computation so that a programmer can dis-
tinguish efficient computations from inefficient ones. Agth
same time, the model must be simple enough to be tractable
and general enough to continue to apply as the underlying
technologies evolve. From a computer architect’s persmect
a model of computation describes what the programmer ex-
pects, and thereby provides criteria for evaluating aechitral
alternatives.

The models of computation that are prevalent today are base
on operation counting assuming sequential program execu- . ' .
tion. These models reflect the technology of the first several tlmg trade-offs of various con.current decomposmpns for a
decades of computing: memory accesses were as fast as ALU§Or't.hms’ but does_ not examine the energy requwem_ents of
S0 operation count determined execution time; gates were ex particular computational tasks such as addition or sarting
pensive but wires were cheap; the monetary cost of computing Position Statement: To make effective use of parallelism,
was determined by the hardware rather than the power bill. programmers and architects must have a model of computa-
Over time, each of these assumptions have been overturnedtion that reflects the energy-time trade-offs of CMOS tekhno
and yet the models of computation have remained remarkably ogy. We are aware of no prior research that has presented a
stable. This has largely been made practical through innova model that reflects these trade-offs. In the remainder &f thi
tions in computer architecture; for example, caches and su- paper, we present such a model, we use the model to de-
perscalar execution have hidden the cost of memory accessestrive lower bounds for the complexity of addition, multigic
Now, the “power wall” is forcing a transition to explicitly ~ tion and sorting; we show existing algorithms that meetehes
parallel architectures and software, and traditional nsdé bounds to within constant factors, and we consider future di
computation no longer reflect the actual costs of computatio  rections for energy aware algorithm design and analysis. We

Parallel computing offers a way around the power wall be- present some “surprising” results for energy-constraingd-
cause CMOS technology allows operations to be performed imal time computation. For example, if the inputs of a sort-
with less energy by using more time. Thus, a parallel algo- ing network are required to lie along a line, then “slow” al-
rithm may perform more operations than its sequential coun- gorithms such as bubble-sort and “fast” algorithms such as
terpart, yet use less timand less energy. By combining volt-  odd-even merge-sort have the same asymptotic energy-time
age scaling, circuit design techniques and micro-architat complexity. Our construction for an optimal adder shows tha
trade-offs, energy and time can be traded over ranges of sev-broadcasting a bit to aldD(d2) mesh locations within distance
eral orders of magnitude. When these energy-time trade-off d of a source uses the same energy and time (to within a con-
are considered, the optimal algorithm for a task may be one stant factor) as sending the bit to a single location distahc
that neither minimizes operation count nor computatiortilep ~ away. The algorithms that we present for sorting and multi-
While various models have been proposed for parallel compu- plication are energy-time optimal, yet they minimize neith
tation such as PRAMs [FW78] aridgP [CKP™93], we are operation count nor computation depth.
aware of no prior model that can address the questions that

arise from the energy-time trade-offs that are at the hdart o 2. AN ENERGY AWARE MODEL

current parallel computing technologies. For example, . .
We present two variants of our model: a fairly abstract
e How can a programmer design energy-time optimal al- jower-bound model that simplifies analysis, and a more de-
gorithms? tailed upper-bound that ensures that the proposed algwith
can be implemented in VLSI technology. In both models,
computations are performed by an ensemblpro€essing el-
ementgPEs). A PE ha®(1) inputs,O(1) outputs andD(1)
e What on-chip interconnect topologies are required tore- bits of state. A PE can compute an arbitrary function of its
alize energy-time optimal computations? inputs and state ihunits of time using 9 units of energy; in

Addressing these questions requires an energy-aware model
The energy-time trade-offs afforded by CMOS technology
have been long understood [HM72, D®4] and studied in-
tensively by the real-time systems community since the semi
nal paper by Yaet al.[YDS95]. This has led to many papers
that examine energy trade-offs for scheduling problems for
uniprocessors, multiprocessors, with or without preceden
constraints, etc. (e.g. [BKP04, CKLO5, Bun06, AMSO07]).
(ljn all of these papers, the set of tasks to be performed imtake
as a given. Likewise, Martin [Mar01] considers the energy-

e Are there fundamental advantages to heterogeneous ar-
chitectures (e.g. mixing fast and slow cores)?
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Figurel: A Perimeter-1/0 Implementation of an Adder

other wordset® is constanfa > 0). Computations are repre-
sented by task graphs with vertices of the task graph mapped
to PEs, where vertices represent atomic operations. This is
many-to-one mapping: a PE may perform multiple operations

in an algorithm as long as the precedence constraints ensure®f @ “fast

that these operations are performed during disjoint tirterin
vals.

To model the planar geometry of integrated circuits and
printed circuit boards, the lower bound model restricts a PE
to having at mostl2 other PEs within distance of itself, and
the triangle inequality applies. To communicate a bit betwe
PEs separated by distandeusing timet requiresd®+1t—¢
energy; in other wordset” = d?+1 which means that one
bit can be sentl units of distance using units of time and
energy.

In the upper bound model, each PE occupies a unit square,
and only nearest neighbor communication is allowed. Thus,
wires are realized as chains of PEs. Cross-overs, corrers, e
can be realized by a PE with multiple inputs and multiple out-
puts.

Further details for these models are presented in [BGO08]
and omitted here due to space constraints.

3. PRELIMINARY RESULTS

We start with addition. A binary adder has twebit input
words and onén -+ 1)-bit output word that encodes the sum.
At the beginning of the computation, each input bit is idigia
held by a distinct PE at a predetermined location in the plane
At the end of the computation, each output bit is held by a PE
at a predetermined location.

We first consider adders where the centers of the the in-
put PEs lie along a line and likewise for the centers of the
output PEs. Figure 1 depicts one such adder. We call such
layoutsperimeter-1/Q and note that such implementations are
common in practice. Because the carry generated by the least
significant bit can affect all bits of the result, we can use an
adder to broadcast one input bit to all of the output bits.r&éhe
must be two output PEs separated by distambecause the
output PEs lie along a line. By the triangle inequality, ther
must be an output PE that is at least distant2 away from
the PE holding for the least significant bit (Isb) of one of the
operand words. Sending one bit distad¢g@ requires energy
eand timet with et” > (d/2)?+1. Letting E denote the total
energy required to perform the addition ahdenote the time,
we conclude that th&T? complexity for perimeter-1/0 im-
plementations of addition is i(n?*1). This bound is tight;
it is readily achieved by a carry-ripple adder or a Brent-&un

Figure2: An H-Tree Implementation of an Adder

carry-lookahead addefBK82]. Observing that a carry-ripple
and a carry-lookahead adder have the same asymptotic com-
plexity in our model, we see that when communication time
and energy are taken into account, tiédogn time advantage

" adder is reduced to a constant factor.

More efficient adders can be achieved by allowing the in-
put and output PEs to occupy arbitrary locations in the plane
We will refer to such implementations as havipignar-I1/O.
Following an argument analogous to that for the perimeter-I
adder, an adder with planar-1/0 must have some output PE that
is at least distance/n away from the PE for the Isb of one of
the operand words. THET? cost of sending the input bit to
that output PE is if((,/n)? 1) = Q(n(@+1)/2),

To obtain the matching upper bound, we consider a carry-
look-ahead adder, organized as an H-tree as shown in Figure 2
Let the root of the tree be at level 0, and the leaves at level
Fork > 0, an edge between levétsandk — 1 is implemented
by a chain of length 2™K/2] — 1 PEs. We set the time for
PEs at levek and the PEs in the chain from levelto level
k+1 to 2/(@+1) Grinding out the sums yields, T € O(,/n)
and thusET? e O(n(@+1)/2) matching the lower bound.

The lower and upper bound results together show that it is
possible to broadcast a bit to af PEs within distancel of
a source for a constant factor of the cost of sending a bit to a
single PE at distance. It is straightforward to show a com-
plexity for addition ofET? € ©(n(@+2)/2) if all PEs are re-
quired to operate with the same computation time. Thus, for
addition, a heterogeneous architecture is asymptotisalbhe-
rior to an homogeneous one. We note that the communication
pattern for addition is the same as that for the “map-reduce
dwarf” [ABC*06]. This suggests that for some computations,
heterogeneity may provide a substantial computationamdv
tage.

The multiplication problem can be formulated in a simi-
lar manner as addition. We have shown [BGO08] that perime-
ter-1/0 multipliers have afE T? complexity inO(n@+2), and
we focus here on the planar-1/O case. Following the claksica
arguments for theA\T2 complexity of multiplication [BK81],
shifting can be reduced to multiplication. For each input bi
there are at leastri34 output bits that are at least distance
\/n/2 away. A pigeon-hole argument shows that there must
be a shift for which at least4 input bits must be sent a dis-
tance of at leas{/n/2. This yields a lower bound &TY =
(3n/4)(v/n/2)2+1 € Q(n(@+3)/2) This bound is achieved by
Preparata’sAT2 optimal multiplier [Pre83] as viewed in our

lvoltage scaling, or heterogeneity of PEs is a requiremant fo
the Brent-Kung design to meet this bound. This is due to the
few long wires per stage that must run at a faster speed.



Problem Algorithm/Implementation] ET” plexity that were studied in the 1980s [Tho80, BK81, BK82,
addition carry-ripple (P) o(n+1h Pre83, SS86]. In fact, if an algorithm uses only nearestmeig
Brent-Kung (P) o(na+1) bor communication and achieves afif € O(f(n)), then it
Kogge-Stone (P) o(n*2) achieves arETA~1 € O(f(n)) as well (if easily adapted to
Carry-Select O(n<a+2>/2) our model). The two models, however, are not equivalent.
H-Tree O(n(@+1)/2) Notice that there is no sense of trading area for time at the PE
multiplication | carry-save (P) O(na+2) level, where as our model supports energy-time exchanges to
Preparata’s O(n<"r +3)/ 2 vary both spatially and temporally across otherwise iaati
sorting bubble-sort (P) o(na+2) PEs.ATB bounds are typically based on cross-sectional band-
odd-even merge-sort (P) o(nﬂ+2 width requirements, whilE T9 bounds are based on the speed
Schnorr and Shamir O(n(@+3)/2) (time/distance) that data must move. This has significant im
Algorithms marked (P) are implemented with perimeter ~ Plications.

I/O. The other algorithms have input and output PEs placed ~ For example, if we consider throughput instead of latency,

throughout the implementation. we can examindP? andEPP whereP is the period of the
computation. We note th&P? bounds generally match their
Table 1: Summary of ET? complexities. ATP counterparts because increasing latency with constant

throughput increases both the amount of data to move and the
amount of time to move it — the required bandwidth is un-
changed. Thu&T?2 bounds cannot model the advantages of

model. We discuss the relationship betweenAfié and our pipelining. EP? bounds, on the other hand, can be lower than
model in more detail in section 4. their ETY counterparts because data can move slower if it has
We now consider the problem of sortinginary words of more time to reach its destination. For example, a pipelined

w bits each. As for multiplication and addition, we assume add-pass multiplier achieves &P® € O(n?) even with pe-
that each input bit is stored in a separate PE at a predeter-rimeter-1/0, which is lower than th@(n(‘”e’)/z) bound for
mined location at the beginning of the algorithm, and that at the ET® complexity.

the end, each output bit is stored in a predetermined PE. For  The trade-offs between energy, throughput and latencyt meri
sorting, we also assume that the bits for any given input or further investigation. As sketched above, a deeply pipelin

output word are stored in contiguous PEswl log, n, then multiplier can use less energy per operation than a lowxste
we can construct a permutation of the input data that forces design for the same throughput. Many, but not all, numeri-
theit" input word to go to PEs that are distar@é,/(n—i)w) cal algorithms are highly tolerant of latency in the floating
away. This leads to a lower boundBT? Q((nw)(“?’)/z). point unit. Can we exploit this by building chips with many

A matching upper bound is achieved by a variation on Schnorr deeply pipelined floating point units and a few low-latency
and Shamir's mesh sorting algorithm [SS86]. Schnorr and ones? Likewise, we have shown that the minimi&if’ com-
Shamir's algorithm sort® words on an array of/n x /n plexities for addition, multiplication and sorting recgiplanar-
word-wise compare-and-swap modulesdf/n) time using 1/0, but the observation about multiplication suggests plea
only nearest neighbor communication. Because their cogapar rimeter-1/O implementations may be adequately (optintally
and-swap module can work on either vertically or horizdytal  efficientin anEP* model. This would be good news for archi-

adjacent words in unit time, &-bit version must haver hor- tects; energy-time optimal implementations may be possibl
izontal andw vertical wires and occupy aré@(w?). This where the functional units for primitive operations are leap
prevents their algorithm from achieving tiey (nw)(@+3)/2) mented with perimeter-1/O while meshes of cores may provide

lower bound we derived above. We replace each compare- planar-I/O for larger algorithms. Furthermore, by distirg-
and-swap module with a tile @f x w PEs and only use nearest  ing latency and throughput, we can also consider streaming

neighbor communication. Our implementation takés/nw) computations. A model like the. one we.have presented here
time, and each step requir€nw) energy. This establishes  could help architects and algorithm designers exploreetrad
ET? € O((nw)(@+3)/2) and matches the lower bound. offs such as these. . . .
Table 1 summarizeBT® complexities that we have derived We have presented our model with PEs defined at the bit-
for the problems of addition, multiplication and sortingué® level to ensure that our model accounts for all costs in an im-
to length limitations, we have not presented all of these-alg ~ Plémentation of an algorithm. However, this approach has th
rithms here: details are given in [BG08]. side-effect of forcing all analysis to the bit-level. Whilee

have established bounds for the three problems that we con-
sidered, establishing lower bounds for bit-level compieis
4. WHAT'SNEXT? known to be a hard problem. Thus, we plan to extend our
We have presented a simple model that accounts for energy-model to allow PEs that perform simple operations on words.

time trade-offs in computation and used it to analyze addi- Our analysis of addition and multiplication provides a basi
tion, multiplication and sorting. We note that all threeloése ~ for such an extension. With a word-based model, we plan to

problems are highly amenable for parallel implementations €xamine common numerical tasks such as matrix multiplica-

For example, addition with aETY complexity inn(@+1)/2 tion and solving linear systems as well as more combindtoria
can have both the time and the energy for the computation Problems such as graph algorithms and search problems.
grow slower than the input size as both can grow/as Like- Power dissipation is the most critical bottleneck for com-

wise, fora > 1, both multiplication and sorting can have en- Puter system performance. Existing algorithm design aattan

ergy and time both grow at a rate that is sublinear in the prob- YSis is based on obsolete models that ignore the underlying
lem size. trade-offs between energy and time. Thus, new models are

Our model is reminiscent of th&T2 models for VLSI com- required before we can even describe the trade-offs indolve



in designing and analysing algorithms for power-consadin
computations. We have presented a simple model for this anal
ysis and demonstrated it by analyzing addition, multigiara

and sorting. While we have no doubt that further work will be
required to create a model that has the right balance of phys-
ical realism and mathematical simplicity, we believe thait o
approach points in the direction that is required for sueh re
search.
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